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DEFINITLONS. * 


ne is. a general 1 com- 
puting Problems, by help of the letters of 
the alphabet, and other characters. It is 
of . — nature as Ez oy ar but more | 
ral, and therefore it is called Univer/al. Arithmetic, 
as likewiſe the Aualytic Ars. The peculiar practice 
of this method is, to ame the quantity 5 as 
if it was Lagen, and proceeding,to work b the 
rules of this art, till at laſt the quantity ſought, og 
ſame powers thereof, is found equal to ſome giyen 
quantity, and conſequently itſelf becomes known. 
2. Like quantities, are piper that conſiſt of the 
ſame letters; as 4, * Alſo bb, 300, 
—11þþ, alſo, abc, f ale, —abc „ Ge. | 
3. Unlike quantities, are thoſe Gang of Ar- 
ferent letters, or of the ſame letters, differently re- 
peated. As 4, , ac, 3d. Alſo @, 248, — ga. 
4. Given, e are thoſe whoſe values are 


8. 0 quantities; are thoſe whoſe values 
are not known. ; 
6. Simple quaniities,. are thoſe. conbiſting of ane 
term only; as 56, gate, 1 3dec, &c. 
7. quantities, ate thoſe conſiſting oe. 
veral 3 as a-+6, wb A a+ Ce 1e "IE 


2 DEFINITIONS. 

8. Poſitive quantities, are thoſe to be added. 

9. Negative quantities, are thoſe to be ſub- 
tracted. 

10. Like figns, are either all +), or all —, (Sec 
the Characters.) 


11. Unlike fiens 
12. The Coe 


are 4+ and BY 044 
ent, is the — E to any 


letter or letters in any term. As 3 is the coeffici- 


ent of zaa. If no number be prefixed, then 1 
muſt be underſtood, as 4 à ſignifies 144. 

13. J Binomial quantity, is one conſiſting of #0 
. terms, as 2a + 3,6, A Trinomial of 3 terms, as 
a +3 —c. A Quadrinomial of four, &c. A 
Reſidual is a binomial, where one e of the quantities 
is negative. 

14. Power of a quantity, is its 1 four cube, bi- 
quadrate, Sc. 
© 15. An Equation, is the mutual comparing of 
one thing with another, by the ien of equality put 
between them. 
156. A dependent Equation, is an equation which 
may be deduced from ſome others. 

17. An independent Equation, is one that cannot. 
by any means, be produced from the others. 

18. Pure Equation, is an equation containing but 
one power of the unknown quantity; as a fmple 
Equation, a pure Quadratic, a pure Cubic, &c. 
19. An affetted Equation, is that which contains 
ſeveral powers of the unknown quantity ; and is de- 
nominated according to the higheſt power in it; as 
an affelted Quadratic; an affekted Cubic; an affeFed 
Feurth Pawer, &c. Thus a ſimple equation con- 
tains only the ſimple quantity itſelf. A quadra- 
tic, a quantity of 2 dimenſions; a cubic, a quan- 
tity of 3 dimenſions; a N of 4 dimen- 

fions, S 
20. Index or Exponent, is the number ſet over 
A letter — whales 


DEFINITIONS. 3 


ſhews' it is the third power; or that 4 is equiva- 
lent to aaa. And thus a+ is the ſame as 44 4243 
as the ſame as aaa44, &c. the index always 
ſhewing how oft the letter is repeated. 
21. A Fraftion, conſiſts of two quantities placed 
one OY another, with a line between them, 


as Is the upper (a) is alle the numerator, the 


lower (5) the denominator... 
22. A Surd, is a auen chat has not a proper 
root, as ſquare root of 2 (a), cube root of 


85 * 33); &c. roots of compound quantities that 
contain other ſurds are called, Univerſal Surds, 


23. A rational quantity,. is 4 * that has no 
radical ſign. 


Charadtrs al in Aut. 


+ more, to be added, deing the Gen of ad- 
dition. This is called an affirmative 
fign. Thus I. b. [ſignifies added 
5 to a. oF 
— tes, abating, . "the ſign of ſubtraction. 
IThis is alſo called a negative ſign. 
Thus a—6, ſignifies 3 ſubtracted 
from 8. 
1% Theſe ſigns always affe& the quan- 
_  fity following; and are always to be 
interpreted in a contrary ſignification, 
If + fignifies upward, forward, gain, 
* increaſe, above, before, addition, &c. 
then — is to be interpreted down- 
ward, backward, loſs, decreaſe, below, 
bebind, ſubtraction, &c. And if + de 
be underſtood of theſe, then — is to 
be interpreted of the contrary, 


B 2 © dif- 


1% y 


. 
Y 


 brrated from 405. 


24 CHARACTERS. 


OO difference; as 4 œ b, ſignifies the differ- 
ence between à and 5. 1 

X mulliplied by; as a x 5, ſignifies a mul- 
tiplied by 3. Likewiſe a 5, ſignifies” 

a multiplied by 4. All letters Joined 
—— Ke o a, multiplication. For 


brevity's o points are often uſed 
inſtead of x, as u — . 7 6 
1—2 


nifies * . 6 
+ divided by, as 8 + 6, ſignifies 4 divided 
| | by , and I fignifies t the ſame. © 


&" equal to, as 4 ＋ = 2d, Ggnifies @ and | 
5 equal to 2d. . 

greater than as 4 C 3, is a greater 
than ö. 

leſſer than, _— is 6 leſs than 5. 


a root, as Va, is ſquare root of a. Va, 


| cube root of a. Va, fourth root of a, 
" © &c. it is called a Radical Sign. 
involved to, as & 2, involved to the 
3 1 83 involved to the cube, 
. c 

lw extracted. 1 2, ſquare root. lu 3, cube 


© root, Fr. 


. 


Tie, a line, or vinculum, drawn over ſeveral 


quantities @, 5, c, denotes them to be 
eſteemed a compound quantity. 


EXPLANATION. . 
.8a—bb + 364 bgnifies 55 ſubtracted from 


2a, and 3 cd added. 


44 — 75 — =o, ſignifies, that cc d is 


aa+2ad | 


- _ EXPLAWATION.. 8 


4 ＋t 24% NO rr—ss, ſignifies the difference 
between a4 T 243 and rr —s 5. 

a bcc ſignifies the product of a and & and cc. 

2 T5 x 4a, ſignifies the ſum of @ + 5 multi- 
plied by as. 
2 + bx aa, ſignifies the product of þ into 24 
is to be added to 4. 


2 — 225 „ ſignifies the ſquare of the com- 
pound quantity 4 4 — 2 4 6. 
| 922 + cc ſignifies the ſquire root of i b + ca 


FT —=7a ſignifies the cube root of 2ab—cc. 


2 fignifies as divided by a—d. 

of Ba Ganifies the f e of & dt. 
2 ignifies quare root a di- 

vided by err 

ab ſignifies a a4 Bb, or the cube of a mul- 

tiplied by the ſquare of 5. 

Jax—xxV5ax, finder the me zoos of 
5 ax multiplied by 3 * — & x; and o of others. 
Quantities that have no ſign prefixed, muſt be 
underſtood to have the fign + ; leading quantities 
ſeldom have the ſigns put down, when they are af- 
firmative. 5 
If AB and CD be two lines; then ABXCD, | 
in a geometrical ſenſe, fignifies the ne made 

by the _ AB. and CD. | 


Alſo 5 W or: ratio that A B has to 
CD. 


NOTATION. 


1. In the computation of problems, po the firſt 
letters of the alphabet, 5, c, d, , g, b, &c. fot 
known quantities, and the laſt letters of the alpha». 
bes for yaknown ones. Yet ſome put vowels for 


B 3 0 una . 


6 AXIOM S. 

unknown quantities, and the reſt of the alphabet 

for known ones. 

2. For general forms, put the capitals A,B,C, 

D, Sc. for the general quantities. 

3. Or in univerſal forms, let the quantities be 

denoted by the Greek capitals, T, a, Z, , A, II, T, 

T, o, Y, Q, and indices, coefficients, Cc. by the 

ſmall letters, 8, 8, n, 0, X, ps vs 1, r, o. | 
4. Incaſe of neceſſity, make uſe of any other fort 

of ; Poway or of any characters, that have names, 

as h, UN, , . ©, ?, „, ), , N, 4, X, &c. 


A XI OMS. 


1. If equal quantities be added to equal quanti- 
ties, the ſums will be equal. 

2. If equal quantities be taken from equal quan- 
tities, ** remainders will > equa | 

If equal quantities mu tiplied equal 
| co, the Producte will be equal. 7 by 
4. If equal quantities be divided by equal quan- 


ties, the quotients will be equal. 


5. The equal powers or roots of equal Fe 
are 

6. If e to or from equal quantities, unequal ones 
be added or ſubtracted; the ſums or remainders 

will be unequal. 
F. If equal quantities be multiplied or divided 
by unequal quantities; che products or quotients 
will be unequal. 


8. Quantities ſeverally equal to a third, are 
equal to one another. 


9. The whole is equal to all the Parts taken to- 
gether. 
10. If a quantity be added, and the ſame quan- 
tity ſubtracted, they deſtroy one MO, a” are 
both reduced to nothing, | 


BOOK 


„171 
BOOK I. 5 
The fundamental Principles of Algebra. 
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SECT. 1. 
The primary Operations of Algebra in Integer. 


| PROB L E M I. 
To add ſeveral Quantities together. 


i: KkUELKS 


—_ uantities are like and have like ſigns; 
ad all the coefficients together, for the coef - 
ficient to that quantity, and prefix the ſame ſign. 


Eu. I. 
to + 58 to—lbab to 4a—3x 
add + 74 add— 3 45 add + 33 — xx 
—— Jia add —-;x 
Sum +12 4 — —— 
2 —23 43 Sum ＋10 4 — 9 * 


Ex. 2. 

td + 13546 — 202 *** 
add ＋ 17 abb — 105 xxy 
| + 33635 — 17xx5. 
+ abb — — 

— 224 

Su um + 24 2 — 

2 RU 1 5 


If like quantities with unlike ſigns; add all the 


affirmative coefficients, into one ſum : and all the 
B 4 nega- 


8 ADDITION. B. I. 
negative ones into another; ſubtract the leſſer ſum 
from the greater, and to the difference prefix the 
ſign of the greater, with the proper quantity. | 


E. 3+ 
to + 6a — 164 34 — 73 
add — 3 4 ＋ 34 —3 43 ＋ 83 
Sum ＋ 34 —234 | 9 ++ 
| | Ex. 4. | 
— 125 ab + 34 
$7.88. .5 7 53; 3.209 
+ ab © — xy 
+ 9946 1 o 92.89, 
— 162 ab : — . | 
+ 100 45 +126 x*y 
. eee +6 of Hilh 
— 3 q + 50 2. 

BT: > es 5 ' 
—2aa—gbcd + dd + 2e 
+7aa—0bcd—dd + 5e 

e 
Sum ＋ 8 422 —23 fl =—+ 7e 


. 3 RU I. E. .. x 
Set down all the unlike quantities with their pro- 
per ſigns. to.) | FE 


ene jo 
Sum 24 +36—c+4 N 
| : | i Ex. 


___ 


Sect. IJ. ADDITION: 9 
Ex. 7. 


+ 1344 24 | | 
— 44h m- 34a k 


+ be + 54 3 

— 24d 64 2 wo” EM 
Sum DDD + 6d. 
AS: | 


200 + 3 — ff + 17 
| — 3ee + gef +2ff — 11 
ORs Sfp ff — 3 


2 — 


sn ELI 


The reaſon of this rule is evident for like ſ igns; 
and in unlike ſigns, it follows from the nature of 
affirmative and negative quantities, that the diffe- 


rence ought to be taken, to make up the total. As 
if a man owes 10/, then 10 J. ought to be deduct- 


ed from his ſtock to find his real Worth. 


Cor. 1. When ſeveral quantities are to be added to- 
gether, it is the ſame thing, in whatever order they 
are placed. 

Thus a + 3 S 
= þ6 + a— , &c. for all theſe are the ſame. 

Cor. 2. Hence the ſum of am number of affirmative 
quantities, is affirmative ; and the ſum of an 2 ae 
of , quaniittes, is negative. 


P ROB LEM I. 
To ſubtraft quantities from one another. 


R U AE. 


Change the figns of all the quantities to be 6b. | 
trated ; and then add them alt together 3 
and their ſum will be the R raed I | 


10 SUBTRACTION. B. I. 


of % . 
+ 82 ; 16 þ mo 11 C 
+38 . + 3c 


—B— 


Rem. 843 — 34 163733 — 11 c—3c + 


or 6 4 or 215 or — 140 


Ex. 2. 

from 62 — 35 1 65 —7 
take + 84 +4x ＋ 65 ＋ 5 

Rem. —24—7x + 0 — 12 


% 


from a ) &@ +56 
a +6 


from 4 EP 
take ＋ 4425 


Rem. — +0) 


Rem. 22 — 7 . | 


Fg Ex. 6. 
from 3442 — 22 T 4-4 nf 
| take — 244 —5a—4ab—24d 


| Rem. 3. +38 + cd + ab EM 


Cor. 


*. 


Sec I. MULTIPLICATION. 11 


Cor. 1. Hence, To ſubtract one quantity from ano- 
ther, is the ſame thing as io add them together, when 
all the Agnus of the ſubtrabend are changed. 

422 — ='a + Þ. 3 

For it is the ſame thing to ſubtrat —, as to 
add +; and to add —, as to ſubtract +, For 
ſuppoſe a man to owe 10 13 becauſe it is a debt it 
muſt be writ — 10 J. therefore if any body would 
take away this — 10, it is the ſame thing as if he 
added +10 to his ſtock : but before it is diſcharg- 
ed, this —10 is the ſame, as *+10 deducted out 
of his ſtock. 


PR OB L E M III. 
4 To multiply one quantity by another. 


U 


Multiply every 2 term (or ſimple quan- 
tity) of the multiplier, into every term of the mul- 
tiplicand, one after another; ſo that the coefficients 
be multiplied into the coefficients; and the letters 

into the letters, by placing them all together, like 
letters in a word. And prefix to products of 
like ſigns, and — to unlik e ones. The ſum of all 
is the product ſought. 


— — ͤK— . ˙¹-Aw ²˙ ·˙ ——_ 
5 - 
* * 


o * 
# . 


MULTIPLICATION. B. E 


1344 — 1043? 
+ 1246 — 8335 


75 22 ＋ 2 ab — 835 


Ex. 4. 
424 445 —33 
a—b 
a + aab —abb 
—aab—abb + 6b 
a —abb +b 
Ex. A 
eb —3cd+rs 
 5r—74d 


Dn wn” 


_5rab — I5rcd+ 2 — 74d + 21cdd — 2 


Ex. 6. 
344 — 24645 
aa ＋ 226 — 3 


244—2b0) ＋ 644 
4463 — 44333 + 1046 
- 29.6 — 645 — 15 


2 4 4 ba: —4h$60—4 6s +- 16 ab —15 


Ex. 7. 
aa ＋ 33 
cc — dd 
ccaa+ccibb 
— ddaa—ddbb 


cc8a—ddas + ccbb — 4d4bb 


Ex. 
| 


Sect. I. MULTIPLICATION. 13 


Ex. 8. 
G as RS 
* — 3 bs 


That every term in the multiplicand muſt be 


multiplied by every term in the multiplier, is thus 
made evident. Let a & be multiplied by c +4; 

it is plain, +5 mult be taken fo often as there are 
ſuppoſed units in c and d, that is, as often as there 
ate units in c, and alſo as oft as there are units in d. 


Therefore the product will be be a+b x c+ a+byxd. 


But for the fame reaſon @&+bxe=ac +3, 
alſo 6 + bxd = ad Whence the pro- 
duct will be ac + bc +@ad4 +84; that is, the 
ſum of all the products of every term multiplied 


by every term. 


That like ſigns give +, and unlike ſigns —; in 


will appear thus. 
Caſe 1. Let + @ be multiplied by + 5, Then 
ſince this multiplication ſup that + à is to be 


ſo often added together as there are units in + +; 


and the ſum of any number of affirmatives is affir- 
mative, rand * the whole ſum is affirmative, that 
is TAX TUS + ab. 


Caſe 2. Let + 8 be multiplied by —3. Now 


ſince this implies that + 4 is to be as often ſub- 
trated as there are units in 5 and the ſum of any 
number of negatives, is negative, therefore that 
whole ſum, is — that is, a x — 35 = 


— 


Caſe 3. Let — à be mukiplied-by +. It is 


plain here, that — @ is to be ſo often. taken as 
there are units in +; and the ſum of any number 


of negatives being negative, therefore the whole 


| ſum 1 is negative; that is, — a x +6 = — 46, 
Otherwiſe, 


- 
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Otherwiſe, Let 4 —- 4 be multiplied by +5; 

then (Caſe 1.) the product will be 5 4 together 
with —ax + 6: but +4 is too big, as being 
the product of d by h, inſtead of d—a by b 
(d— à being leſs than 4); therefore + d, being 
too much, the product — a x + 6+. muſt be ſub- 
tracted ; N the true product will be 40 — a6; 
and conſequently — a = — @ X-+ 6. 
Caſe 4. Let — à be. multiplied by —5. Here 
— 84 is tobe: ſubtracted as often as there are units 
in 5: but ſubtracting; negatives is the ſame as add - 
ing affirmatives (Cor. 2. Prob. 2. * 1 
the product is 4 42. 

Or tbus. Since a= a'=0, deine 4 —- 4 
— 6 = ©, becauſe o multiplied by any thing pro- 
duces o; therefore ſince + a—ax—+=0o'; 
and the firſt term of the product is — a# Caſe 2); 
therefore the laſt term of the product muſt be 
+ ab, to make the ſum o, or 3 Teo 
that is, — a x -U TAB. 

Otherwiſe, Let 4 4 be mukiplied by — 3. 
Then (Caſe 2.) the product will be — d toge- 
ther with — 4 , but — 44 the quantity 
to be ſubtracted. is too 00 big, being the product of d 
by — 5, inſtead of T—4 by — 6, (4— 4 being 
leſs than 4); therefore the Won — bd to be 
ſubtracted being too much, ſomething muſt be 
reſtored, that is — ax — muſt be added; and 
the true product will be - d ＋ 2; and there- 
fore +ab= — 8X—b. © 

Cor. 1. If ſeveral quantities are io be multiplied 
together it is the ſame thing in whatever order it be 
done. Thus abe =ach =cab bc a, &c. for 
all theſe are equal. 

Cor. 2. The powers. of the ſame quantity are 
multiplied together, by adding their Indices.” 7. ons 


4 K a3 2 4 IE Of 


Cor. 


Seck. I. MULTIPLICATION. #5 


- Cor. 3. Any odd number of —, multiplied together 

produce —; and any even number of —, pro- 

dute ++ Bin +: 5 | * 
Scho LIV u. 

In the multiplication of compound quantities, it 
is the beſt way to ſet them down in order, accord - 
ing to the dimenſions of ſome of the quantities. 
And in multiplying them, begin at the left hand. 
and multiply from the left hand towards the right, 
the way wWe write, which is contrary to the way we 
multiply numbers. But this will be moſt expedi- 
tious, and the ſeveral products will by this means 
be ſo ranged under one another, that like quantities 
will fall in the ſame places, which is the eaſieſt way 
for adding them up together. 

In many caſes, the multiplication of compound 
2 is only to be performed by writing 
their ſums, each under a vinculum, and putting 
the ſign (x) of multiplication between. As if 
the ſquare, of 4 4 — K* was to be multiphed by 
ag — B, and that by 4 + Ad, it may be.writ- 


ten thus, x — x# Xag—dÞxac + bd. 


PROBLEM IV. 
To' divide one quantity by another. 


: RUE 

In ſimple quantities, which will divide without 
a remainder; divide the number by the number, 
and put the anſwer in the quotient. Then throw 
out all the letters in the dividend which are found 
in the diviſor, and place the remaining letters in 
the quotient. And like figns produce +, and un- 
like ſigns —, in the quotient. 


Ex. 


| 

| ” 
| 

| 

7 

| 

| 

1 
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| | 3s Be. To's + | 
a 4) 443 (5 35 eden 


a 4 5 | 1564430 Cd 


5 3 1 

—— — - — 

* . —— - - 

EC * » +» - 

: 0 O 
; __ 3 <> | ' a 
„ ge . 2 * 5 0 


93s, Wo) 2% 


FE a a bed(s acd 
425 ; 4 0 156d f er 


He 
\ 
' 
| 


* 
. . 
N 


ie fitfs. 


*7 - way 6 YT N 3 


n 45 cd 2245 
5 * | 18 B&D de 


—  —— — 1 „*— 8 


7 1; Ae, 5 
en 55 1 a 4 * 


S ie Be: . | | 
ODT rene T1 49. ne Mates £4 51] 


G N * 4 PP q a * * © 
. 4 | 0 
4 I Ex. = * 
£® - - * . - 


| ah; 2250 —2b 
| — . 
0 | 


. 
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* 

4 IN YO 14 
th 1 Ex. 7. N 2 ; > 4 
ö * % 26. 4 2 

„ E 16 (+ 2 od 
FT. — 16 9 2 5 _ 

© M K "© - $42.4 © 
a 4 Ton” 363 — . "ky 


3 E 

In compound quantities, range the terms of the 
diviſor and dividend a ing to the dimenſions 
of ſome letter. Then, by-Rule 1, divide the firſt 
term of the dividend” by the firſt term of the divi- 
ſor, placing the reſule,in the quotient. Multiply 
the whole $7ifor by the quotient, and ſubtract it 
from the dividend, to which bring. down the * | 
term of the dividend, call this the Dividuad. 
Divide the firſt term ot the dividual by the firſt 
term of the diviſor ; then multiply ani ſubtract as 
before, and repeat the fame ones till all the-quan- 


tities be brought down, Tis in effect the very 
13 Lin dance. . 
_ BEEN ane Oden hs quotient 3 2 
7 | | | 


a * * 0 . 112K « * . . , 
* 4 * 232 + ar” 9 n N 2 1 2 


Ke + ac er 2 
- "© — — 49 
* - > 
C : — — —t * a —_— : 
n — 2 OT; rern | + 
. — 1 « ; , ; * 
2 Ran re: ee . 
Tipu =— T9. at tt Heats If 
Bord —_— 1. 
* * : ol 
CT. * | 0 wares 
oF, ere Wr SE LIL, 7 


yl tet): ume Ex. Om a 47" 


235 — 3c) FLEE. 4 4 (4 a 4 
$8, 78 3 . = ö 


ö NN 8 2 Lie 4 
x +. ——— / 
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Ex. 10. 


| o+0)ac+beh8d+bd(ctd 
| ac+bc | 


— 


 +$ad +bd 
SET 


. 
. E 


F275 57 Ex. 3 N 
19 = 12 . 


Ev, 13. 
| 35) 3 100% —all (A 
345 a | 
E12 - +10ad- 
— 1244 + 446 


3 R v 1 
When the diviſor does not exactly divide the di- 
Vidend ; Plage the oma over * ** in 
. 1 "FT . 8 orm 


Sea, DIVISION. 0 


form of a fraction; throwing out ſuch letters, as 
are found in all the terms of both the dividend 
and diviſor. 

Ex. 14. 


Ex. 15. 
ar TX _a+* 


aug) ar Nx ( r Joe: 


Kr. 16, 
J=—x)I eee + a 


a &þ 
& 
1 60 1 R FR 1—4* 


xx. _ 
XX . 5 


— 


＋ . 
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This and ſuch like — will be utter ys 
ſtood after the next ſection. . - - 


1) 245 (2 . 
9 25 = 24. 


Ex. 20. 
) === C == 


pam” r | 5 V 


o | { 


That like ſigns give +, and alike figns —, 
in the quotient, will appear thus. The diviſor 
multiplied by the quotient muſt. produce the divi- 
dend. Therefore, 1. When both are +, the quo- 

tient is +, becauſe then + x + 
1. +)+(+ muſt produce -+ in the dividend. 
2. —)—-(+ 2. When they are both —, the 
3. +}—(— quotient is + again, becauſe +x— 
4; —)+(— muſt! produce — in the dividend, 
Again, 3. When the diviſor is' + 
and the dividend —, the quotient is —, becauſe 
— x + muſt produce — in the dividend. 4. 
Laſtly, If the diviſor is —, and the dividend +, 
the quotient will be —, becauſe. —  — produces 
+ in the dividend, 2 


Cor. 1. One power of 4 entity, is divided by 
another power thereof ; by. ſubirafting the index of 
the diviſor, from the index of the dividend. Thus, 


Cans Is; And = 360 ll 


% 
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Cor. 2. Hence any power of a quantity may be la- 
ken out of the denominator and put into the numerator, 
and the contrary ; | by changing the fign of the index. 


a ab? 
Thus 25¹ 2272 And = = ba, 


Cor. 3. Hence — divided by +, or + divided 
by —, give the ſame quotient, viz. —, That is, 
—— EIS m_— 

7 Los” 4 
PROBLEM V. 
To involve a quantity to any power. 
Ti 14.4 Koei - 2du2 | 

Multiply the quantity ſo often into itſelf as the 

index denotes. And where the root is +, all the 


powers are +. And where the root is — all 
the odd powers are —, and all the even pows 


ers +. Ty 
: . 
” > -:: .. 4-2 
434 ſquare . + + ſquare 
1 as cube 


4 Afth power 27 Ath power 
| &c. - &6&. 


ab root © 3251 boot 


aabb ſquare -+94aah4 ſquare 
_&bþ cube 227 cube, 
Ne. cc. 
C 3 


2 INVOBUTION. B. 1. 
B. 3. 
Involve a +6 to ihe cube or 1 power. 


a ＋ 5 
a ＋ 3 


44 T 45 

+ ab +B3 

| ſquare Ko ares 
a+b * 


+2200 + 33 | 
+ aab 24 334. 


| cube — 2 | 


a Ri 942,50 


Mule ly the index of the + by the index 
of the Cover; and make —— in 1. 


root @ or &* nary; PR or2Þ 4 


X2 32 or + 45a 
cube 42 *3 or 4 —8 b2X391%3 or — $þ5g? 


| ſquare 41K or + 487 


m power 4 a „ 
| yo 

; hep = + ef 

root a2—4 . pt 

r . 

ſquare Z or = 
c | 6G 

cube a—x**3 or a—x 

th 

m power -* of 9—x** 


3 RULE. 


Sed. I. INVOLUTION. ug 


NU | 
In abinomial. The power will conſiſt of 1 term 
more than the index of the power. The higheſt 
power of both is the index of the given power, and 
the index of the leading gan continually de- 
creaſes by 1 in every term, and in the following 
quantity, the indices of the terms are o, 1, 2, 


3, 4, Or. 
Then for finding the unciz or coefficients. The 


firſt is always 1; the ſecond, the index of the 
power. And in general, if the coefficient of any 


term be multiplied' by the index of the leading 
quantity, and divided 15 the number of terms to 
that place; it gives the coefficient of the next fol- 


lowing term. 

y, When both . ＋, all 
. the terms of the power will be + ; but if the ſe- 
cond term be —, then all the odd terms will be 


+, and all the oven terms —, , 
Ex. 6. 
| Involve ae to the 5th power. 
The * terms without the coefficients will be 
„ae dee, ae, act, es; and the 
1 19X3, —, 5X1 
>" Þ.* 4 hon 
what is, 1, 5, JO nal0s 3 "4 
And therefore the 5th power is 
as + 5 ate + 10-8\ee + 10 88 W + #5, 


Ex. 7. 
Involve — to the 4th power. 


| 4 foot is a4 +> 7 e, 


that is, . N +x+, | 
8 4 RUL E. 


coefficients 1, 5 , 


24 INVOLUTION. B. 1. 
4 R U: E. 


In trinominals, quadrinomials, Sc. Let one 
letter remain, and put another letter for the reſt 
of the quantities; then involve this binomial by 
Rule 3; then inſtead of the powers of the aſſum- 
ed letter, find (by Rule 3.) the powers of the 
compound quantity it repreſents, which put in its 
ſtead. . a 


- 


. g Ex. 8. | = 
\ Involve a+b—x to the third power. 
Put e for b—x, then the cube of 2e is 
a ＋ 3a + 3a +& (Rule 3), that is, 
88 — — 3 x 
a + 3aaxb—x + 2a x b—x +b—x. But (Rule 3.) 
b—x* =Bb—2bx+xx, and b = —3bbx E. bx. 
—#3, Therefore aT Sed. 3aab ——3aox + 
34abb —6abx + 3axx +Þ—3ÞBbx+ N. 5 
Cor. 1. The nt power of a e, that is, 
ee +10" eb XI ee 
AA . 
* 3 Au 2 a X 4 a t*+,&c, 
This rule is proved by involving ae as far 
as you will, for the ſeveral powers will always agree 
with the rule. 3 | 


Cor. 2. All powers of an affirmative quantity, are 
 effirmative. And all odd powers of a negative quan- 
tity, are negative; and all even powers affirmative. 
Cor. 3. The index of the power of any quantity, 
is the product of the index of the power, and index of 
the quantity. | * | 
Cor. 4. The ni power of any product, is equal 10 
the nis power of each fatter, multiplied together. 
«bY =" xb", , | 25 


PRO. 


ect. 1. EVOLUTION. 1 


PROBLEM VI. 
To extract the root of any quantity. | | 


Evolution is juſt the reverſe to involution ; and 
is performed as follows, s. 


„ | 
For ſimple quantities; extract the root of the 
coefficient for the numerical part, and divide the 
index of the letter or letters, by the index of the 
power, gives the index of the root. 


Ex. 1. 


The cube root of 4. is"? or a. 
fte ſquare root of 25a. is 54. 
the ſquare,root of as is 4 B. A 
| 6 „ or abο⁹⁰ꝗ 2. 


the cube root of —125Þ is WT 7; or —5b1, 


.v+ y 


or 544. 


* * 


3 — 


RN 
For the ſquare root, of a compound quantity; 
range the terms according to the dimenſions of 
ſome letter. Then find the root of the firſt term 
(1 Rule), and ſet it in the quatient.... ſubtract its 
{quare, and bring down the next term, which di- 
vide by double the quotient, and ſet the anſwer 
in the quotient. Multiply the diviſor and quo- 
tient by this laſt quotient, which ſubtract from the 
dividual, proceed thus, juſt as in common arith- 
metic. 


Ex. 
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s. 


Extract the ſquare root ef aa +403 4Bb—20x— 
xxx. | 
8a+4ab +4bb—2ax—4bs Is * root 
4 
14 727 4ab+4bb 
4⁴⁵ 1 
o 


3 


Ex. 3 


Extra the fare root of Gb 226+ 9. 
Bux TZ. 3 wt 


4 r 


* | 


EVOLUTION. 27 
Ex. 4. 


Extraft the ſquare root of aa+x8. 
| —_ d x * 
( a Wo — 27 6% — &c. 


8a 


| N 3 R U L E. 5 3 
higher powers. Find the root 
member, — place in the quotient: ſubtract its 
power, the remainder is the reſidual. Involve this 
root ta the next lower power, and multiply it by 
he index of the given power, for a diviſor; by 
divide the firſt term of the reſidual, the quo- 
tient is the next term of the root. Then involve 
the whole root as before, and ſubtract : and 


repeat. 
the operatian, till all the terms of the roat be had. 
| „ YT 
Extras the cube root of — 
. R root. 


— 357) 6x5 (+2x | 
FCA F 1254482) =x7 F Ix » 
3*¹ 0 —12x4(—4 
4 Lime, D = TTA 
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* Ex. 6. N 
Extra8 the 4th root. of 1 gba 21 Ga 
21646 816. 5 


r 
26 | js root. 
24% 0 —g60b - os 
n Ws 7 
Dee 
0 8 


— 


Ip . 
The roots of comp an uantities, may ſome- 
times be diſcovered t xtract the roots out of 
all the ſimple powers br Aru init; then connect 
theſe roots by, the ſigns ＋ or. - af you jud; 
will beſt anſwer. Involve this compound- root 
the proper power; then if it be ſame with the gi: 
ven quantity, you have got the root. If it only 
differs in the ſigns, change ſome of them, till in 
prope gr with „ 1 


75 

| bo 7. n 417 
Tot extra the abe root of lata I 243.—8555 
vi dame a is a, and the root of —84: 


is —2þ;.. Then a--2+ is the root, n. 
18 eee 8 d, | 


Ex. 8. . 


Extra, the. 4th;root.of 1how—gbatg+21606 
—216ax*+81x%. oy | 


The roots of 164+ and $1x+, are 29 and 35. | 
"Therefore if 2a+3x be made the root and in- 
volved, 


* 


Sl. EVOLUTION 3 
volved, it is 163. P 9 2164 42 16 + 
81x*, which differs in the ſigns, from the quantity 


en Therefore make 24—3x the root, which 
being involved ſucceeds ; the power being 
1 6bg%—96@?x+2164axx—216ax') +8 14. 
When the quantity given has not ſuch a root as 
is required, ſet it down in form of a ſurg. 
Ex. 9. 

Square root of a, is Has. 
Cube root of 15aa, is / I 544. 

4th root of 2a*%", is (io. 

Ex. 10. 1 
The cube root of —64˙¹ ＋ 1255 +8b, is 
6 — — 
V #—64%+ 1240 +86), 


Ex. 11, | 
What is the 5th root of -. 
* | 

the root is Ha. 


Cor. 1, The ſquare root, or any even root, of an 
ive quantity, may be either + or —. 

For the ſquare root of #4 may be +4 or —4a, 
for +ax+@a=as; and -a - = : alſo the 4th 
root of a+ is +4 or —a, for the 4th power of 
—a is +84, as well as of +4. 

Cor, 2. Any. odd root of à quantity, will have the 
[ime ſign, as the quantity itſelf. 72 

For the root of +4? and —4, will be +8 and 
—8; for e is T, and - cubed is 


by, 5 
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Cor. 3. The ſquare rot, or any even root, of a 

negative quantity, is impoſſible. 

| For neither +4X +4, nor * can pro- 
duce — aa. 


1 4. The wb 3 22 
wrap 7 each of hs fattors, multip Au 


VEB= n 


SECT, 


s E O r. Il. 
of FRACTIONS, 


—_ 


HE operations of algebraic fractions are ex- 
T actly the fame as thoſe of vulgar fractions in 
arithmetic 3 therefore he that has made himſelf 
' maſter of vulgar fractions, will eaſily underſtand 
how to manage all forty of algebraic fractions, as 
in the following problems. 


PROBLEM VI. 
To reduce a given quantity to a fraifies of a gi- 
ven denominator, 


R U L- E. 


Multiply that quantity by the given denomina- 
tor, and under the product write the ſanie de- 
nominator. | 

Ex. 1. 


Let a+b have the — 2 
aT A 
_— N 
Ex. 2. 
Let xv have the denominator 1. 


Ex. 3. 


Let 5 have the denominator. bc, 
3 *** —7 
— — , anſwer. 


Cor. 
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Cor. The value of a fraction is not altered, by 
multiplying both numerator and denominator by the 
5 6 rab rabd ab 
ſame quantity. Thus Prins Ca 


re 
PROBLEM vin. 
To reduce a mixed number to a fraction. 
R U L E. 
Multiply the. integral part by the denomina- 
tor of the Seen, nad to the product add the 


numerator, under which write the common deno- 
minator. . 8 | 


h _—— 
| b 6 ac—b P 
Let a 2 be given. Then —- * the 


= 
fraction required. * 


aa — a 


Here 


| PROBLEM IX. 
To reduce an improper fraction to a whole or mixed 
number. ; 
K 


Divide the numerator by the denominator, as far 
as you can, gives the integral part; and place the 
remainder over the denominator for the frac- 
tional part. N 


Ex. 


| 
| 
| 
g 
| 


PROBLEM X. 
To find the greateſt common diviſor, for the terms 
of a frattion, or for any two quantities. 


N U:; 14K. 


The quantities being ranged according to the 
dimenſions of ſome letter; divide the greater 
by the leſſer, and the laſt diviſor by the laſt re- 
mainder, and ſo on continually till nothing remain; 
then the laſt diviſor is that required. But obſerve, 
firſt to throw out of each diviſor, all the ſimple di- 
viſors, (or others) that will divide it; and then 
proceed. The ſimple diviſors are had by inf] ———_ 


Eg. 1. 
cd _cd+dd 
1Letkw; 793 be-the fraftion propoſed. 


cd dd) aac aad ( 
or c-+4) aac N 


aac aa 


— n.. 


O 


D a 
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Therefore c+6 is the greateſt common diviſor 


aaa rz ⁰＋＋ ) &—abb (a 
2a +abb 


J —240b-—2abb remainder. 


—=2aab—2abb) aa+2ab +bb ( 
or a+b ) aa+2ab+bb (a+b 


aa+ ab 
+ ab+bb 
+ ab+bb 
. "AE 
Therefore +5 is the greateſt common. diviſor. 
Ex. 3. 
nd 95 8 
Suppoſe =. be given. 
4 - a -b (a 
- 
1 e, 
or 84:—bb) at—b*(aa+bb 
188 3 
+6bag-—b+ 


+ brag—b* 


ws 


the common diviſor is aa—b4, 


P R O- 
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PROBLEM XI. 
To reduce a fraction to its loweſt terms. 


R.Y & © 


Find the greateſt common meaſure (Prob. x), 
by which divide both numerator and denominator 


of the fraction; the quotients will be the numera- 


tor and denominator of che fraction required. 


| cc +44 
Let aac+aad be propoſed: | 
the greateſt common Lhe is c+d. Therefore 


ed+ dd. _ 
c+ +4) Tian = = 


the fraction SI 


Ex. 2. 
— 
Lt aa * 0% 
Here 4 ＋ is the greateſt common diviſor : then 
* a- e ——— 
Tr Maran i 


the fraction 
ſought. 
E.. 3. 
42.—3. 
Suppoſe 2 . be given. 
the greateſt common diviſor is aa—bb,; then 


. 


aa—bb )——5;- 
x ) — quired. 


D 2 | P R O- 


the fraction re- 


„ ˙ 
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PROBLEM XII. 


To reduce fractions of different denominators, io frac- 
tions of the ſame value, having a common deno- 
minator. 


: RULE. 


| Multiply each numerator, into all the other de- 
nominators, for a new numerator ; then multiply 
all the denominatois together for a common de- 
nominator. 


331 
Let > #2 a given. 
„ 
theſe become . 
Ex. 2. 
| „ 
Let . 2 be propoſed. 
244g cbs fbd 
they become Jag bap bag 


Divide the denominators by their- greateſt com- 
mon diviſor, then multiply both numerator and 
denominator of each fraction, by all the other quo- 
tients, which will produce as many new fractions. 


Eu. 3. 
27 DB 
Suppoſe 2% 28 5 5 8 
11 
ab 4 2 
42 . . 27 the fractions required. 
42 bc 24 


r 220 25 206 
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Ex. 4 
244 3Jab—2bb 
ag—ab* 2ac * 
a—b 2c 
ae Jab—1bb xa—b 
 2aac—2abc* 2aac—2abc © that is, 


4aac 3aab— 5abb + 263 
2aac—2abc* 2aac—2abc * 
PROBLEM Xin. 
To add fraftional quantities together. 


n 


If the fractions have not a common denomina- 
tor, reduce them to one (Prob. XII); then add 
the numerators, and under the ſum, write the 
common denominator. | | 


Ex. 1. 
a c 
Add 7 to 7 
reduced 5 and A then 4 2 — fo 
5 2. 


Add = J. 7. 7 together. 


adg - baf adg + beg + baf _ 
reduced Jag? bd? Ng bY. — — =um 


 a—b+2b—44 +. b—2a 2. 


3c 36 
23 Ex. 


the ſum = 
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| Ex. 4. 
aa 


To 1 
a—3 


r 


ſum 443 =_ — — 
PROBLEM XIV. 
To ſubtract one fraction from another, 
R UL... 


Reduce them to a common denominator; then 
ſubtract the numerators: and under the difference, 
write the common denominator. 


Ex. ba 
Fron 2 ſaltras . 
— — — difference. 
„ 
"a a+b _ ab+bb 
a e 
a da a . 
ab + bb—aad 
then — p—_— = remainder, 
Ex. 2? 
From —— take 2 


| t 5d 
8 gad — gb G6bc—12ac . 


red , . 
| 15cd 1c l 
reti nder gad—5bd—bbc- +1 240. 
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* Ex. 4. | 
aa, aac 
From a , Or a — 2 
a—b ab—bb 
take b + WE ins b 1 5 
difference a—b + — — 


PROBLEM XV. 
To multiply fractions. 
: RU LA 
In fractions, multiply the numerators together 
for a new numerator; and multiply the denomi- 
nators together for a new denominator. 


"As "ns 
; a Cc 


| a ac 
then ba Or 54 * product. 


, 

os i 
N 2 

«a GY 2 


Ex. 2. 


©, FRACTIONS :; Al 


$ R U E. 


When the numerator of one, and denominator 
of the other, can be divided by ſome common di- 
viſor, take the * inſtead thereof. 


aa+2ab+Þbb. dd 
cd - dd ty a+b* 


FE. 3 RULE. 
is to be multiplied by an integer, 


which happens to be the ſame with the denomina- 
tor ; take the numerator for the product. 


Ex. 6. 
| 2 
Multiply by a—b. 
quotient 3 6 
| FN LE; * 
When a fraction is to be multiplied by an inte- 
ger; — the numerator by the integer, 


Ex. 7. 


Mukliiply 77 7 eo by XxX. 


aal + =" of aa + 3bb 
_ 0 


xx = the prod. 
Ex, 


Sec. II. FRACTIONS, 4 
Ex. 8. 


Multiply 1 by 4 ＋& 


5 5 
/ Xx. 9. 


Multiply org. 


b+c 
5 Wy 


5 235 5 
product a _ —.— — = 


Schol. By this rule, p compound fuse may 


reduced to a ſimple one. X - | * 
PROBLEM XVI. 


. . %. 
To divide one frattion by another. 


: R UL: 
In fractions, multiply the denominator of the 


diviſor by the' numerator of the dividend, for a new 
numerator; alſo multiply the numerator of the di- 


viſor into the denominator of the dividend, for a 


new denominator. 
a Ex. L 
Divide -;- 71 by 
<)- + (= x: the quotient. 


Ex. 


- 


422, FRACTIONS. - .I 


Ex. 2: 
ac - 6+b \ 
„ 


2e \ 8+6 { aa—bb 
a—b/ a aaa 
s NU E 
If the fraftions have a common denominator ; 


take the numerator of the dividend, for a nume- 
rator; and the numerator of the diviſor, for the 


denon ddr. 


41 — a4 

aa+2ab+bb — quotient. 
aa — ab 
a+6 


When fractions are to be divided by integers ; 
multiply the denominators of the fractions, by ſuch 


integers. 


= quotient reduced, 


1 
quotient is ——-. 


Sect. II. FRACTIONS; 


Ex. 6. 


. 44 — 235 
Let a divide — 2 


aa—2bb 44— 255 : 
a IF xatb © cabs ent. 
4 RU EK 


When the two numerators, or the two denomi- 
nators, can be divided by ſome common diviſor z 
throw out ſuch diviſor, and proceed by Rule 1. 


Ex. 7. 
a-  aa—bb 
£40 a divide cd 
1 \ a+b /{acd+bcd 8 
reduced 29 rr quotient. 
Ex. 8. + 
aa+ab : 43“ 


Tet = divide i 2 

4 \ 43—#b+abb—bÞ {a*—aab + abb—b3 
reduced -—) IO ( : -* 
the quotient. 


that is, the quotien® =a+ wt 


From hence may be deduced the following co- 
rollaries. So; 


Cor. 1. The value of any fraftional quantity is not 
at all changed, by changing all the figns of both -nu- 


. ab—4ac ac—ab 
merator and denominator. - Thus —— = 55 
| 7— — 


Cor. 2. Te value of any compound fractional 
quantity, is equal to the ſum of all the particular 
8 JSimpee 


44 ERACTION:'S: Mk 
fimole fractions, that compoſe it. Thus 
rx + 207— 11 x 1 204 IIIA 
gr—2% © gfmm2x | gr—2x gr—2x" 
Cor. 3. If @ fraction be multiplied by any given 
uantity ; it is the ſame thing whether the numerator 


vided by it. TX A= T7 =T 
Cor. 4. The product of two fractions, is equal to 
the fraftion, that has the produ? of the numerators 
for the numerator ;, and the product of the denomina- 
tors for its denominator. 
4 F —— 
be be bb&xxx Ur Tax 
Cor. 5. F a fradlion is to be divided by ſome 
quantity; it is the ſame thing whether the numera- 
tor be divided by it, or the denominator multiplied. 
24 242 2ar 24 


— r= —. An —-r =— 
For rx x e x * 


hs 6. If any ſort of quantity is to be divided by 
a fraction; it is the ſame thing, as to multiply the 
ſaid quantity, by the . wn inverted. Thus 


45 r anf. 1 


a 2 . 
yy a 17 ar 

_ — Cs N= 

1 


PROBLEM XVII. 
To involve fractional quantities. 


EF. 
b the numerator into itſelf, for a new 
- numerator ; and the denominator into itſelf for a 
new denominator; each as often as the index of 


the power, 
Ex. 


Sd. Il. FRACTIONS. 


Ex. 1. | 
Involve 5 and — 
4 I 
„ as 
aa . 
ſquare 33 2 
Soy | u 
cube 7 | - 
a4 1 
4th power * 17 
& c. 
LE, . be tovetuale 
2. 75. 0 ivo 
1 
24 — 4bb 
10 gb ber aadd 
— + Tor 
2s |. .- 
cube 8443 12 2 64 
mY | 
- Ex. 3. 
aa—bc — 
Irvolve — * the ſquare, &c. 
a*%—2 abc +bbce 
Tze Tec the ſquare. 
a6—2a*bc +320 bbice—b*o 


614 zac ZAC cube, &c. 


* 
9 .. 


45 


46 FRACTIONS Bl, 
Ex. 45 
'to_the mY power. 


Involve _ 


od — + bagxx—4ax* +x+ 
11 15 ——_—— 1687 —, 


3 = a—x* 
or thus — — 


as —-- 166+ 


PROBLEM XVII. 
To extract the root of a fraction. 


R U LE. 


Extract the proper root of both numerator and 

denominator, if it can be done. If not ſet the 
radical ſign () before one or both of them, 
as Bey happen to be ſurd. | 


Ex. 1. | 
bat is the ** root of 4 
— gabb 
32 : 
Ex. 2. | 
G—20*þ + 3ab*—þy 
What the cube root of DFO +307 FÞ * 
£ Ob * "a 
the root is TI} 
aa 90 


7 he ſquare root of: = 72 y „ 2 er = 


Er. 


* 


Sect. II. FRACTIONS. 
Ex. 4. 
What is _ cube root of = 0 
RES; 
0 15 Na- 


Ex. 5. 
What is the cube root of 


the root 


as + 4abd—dt 
e 


the root is Ip +40hd—S „eee 


84% 7 2aab - 
Ex. 6. 
What is the 4th root of dar 
. 4 
«bc er © : 
the root is e 
| . 
oer ; 
I dar r.. 5 


Cor. The ni power or root ef a fraction, is Pg | 
to the 1 power or root of the Fumeraier, 7 
by the nb power or root 7 the denominaier. 


8433-60 
5 2 And 2 


4 


SECT. 


S E C. III. 
o& SURDS. 


— 


po UR Ds are ſuch quantities as have not a pro- 
per root. Simple Surds are thoſe which conſiſt 

but of one term. Compound Surds are thoſe 
which conſiſt of ſeveral ſimple ones. And Uni- 


ver ſal Surds are thoſe conſiſting of leveral terms, 


under any radical ſign. 

Surds are ſaid to be commenfurable, when they 
are as one number to another ; and incommenſura- 
ble, when their AdeE-ady cannot be en in 


numbers. . 


PROBLEM XIX. 


To nth or expreſs the roots of quantities by 
9 indice. 


1 
Divide the index of the quantity by the number 


expreſſing the root; the W is che index of 


the root you ired. 


Fo 


* 

Let the eum a be vel. 
-then a= - af, Wa = af, Vat af, Kc. 
Ex. 2. 

Let za be ele. 


V3ab = J = 9. N54. 23%: 


4 x 
6 ab- a5 NV. Vals — 5373, &c. 


* 


— 2. 


Ex. 


Sect. III. SUR DS. * 
8 Ex. 3. 
Let a be given. 
then Va=d, 2 = af or a, Vo — &c. 


Ex. 5 
Let — be giv . 
. I 41 x 
then of > =; 7 5 
&c. | 
Ex. 6. 


Let Lond be given. 


— —5 
9 a—b_ I db _ w : &c. 
* abc! * abbe* aii 4 | 


Ex. 7. 
Let 75 propeſed. 
P 25 ar 1 a a 
FIT ve „V &© 


50 SUR DS. 


. 1. 
— Ex. 8. 
a+2x | 
5 „ be propoſed. 
Har ag! JT TZ 
da- I aa a. oO EG 
4a 2K 
85 \ 
2 R U L E. 


When am quantity is in the denominator of a frac- 
tion; ſet it in the numerator, and change the fign of 
the index. 


| Ex. 9, 
I I „ 
V= == 8 | 
Ex. 10. 
Let _, 2 . 2 — &c. be given. 


then tar become a-, , a3, T 423, bee. 
reſpectively. 


Ex. 11. EY fg 
ab 5 | 
Given git This becomes abx—%y—3, 
Ex. 12. 
1 | 1 1 
Given „ . — 5 


" aN 5 
they become za , aa—xx * 


„ aa— © „ &c. 


% - Ex. 
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Ex. 13. 
aab aab aab 
Les 2 T aP  a+x. 
they are aab x, aab Xa+x 
3 gx 


aab x a+ x ©. 


be given. 


In order to explain this; let there be a rank of 
powers, as 1, 4, aa, aaa, aaaa, aagaa, &c. the 
ſame will (by Def. 20.) be denoted 1, 4, 47, 
a, a*, a, &c. Now theſe quantities, a, 4*, a, 
&c. are in geometrical progreſſion, and their in- 
dices, in arithmetic progreſſion, as is plain. Now 
ſince 1, a, , , &c. are geometrical propor- 
tionals, therefore theſe will alſo be geometrical 
Proportionals, 


I, Va, Vo, Vo. Wat, a, Vas, Vai, 
that is 1, * 2 44, Va,, a, Va, 65, &ee. | 


and 1, a, Vas, a, Vas, Vas, a*, Va, 

| Va, &c. | is 

and 1, Va, Jaa, Vo, " TS Vo, WA 
Vas, aa, &c. and ſo on. 


Therefore by the rule of analogy, the indices of 
all theſe, are alſo in arithmetic progreſſion, 


Take any one of theſe ſeries as 1, A a, yaa, | 


3 : 

a4, yas, &c, theſe will be equivalent to 1, 4 
nt 47, &c. 1 

Suppoſe now the ſeries 1, 4, 4, a, &c. con- 

tinued backwards, the powers of à will come in- 

to the denomiantor ; and the indices, which con- 

tinually decreaſe, will then become negative, and 


will ſtand thus: 


hs = 7 Powers 


* 
” * 
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Powers > _—, _ 1, a, a', a, at, &c. 

Indices — —2, —1, o, I, 2, 3, 4 &c. 
therefore a, a, a=, a, 4, 4, a, 40, &c. 
will repreſent theſe powers; that is, 

* 1 3 

r 2 , = a=, 5 tar, de. 


1 + 
In like manner, let the ſeries 1, a, a,, a", af, 


&c. be continued backwards; theſe powers, and 
their indices will be as follows : 


2 8 + | 
r 4 4% 4 4, KC. 
2 1 3 es 

—2 . — 1. 3 5 wer 5 5 3? 3? I, by &c, 


then, a Ma " wp , 41, 4% 4 5 a? 9 a, 1 
at, &c. will denote the fame powers ; that is, 


1 yy 1 * I =_ — 
— eo” — 5 "> ww — ———- 
0 4 ar N a7 


*>=1, &c. And therefore the ſeries, 
I I I 1 7 


vas Vece : Was AS: Ve, 
Ne. A aaa, &c. may be expreſſed thus, 


1 1 1 7 
„.. Va, Va, Va, 
Vas. v a. Va 
"2 

I I | 1 I 1 3 
or thus, . 7 f J al, ai, ai, a, &c. 
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$ =} 
9 a ” 4, a 


4 
— 
. 


or thus, , , 4” „ 4 
a”, &c. and the ſame is equally true of any of 
the other ſeries. 855 

Cor. 1. The powers of any quantity are a ſet of 
geometrical proportionals from 1; and their indices, 
a ſet of arithmetic proporiionals from o. 
thus, powers 1, 2, 4, 4, 4, . increaſing. 
| indices o, 1, 2, 3, 4, ©. increaling. 

| 1 ED | 

| alſo, powers 1, , % 5» ab Gecreal, 
indices o, —I, —2, —3, —4, 7 decreaſ. 


Cor. 2. Hence the double, triple, quadruple, &c. 
the index of any quantity, is the index of the ſquare, 
cube, biquadrate, &c. of that quantity, © 

Cor. 3. Hence alſo, the index of the product of | 
| any two powers (whole or fratted) of any quantity, 
is equal to the ſum of the indices of theſe powers. And 
therefore 10 multiply any two powers togetber, is tg 
add their indices. Thus a , a 
&c. 

Cor. 3. The index of the quotient of two powers, 
dividing one another, is equal to the index of the di- 
vidend — the index 2 the diviſor ; whatever the 
indices be. And therefore, to divide by powers, is ta 


ſubtraci their indices. Thus - =, and 
< =8*, Alſo — = a., &c. 


Cor. 4. Any power is taken aut of the denomina- 

tor, and put into the numerator, by changing the 

ſign of the index: and the contrary. Thus  « 
Re | | 


=S, — =ba *. . Allo 


a SURDS. B. I. 
Cor. 5. In frafional indices, the numerator ſhews 
the power, and the denominator the root. 


Schol. In all the following' problems, it will be 
the beſt way to reduce the ſurds to fractional in- 
A dices. | | | 

PROBLEM XX, 
To reduce a rational quantity to the form of a ſurd. 


2 R UL E. | 

Multiply the index of the quantity, by the 
index of the ſurd root given; to which ſet the 
radical ſign, or index of the ſurd. 
| | Ex. 1. 
| Reduce 6 tothe form of V. 
Here 6'** or 6*=36, and V/ 36 is that 
required. 2 —— 


© Reduce @ to the form of Hd. 
Here 4a!X*3 S, and Va is the anſwer. 


. 
Reduce a+b to the form of Ve. 


Anſw. V a+}, or Has Ta. 
Ex. 4. 
Reduce 7 to the form of Vd. 


. Anſ. * I is of the form . 


* 


PRO 
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PR OB L E M XXI. 


To reduce quantities of different indexes, to other egua! 
ones, that ſhall have a common index given. 


R U L E. 


Divide the indexes of the quantities by the gi- 
ven index; the quotients will be the new indexes 
for theſe quantities. Over theſe quantities with 
their new indices, place the index given. 


Ex. 1. 
Reduce 12+ and 7 to the common index * 


32 75 * 
N N —Arſt index. ” 1 4 N Dr K 
. 4 ( 2 - then 1228 and 77 are 
- ) > ( Z ſecond index the quantities required. 
3 | | 


Ex. 2. | 

Reduce 4 and 5, to the common index z. 
1 : * e . : 
5 'T (s firtt index, then ., and 59. are the 


-) 1(2 ſec. index. Tr 


PROBLEM XXI. 
To reduce quantities of different indices, to others equal 
to them, that ſhall have the leaſt common index. 


U 


Reduce the indices of the given quantities, to 
a common denominator, in the leaſt terms. Then 
involve each quantity to the power of its nume- 
rator; and take the root denoted by the com- 


mon denominator. - ; N 
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Ex; 1. 
Reduce 2 and cs 10 the leaſt common index. 
2 
ht and 2 we = £ and 12 Therefore 


*, and * 2 — of, 
or 55 and c become 6s and _ or 
 bbb\**.and <q", 
. . 
Let B and ad be given. 


2 
| 5" and + are, reduced to = and 5 


Therefore B and 7 become 5˙ and , 


or PAs and ac”, or ts and dice, 

| 2 3- | 

Let Ab, and — aa - xx be propoſed. 

Theſe are 42 and er. The indices 
are reduced to = and 6 Ds the ſurds 


= 1 


——N7; 
become a+bþ and aa—xx z or 


4 +3a0b+3abb+b"%, and a*—2@xx+x#%, or 


A + 3aab + 3abb+b:, and A a —24˙ X +X+, 
PROBLEM xxXHI. 
o reduce ſurds to their moſt imple terms. 
0 R UL. K. 
Divide by the greateſt power contained in it, and 
ſer the root before the furd containing rhe remaining 


- quantities, Ex. 


K 1 
Reduce A8 to a fimpler form: 
VIA Vz = 44/3 the ſurd required. 
Ex. 2. 
Let Vac be propoſed. 
daa = 84. Then W64aabc = be. 
Ex. 3. 
Reduce &x—a"x* . | 
Here Varga, and the ſurd becomes a Tax" | 
or a - ä 


A. 4 
| Yam 4cabs þ3 
Let # — 


cc 


be given. 


— 5 
The fard is / — ab. And 


* | —2b 
/ ag re — = = Therefore the ſurd 


— = 


becomes 2 or — Hab. 


Ex. 5. 
274¹¹⁰ 3 2 HE 


Given VV ——— 53a = e 


1 5—4 


P R O. 
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PROBLEM XXIV. 
To find whether two ſurds are commenſurable or not. 


; R U. L. E. 


Reduce them to the leaſt common index, and 
the quantities to a common denominator, if frac- 
tions, except when like terms are commenſurable. 

Then divide them by the greateſt common diviſor, 
(or by ſuch a one as will give one quotient ratio- 
nal; 53 then if both quotients be rational, the ſurds 
are commenſurable ;. otherwiſe not. 


Ex. 1. 


Let Vis and Vs be propoſed. 


Theſe are Vꝛ cg and V2x4. Divide by 2, 
and the quotients are 4/9, and /; that is, 3 
and 2 23; therefore they are commenſurable. 


Ex. 2 
Let the ſurds be e d V 


Theſe are 2 nd Va, Divide by 2, 
and the quotients are v/25 and-4/36, * is 5 
and 6; and the ſurds become 2 2 and Vs. 


RY are therefore commenſurable, being as 2 
oy 
8 
2 
E. 3. 
Let 448 and Vs be propoſed. | 
Divide by 8, the quotients are Ab and Vi or 
1; therefore they are incommenſurable. | 


Ex. 
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Fe Ex. 
Let — and KA : be given. 
Here DL a and 7 are reduced wo lf. 
and 5; „ diſs th NF and l Di. 


vide by 25 . and the FTI LPN are DL and 
Di, that is, 55 and cc; therefore the furds are 
commenſurable. 
Hs 4 
Suppoſe Va* +aabb and V 2als +64, 


Theſe are V aaxaa+db; Ib and 1 ＋ 55. 


Therefore dividing by aa , the quotients are 
\/ aa, and bb, or @ and b, and therefore they 
are commenſurable. 


Ex. 6. 
Let V _ and v9 be given. 


0 4 32 $i 
That is, I and . Divide the de- 
nominators by 2, then they are reduced to 


8555 and „ 2. and are therefore 


incommenſurable. 


p R- 
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PROBLEM XXV. 
To add ſurd quantities together. 


R U L E. 


Reduce quantities with unlike indexes, to thoſe 
of like indexes. ö 

Alſo reduce fractions to a common denomina- 
tor, or elſe to others that have rational denomi- 


nators (or numerators). 
Then reduce the quantities to the ſimpleſt terms 


(Prob. 23.) This being done; if the ſurd part 
be the ſame in all, annex it to the ſum of the ra- 
tional parts, with the ſign (x) of multiplication. 
If the ſurd part is not the ſame in all, the quan- 
_ titles can only be added by the ſigns + and —. 
5 enn 
Add ö to 246. 
The ſum is 1+2 x 6 or 34/6. 


- Ex. 2. 
Add 8 to Vo. 
v8=2\/2, and 4/50=5/2, and the ſum 
=2+5XV/2=7V/2 VS. 
Add * 500 10 V 108, 
Iso = VN, = 5/4. And 
; 4108 _ 4x27 = 24. Therefore the ſum 
S S x =8V/4- 
. 
Aud 484% 10 Vgaab.. 
They are reduced to 442% 3b and aby/ 36. 
And the ſum = 4aa+abxy/3b. _ 
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1 4 


=7* = Jas = 1644 ,. = 
%%% And . = ay/as. And tiitir ſum 
= aF2xy/as =6+2 xo. 
Add VE to 25 


Theſe reduced ug a OS be · 
come E and 5, or 2 5 and VS 


that is, wt 3 e ſum is 
2 
uf =; | 
, 


Or thus, I 
24 _ a6 _ 3 


— Þ; 8 
* And their ſum 
11 
15 

7. 


H — 
RE fo EY. 
Allo v= = v=—= = 
dv =V5 
"i 9 
= — — 6 = 
=7 FIX 
= 


11 752 
— 56 = 3" 


16 
Add © y- — to /= ; 
Theſe become - oy and VT or Wi 


and 


62 S Uns 28 
and ee; that is 92 and * 


whoſe on. 18 1+ x xV— — 292. 


Or thus, 
Ds OS] | . 98 3,42 
4 UE PV 
( 3 3 3 
. = 4 V - — <= 
27 108 4X27 &- * 
.3 f 
And the ſum WAS 
| 3 
. Ex. 8 
Az Ot 
Add — to I. 


; | 24 | 
Theſe are reduced to 2 and * 


It — and N. And their ſum is 


Ys 1 __ bb+cc 
b 7 Ng be 
() 2: wel . 


Add Hale. alk 2 to Vdiaa A. 


They are reduced to «dV aa = , and 
 ddVaa—xxy/2, and the ſum is | 


ca +4d X V aa—xxy/2. 
| E. 50. 
To 24/40 — Ven + 13. 
Add 22 + 2 —y7 | 
_ 34/aa 8 ＋ Hay 
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PROBLEM XXVII. 
To ſubtract ſurd quantities. 


U 


Reduce, as in the laſt rule; then ſubtract the 
rational quantities, and annex the difference to 
the common ſurd, with the ſign (Xx) of mul- 
tiplication. 


ExAaMPLESs. | 
r. Subtract 6 from 24/6, the remainder i is 
2-1 Xx V =O. 
2. S508 =5V/2— 2/2 = 3/2. 
3. Vs — V108 u = 2/4. 
4. 484% Zaab = 4aa4/ 3b — aby/ 36 
= 4aa—ab x \/ 3b. 


25 3 75 75 75 
2 2 
= V3; z 
24 2 24 6 
O > _ — — 53 9 
2 25 9 
3 — Nor —6 
„ . Edt. WI 
2 4- 1 4 
171 71 5612 
3 — Or thus, 5 * 4X27 
„ WV TRE 
. e 
a 25 8. 
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9. Vccddaa - ccddæx — * a4 a = — 
ed 4a — 4K — dd a ² — ee 


10. From 204 — va? — V3. 
take ae + 2\/a 7. 


rem. * — + - I * 


P R OB L E M XXVII. 
| To multiply ſurds. 


: R UL. E. 


Surds by ſurds; if they have not the ſame in- 
dex already, reduce them to the ſame ; then mul- 
tiply way quantities under the common Index. 


Ex. 1. 
My Vs Y N¼ . LY 
the 2 Vis 

Ex. 2. 


| ny + VE ; * VE. 


Ia . 
5 = 4c * 


3 
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-- ib. > 
Multiply Vd by ab. 

Reduced to 2) and 2237s z the product 

=" N 
5 Ex. 4. 
Multiply 4 by 4. 3 
roducdt af c i 
+... TV Kc. 2 
A ſurd by a rational quantity; connect them 
| with the ſign (x) of multiplication; or elſe re - 
duce the rational quantity to the form of that ſurd, 
and multiply by Rule 1. 
E. 5. | 
- Multidtly VA 3x by 23. 

The product is 24x a- gn. 1 

Or 24 aa, then the product = 
V 164'*—124ax. | 

r 

When rational quantities are annexed to ſurds; 


multiply the rational by the rational, and the ſurd 
by the ſurd. 


Ex. 6. 5 
Multiply 7 V a—x by i= Vas. 


The product = We ox = 
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bb \ . 


8 
150 
9 
1 


2 „ oy oo — 


Multiply 2 ks 
by 3c—2c 


bac—gary/d 
A d+baty/ dd dd 


product Gac—1 34 % d+ bacd 


y - 


TN -s. 

or Vag—b+4/3., 8 
Schol. If impoſſible or imaginary roots be mul - 
tiplied together, they always produce —, other- 
wiſe a real product would be raiſed from impoſſi- 
ble factors, which is abſurd. Thus 
ASA ab, and V- =- 
a, & c. Alſo A- XxX N= 4, 
and /—aX N = = = +4 &c, — 
PROBLEM XXVII. 

To divide ſurd s. 


NULL K 


In ſurds of the ſame ſimple quantity; ſubtract 
their indices from each other. Oar 3 5 


65 SVs 571 


* 


3 


If they be different quantities; reduce them to 
the ſame index, if they are not 2 already. Then 
divide the quantities under the common index. 


Divide VIS by Vs. 
3) 15 (V the quotient. 


— — — 
- 
0 - 


. : > "7 Divids FE: * "I 
1 | | 
| 2ab\. n 8 
| | Fa. e. T5 _ 


Divide aabbd by v4 
7 uu. 4. )aabbd' Vaals Ar. quot. 


3 R U L E. 
If rational quantities are annexed ; divide ra- 


tional quarities by rational — and ſurds 


by ſurds. 
Ex. 6. 
Divide V/ 16a\—12aax by 24. 
quotient = zar . 716.124 = 
">. |: * 
Ex. 
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Ex. 7 \ 
Divide D* N by - TV a=; G—X, 


a a; (—d4 


23 >. " " eee ax. 


Then c—d X Var = = quotient. 


. 8. 


Di vi * — — * by s ax? 
or — . | 
bx) == ax (. ax __ a5x3 5 (2. 


Then the quotient 
e 
= T a= I*þ e 


„„ 
An . (a * 
aa—ay/b - - - quotient. 
—— 
+a\/b—b 
O o —ad | 
—a4+4/b 
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Ex. 10. | | 

ng ab—abbc (ab—by/ be 
CA by/ bc 


ah /he—abbe 
rh /he—abbe 


„ 
8 Ex. 11. 
Divide Vas; H = 
s r 
a 


J ; . 
a . 


* por ad 


” 0 


GT —_— 


—_— „ 


7 Ex. 12. | 
Divide : ca TN — — 
e eee al 1805 
Vi aa be- 


bb 
*; Tg == 
Ic abc 
SF 0 * 
8 L-E 


When the quantiti 
down in ay of a — — 


868 f ; Ex. 
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Ex. 13. 


Divide : bed abb: by ue. 


Jar abb : 
The quotient is 9 


PROBLEM XXIX. 
To involve uy quantities to ay power. 
+.R U LE. 


3 ly the index of the quantity 08 the in- 
power to be raiſed. 


. 
Let V be cubed, 


v2 =Y: Then 23 or 2f is the cube, 
that is 2 or s = the cube of H. 
| Ex. 2. 
What is the ſquare of 30/bec. 
3/ bee = — We > + beef, Its Nee - 
| „ IN N. = Hau. 3 
| E. 3. N | 
What is the cube of aV -x. 
aan} = K -=, cubed it is = 
that is, the cube =a - , -. 


F 4 Ex. 


to 
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What is the 4th power = SV 


26, 4 
. Here * — 5 N And its ih 
: 4 2a \* 

power g . = 1 N , © 
Ln 408 I eee 
16b4xc—b © 4b*%Xcc—2bc+bb* 

3 2 RULE. 

Tf quantities are to be involved to a power de- 


noted by the index of the ſurd root; take away 


the radical ſign. 


| K. 8 
What is the cube of Hat. 
Anſwer, Gb + 3b\/abb. 
: $3 JL E. 
Compound ſurds are involved as integers, obſerv- 


ing the rule of multiplication of ſurds. 
. 7. TRE 
9+3V5 
_+3V/5+5 


I14+6//5 Ex. 


the ſquare 
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Ex. 8: 
Let a—y/b be ended. TON Prin 5 


2 2b 
a—y/b * 

a4 2 b+ab. 

— aay/b+20b—bb 


the _ __ zany b + e 


P R O B L E M XXX. 
To ex traci any root of a ſur. 


RN UI. KR. 


Divide the index of the quantity or quantities, 
by the index of the root to be 9 


Ex. 1. 
| Extra the _ root of a. 


The root = a* Ws Var. 


2 2. ; HY — 
Extra the cube root of ah.. 


What is the 4th rot of os B 
The root is 4 = =_ 2973 S N 


Ex. 
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Ex. 4. ä 
What is the eube root of Va- xx. 


* — 2 X Li —— — 6 
The root is aa—zxx* a- xx. 


+ L E. 
When the index of the root to be extracted, is 


5 the ſame as the index of the power of that quan- 


tity; take away that index, and the quantity itſelf 
is the root. f 


I 
What is the ſquare root of g*a*. 
Anſw. 3a, the root. 
Ex. 6. 
What is the cube root of 5ax—73xx 
; Anſw. 5ax—3xx, the root. 
3; + 4 * 


Compound ſurds are extracted as integers, due 
being had to the operations of ſimple ſurds. 
When no ſuch root can be found, prefix the radical 


fign. EB 
For the ſquare root of aa—4a\y/b-+ 4b. 
aa—444/b+4b (a—24/0 


29—24/b o —qay/b#4b 
0 3 


n 


0 
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Ex. 8. 
What is the cube root of a&—V ax—xx 
Anſw. a ax — xx, the root. 


PROBLEM XXXI. 
Te change @ binomial ſurd quantity into another. 
| R UL E. 

T his reduction is performed by an equal involu- 
tion, and evolution. Involve the binomial to the 
power denoted by the ſurd or ſurds, then ſet the 
radical ſign of the fame root before it. 

Ex. 1. 
To transform 2+\/3 to another. 

Its ſquare, 4+3+4//3=7+4/3 

the ſquare root, V7 +443: 
Ex. 2. 
Reduce Va rz to a univerſal ns. 
Its ſquare 8 = 5+2y/6_ 
the root =W5+24/6. 
- Ex. 3. 
Let Va-] be given to reduce. 

The ſquare - 44+4X—4V@x _ 5 

the root Wa+4x—4y/ ax. 


The cube an b 
the root 3 3 Vabb +3. 


Cor. 
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Cor. 55 Nr ade 
1 © +57 FS ane þ 2 Fl BE 


PROBLEM XXXII. 


| To extras the ſquare root of a binomial (or reſidual) 
; ſurd, AB, or A—B; er 6 ine, &c. 


1 RULE, Hr Manilhs; 


Take AA <BB=D. Then VRN = 
ASD D — N 
* is + VED. | 


and VER AB — * — v penn 


For if Var + 8 be involved by 


Prob. 29. it will produce A + AA DD, 
VaD — 


that is A+B, as it ought. And 
| PD will alſo produce A—B. | 
Ex, 1. 5 Imp 

To extra the root of 7 +4/20. 
Here A=7, B=y/20, and Krb = 


Vio =D. 

Then 2 ſquare. root of 7+4/20 = 
2 is 

2 N + + vf/ of 2 0 
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Ex. 2. 

What is the ſquare root of 3—2/2. 

Here , N ABR H i D, and 
— =» — =» And | 
V 3-2/2 = Vi Ni SM, the root. 

Eu. 3. 


To extras the root of 27 


INN B 1426 Dez. And the 
ER 


root = VE + 2 that is, 
h N ib = 4+v/11, 


5 


. 4. 

What is the ſquare root of 6-29 55 
Here N EB 3 1 
And 2 2 0 


And de root = g-. & 2 12 my 


. 
2 


4p Ex. 5% | 
Extraft the root of 24/6. . Pa 0 
VAA—BB=vV16=D=4 And 
A+D _V21+4 A—D = Wat | 


145 wie — 240%,-+-- 1 4&5. pes 2 


\Y * K el, Wn 1 : 114 
And the root i 5 2 i? 97 
<2 | 


* 


ene 18 
Ex. 6. 
Extratt the root of . 


| Here A a, B = 2x V . Then 
A5 AA—BB V ee = 42A =D. 
the root Ay ELIE * 


Ex. 7. 
What is the root of 6+8—1 12924. 
Let A=6+4/8, B=V/12+4/24- * Then 


NE IBZ DN N 124 
A+D _ | AD 


PAT» Een ho” hs. 


AN = 1 + /2, (ſee Ex. To there- 
fore the root = VNN. * 
2 RU L E, for l &. ; 
For trinomial, quadrinomial furds, c. divide 
half the product of any two radicals by a third, 
gives the ſquare of one radical part of the root, 
This repeated with different quantities, will give 
the ſquares of all the parts of the root, to be con- 
nected by + and —. But if any quantity occur 
oftener than once; it muſt be taken but once. 
For if x+y+2 be any trinomial ſurd, its ſquare 
will be *-- +2* NT 2x2 ＋ 29x 3 then if half 
the product of any two rectangles as 2xyx2xz (or 
a2) be divided by ſome third 2yz, the quotient 


ux, muſt needs be the ſquare of one of 


2 


the parts ; and the like for the reſt. 


Ex. 
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To extra Wy ſquare R of . 


"6/8 / 12/24. % 


| $12 _ Is I 
Here 29924 =1, and 24/ 12 =4=2, 


and LILY = omg. And the roo 
Vi Vs. 


Ex. g. e 
To find. the. ſquare root of + | 
n+/3—/a8+Y/to/24+w/40mv/0. 2] 


Here - L33XE = V. this produce no- 


525 8 


&c. therefore the parts of the root are 4. 5» 
V,. V, be &c. and the root ater £ 
+453 for being ones it produces the 
quantity given. 


Cor. 1. In binomials, if D be a rational quan 
ity, ibe root will confiſt of to ſurds , and the 
parts of each under the radical fign will confi of 4 
rational quantity (D), and 4 ſurd (A). 


Cor. 2, If beth A and D be rational, the ret 
will conſiſt either of the two ſmnrds, or elſe of a ra- 
tional part and. a ſurd ; which is io EOP caſe that 
is ue Ful in this extrattion. ? | 


p R O- 


| ſucceeds, 
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PROBLEM XXXII. | 


To extralt any root & AS, a binomial ſurd AB, 


* 


R U L E. mow 
Let AA—BB=D, take Q fuch, that bar. 


che leaſt integer power. Let AFB * ri 
the neareſt integer number. 


Reduce Ay/Q to the ſimpleft form . 


1 
1 += | 
- r — . 
Let 2 = 1, the * integer 
. — * * He 
Then the ro : if it can be 


* * Q extracted. 
Note, + is for the binomial A+B, and — 
for the reſidual A—B.-- — 4 
An £. 
What is the cube root of v968 +25. 
Here D = 343 = . DEnæn, and 


„Ori, , Then Arb = 56+ 
2 e- ha 968 * 


| 7 
; r + en St 
is v2 "2 —< =t=2. And 
7 22 | 
2s, Vin = 8—7.=l. VQ= 1. 
And the roo abe = 2/241, which 


Ex. 
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Ex. 4 
— the cube root wh 68 PEP ment 
Here D=250=5X5X5X2. And SN A 
= QD = = m, and Q =4, n=2xX;=10. And 
12 Vida =6 = r. 
AUGER SIVA and Ds 


. ol 8 


oo — — 
ä | WTI 
And the root 
3 — . — Is 2 4 
WWW 
for its cube is 68—274/6. | 
Ex. 3. 


Extract the 5th root of 2x/6+414/ 3. 
Here D=3, 1g, Q= =81, rg. Vs, 
=, E Vs, ts—1 V. 
O N H. And the root to ba. tee 
. | err 
V9 AN 


SHIN. 


If the quantity be a fraction or his a common 
diviſor, extract the root af the denominator or bf 
that common diviſor, egen They that would 
ſee the demonſtration of this rule, may conſult 


Graveſande's or Mac Laurin's Algebra. For as it 
ſeldom happens that ſuch Je- end have a proper 
root; it is not worth whi 


* about them. 


3 any” more 
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PROBLEM XXXIV. 
4 compound ſurd being given, conſiſting of two, three, 
or more terms, which are ſurd ſquare roots: to 
« find ſuch a multiplier or multipliers, by which mul- 
tipl, ing the given ſurd; the Product will be ratianal. 


R U J. E. 


Change the ſign of one of the terms in a bi- 

nomial, or trinomial, or the ſigns of two terms 

in a quadrinomial 3 and by this — the-gt- 
ven ſurd. 


"Dr NS be given. | 
Multiply by a—/3 
product * cs 3. 


8 


. "A. — md 


x 2. | 
- Given = Eu. - 
- Multiply bj VS π H VNN 
product 5—x rational. 
. d % ><. 
8 Lt REI be given. 
Multiply _ r i 
277 - e 55 £ 185 2515 0 
| ee 7 4 
+/10+y/6— 


"product. _ "6+24/15. 
 muleiply by —6+24/15- 


product | bo—36=24. 
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„ 5 | 
There is given V -N CN 
Multiply by J/a+Y/b+V/imw/d 
product ab—c—d+24/ab +24/dc 
8 FTA 
multiply by FZ Vb 2d | 
POS e 


. or 2 +4afy/ ab 
multiply by E ab 
product gg -s 


In this proceſs f is put for the rational part 

a-, and g for ff +44b—4dc. 

Cor. A binomill becomes rational after one opera- 

tion, a tringmial after two, and a quadrinomial after 

A Th 3 

PROBLEM XXXV. 

A binomial being given, Tonfiſting of one or two ſurds, 
whoſe index or root is. any power of 2.3 40 find 

2 multiplier or -multipliers that ſhall make it ra- 
tional. SBI | 


"ESL mo 
Multiply it by its- cotreſponding reſidual (that 
is when one ſign is changed); and repeat the ſame 
operation, as long as there are ſurds. 


| | | Ex. — 
| Let Va- be given. | 
Multiply by va 7 x | | & 


product 4—6 rational. 
"IX WS, 7 


SURDS. B. I. 


| | Er. 2. 
Let Vs Js be propoſed. 
Multiply by /5 — V/3. 


ä 1 product A — 9 
multiply by 7 ＋ 9 


2 * 5 — 3.=2 » rational, 


| Es. 3» ; 
5 Let there be given Va + . c 
Multiply by 1 ve W | 
1 product va — * 

multiply by ve ‘= 

2 product 8 
mult. by Ja+ys | 
3 product . 2 b dong. 1 
| ae 4. 0 


mult. aa + vb 
2 prod. a* — 3 
Cor. The unmber of 3 15 equa] to the power 
of 2 in the index. 
P R 0 B. 


77 


\ 


. 
- 
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PROBLEM XXXVI. 
Any binomial. ſurd being given, to find a multiplier 
which ſhall produce a ration:1 product. 


RU UE 


4 | 

If the ſurds have not the ſame index, reduce 
them to the ſame, (Prob. 21.) f 

Take the two quantities (throwing away the 
radical ſign or index); change the ſign of one of 
them. That done, involve theſe to the next in- 
ferior power denoted by the index of the root 
(Prob. 5. Rule 3), but leave out the unciæ or co- 
efficients : then place the common radical ſign be- 
fore each quantity, but after its ſign. And this 
will be your multiplier. 


Shorter thus, 
Binomial A + VB. | 
Multiplier A- F AB + A-. 


F AB? + &c. 


The upper ſigns muſt be taken with the upper, 
and the lower with the lower; and the ſeries con- 
tinued to # terms. | 


. 


5 Ex. 1. 
3 < 3 wats; 
Let 7 + V be given. 
Multiplier JZ) — W7X3 + 3X3 
7 + pms, 
— VIXIX3 — VIX3X3 
SIR ES: + V TX3X3+3 
product 7 + 3 = 10, rational. 
8 Ex. 


„ 80 A1. 
1 Ex. 2. ä 
Lit - 2 Be propoſed. -s. 


| 5 Multiplier aa +a V2 2 EY, 2X2 
| | product 4.—2. 


Ex. 3. 


Lit Va + Vs be propoſed. 
Mult. 6h A + bb 
product 4 +6 


Ex. 4. | | 
= 
Let V5 + V3 be given, 
reduced vs +- v9. given. 


Mulciplie V 53 ns V 5X9 * V px 5x97 . 4 
product g | — == 


Ee: - Or ths, 
Surd v9 + vs 


mule. oe + v/9%s* . 
Pooducd ging = 2 


— 


Ex. 5. 
Let Vo — V be * 
Mlultiplier /e + Hab. + ver + un. 
- ' , Or 


, 


7 8 
rh $URDS ub 
; Or thus, 
Surd . In. | 
mult. 40% + aa. + b, 
product 4 — 61. 


PPP 


E. 6. 
Let a — A be propoſed. 
reduced to - 
put Fo pts y=bb. 
Surd . — vv 
mult. Vo + Ve + Ar CTY Vow + | 
222 + . 


roa x —y = & — bb. 


PROBLEM XXXVII. 


fraction being given whoſe denominator is @ com- 
pound ſurd , to redige it to anvtber whoſe deno- 
minator is rational. 


RU. E 
Find ſuch a multiplier (by Prob. 34, 36, or 36), 


as will make the denominator rational. By this 


multiply doth numerator and denominator, 


Ex." 2. 
Let I 72 be propeſed. | 
RS = — SINE Ba 
F 1 5 * en . 
2 5+3V2 
—.— EA =vV5 + v2 1 
5—2 23 a 2 


\ | 
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Ex, 2. 


8 

Let there ” gives 7 

\ Multiply both terms by -V, the fraction 
W42—vV18 | 


„„ = "> INN 


KY —. 
| uppeſe 7 
Multiply by 3+4/2, then bach is the 
r_ 3 3 
fraction required. 


h „ b 
De, 

Li = Tre be propoſed 
Multiply by a- bc, then e f 
is the fraction ſought. 

5 Ex. 5. 

3/a+2V/b , 
Let 1 be given. 


Multiply by 5+4/3 ; then 
16/2410/2+31/30+21/3b. 
E 25—3 —22 A 


Multiply by A. 4 7X5 Ny, 5*, and the frac- 


dan ee at rs n 


VA Ss . E. 
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Ex. 7. 
Let = — 
v5 + V3 
Multiply by VJ Ns Vs. 3 s 
And the fraction is | 


V125=v/15+/45=V/?2 OY 


g—z3=2 
Or thus, 
M ultiply the terms of the fraction * 
vs +3 


b of — 
y n and it becomes e ee . 


again multiply the terms of the laſt fraction by 


1 5 + 3, and it becomes : 


& 2. 26S 
_— LVs. 


MES 2 
F Ex. 8. 


Let re be tbe fraflion.. 


Multiply by /3+/2—1, and the fraction will 
be N +8/2—8 4 LTV 2—4 | 
5+23/6—1 _ 2 +1/6 —. Again, 
multiply by —2+4/6, and it becomes 
ub SER 


6—4 22 
= 4+24/18+24/ i2—24/6—44/3—4/2 
= 4+6\/2 +4/3 e 
— Wan —2⁹¼̃. | 


S8 F. IV. 
Several Methods of managing Equations. 


N Equation is the mutual comparing of two 
equal quantities, by the help of this charac- 
ter (=); the part on the left hand is called the 
firſt fide of the equation; that on the right, the 
ſecond fide. And the ſingle quantities are called 
terms of the equation. | 
. An equation is either two ranks of quantities 
equal to one another, and ſeparated by this mark 
(=); or one rank equal to nothing. And they 
are to be conſidered either, as the laſt concluſion 
to which we come in the ſolution of a; problem; 
or as the means whereby we come to it. In the 
firſt caſe, the equation is compoſed of only one 
unknown quantity mixed with known ones, and 
may be called the Anal equation. But thoſe of 
the laſt ſort involve ſeveral unknown quantities; 
and therefore they are to be ſo managed and re- 
duced, that out of all the reſt there may emerge 
a new equation, with only one unknown quantity, 
which is that we ſeek. And this is to be made as 
ſimple” as it can, in order to find the value of the 
unknown quantity. 3 
An equation is named according to the dimen- 
ſion of the higheſt power of the unknown quan- 
tity in it. A /mple equation is that which con- 
tains only the quantity itſelf ; as a=b—c. A 
quadratic equation, is when the higheſt power is 
a ſquare, as aa ba gd. A cubic equation, when the 
higheſt power is a cube, as &+ba*—ca=d, A 
\. fourth power when the higheſt power is ſuch, as 
34 TT , &c. Fog | 


PRO- 
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PROBLEM XXXVIII. 


To turn proportional quantities into equations; and 
equations into proportions. | 


| In the ſolution of problems, it often happens, 
that we have ſeveral quantities in geometrical pro- 
rtion, which are to be reduced into an equation; 


which will be done thus : 


RU LE. 


Multiply the extremes together for .one fide of 
the equation, and the two means for the other 
ſide; or the ſquare of the mean, when there are 


but 3 terms. 

On the contrary in a given equation, divide 
each ſide inte two factors; and make the two fac- 
tors of one ſide the two means; and the two fac- 


tors of the other ſide, the extreams, 


1. b 
If a:b::c+f:d. Then ad gc LV. 


5 Ex. 2. 
Lei 2432 22 N 12 


5 


. - ar+br ca- 
Then — = T"vVa=z. 


- 


Velen. Then 2 85 c: 4. 


gz Managing EQUATIONS. | B. I. 


Ex. 4. 
br cal 
Fo If —.— = — 4a xx. 
| b ca—cb * 
Then e | 
. | eee e 
or a-: a+6: : Y TV = 
Ex. 3. 


| Let be+bd = da—cg. 
Then 1:6:: cd: da—cg. | | 
or 3: Vdc: : V-: cd. 


PROBLEM XXXIX. 
To reduce an equation. 


— 


When a queſtion is brought to an equation, the 
unknown quantities are- generally mixed and en- 
tangled with 'the known ones; and therefore th 
equation muſt be ſo ordered that the unknown quan- 
tity may ftand clear, on the firſt ſide of the equa 
tion; and the known ones on the ſecond 
Which is done thus 


„ „ RULE 

When any quantity is on both ſide the equatio 

throw it out of both. y — Ty 
| , Bs 
If 3x +66 = 4:—d + 96. 

Throw out 66, Then 3x = 4c—d-+36. 

| 2 N UL 4 

When the known and unknown quantities are 


both-on one ſide; - tranſpoſe any of them to the 
contrary ſide, and change its ſign. 555 
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Ex. 2. 
If gx + 35 = rx +84. 
Then 5x = rx + bd— 36 
And gx —rx=bd — 36. 


For to tranſpoſe a quantity with a contrary ſign, 
is the ſame thing as to add it, or elſe to ſubtract ir 
from both ſides; therefore the quantities on each 
fide, remain ſtill equal, by Axiom 1. and 2. 

RU. 

If there be fractions in the equation, multiply 
both ſides by the denominators. 2 
vi Ex. 3. 

OO > 

Suppoſe 5 +e—f ===. 
Multiply by ö, @ a + << —f 5 = = 
multiply by a, a? + Ie - fu = bdx. 

This proceſs is plain from Axiom 3. 


na ck 4 RULE. | 
When any quantity is multiplied into both ſides 
of the equation, or into the higheſt term of the 
unknown quantity; divide the whole equation 
thereby. 24 
(90345 Ex. 4+ 
If b + bcaa = beda. 
Divide by ba, 7aa ＋ ca = Hh. 


divide by 7, 2 += = 7 


The truth of this appears by Axiom 4. | . 
5 RULE. 
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£ RAKE FE. 


If the unknown quantity is affected with a ſurd ; 
tranſpoſe the reſt of the terms; then involye cach 
fide 2 to the index of the ſurd. 


1 Ax. 5. 
ef IGG = 2 

Then V/aa—ba =. d=c.. 4: 
ſquared aa — ba = dd—2dc+ce.. 
This proceſs i is lain from Axiom 3. 


6 N E 


When the fide containing the unknown quantity 
is a pure power; or if being adfected, it has a ra- 

tional root: then extract ſuch root on both ſides 
of the equation. 


Ste RY -- 0 
If @=b bbc, 
Clube root. 2 e. 
Ex 7. 
If r Er ＋ 9 20. 
Square root x + 3 0b. 
and o = +1/20b—3. 


Sebol. All theſe rules are to be uſed promiſcu- 
ouſly, as one has occaſion for them; ; till the equa- 
tion be duly cleared. | . 


PR OB L E M MX | 
To explain the nature and origin of adjetted equations. 


1. Any adfected equation may be conſidered as 


made up of as many PD equations, as the di- 
| 3 menſion 
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menſion of the higheft power is. Suppoſe x=a, 

„b, and x=c, &c. then -a O, x—b=o, 

xX—c=0. And if all theſe be multiplied together, 

then X—a * ö XJ go; that is, 

 x\—ax*+abx—abc=0, a cubic equation, 

— Nac ä 
C 

whoſe roots are a, b, ef , 


In like manner, x—a LES) X X—<c xg, | 
produces a biquadratic equation, . 


„* - „ baby —abcs + abed=o,. | 

—F'\ hee id. 1 oa. 
1 +bc . —acd © ns 
r 

1177; oiWer +Srol bay 

++&:- Ps oy 


. =; nds 463 
whoſe roots are a, b, * e rink Sw ortt 

Theſe two equations may be written or de- 
dowd thus, * — px* + gu —7 So, and 
* - + q* — rx +5 2 0. And | afiy ſbch e- 
Ne 4 being found in the ſolution of a problem; 
the buſineſs is then to reſolve it into its original 
compounding ſimple equations, and ſo to find the 
roots a,b, c, &. For each of theſe ſimple equa- 
tions gives one value of x, or one root. And if 
any one of theſe values of * be ſubſtituted in the 
equatiom inſtead of x, all the terms of the equa- 
tion will vaniſh and be So. For fince/ 
a X x—þ Xx c, &c. So. It is plain, when 
one of the factors a is So, the "whale pro- 
duct will be =o. And of conſequence there are 
three roots in the cubic equation, and four in the 
biquadratic z and in general there are as many 
roots, as is the dimenſion of the higheſt * in 
it, and no more. | 


2. ik 
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2. If it happen that the roots , 5, e, &c. be 
equal to one another, then K —4 : will be =o, 
or 2 So, &c. and x—8 is had by evolu- 
tion, ſince the given equation is generated by in- 
volutioun. 11 ty 
3. That there are no more roots than theſe is 
plain; for if you put any quantity, as F for x, 
which is equal to none of the roots a, ö, c, &c. 
Then ſince neither f—a, -, nor f—c, &c. is 
o, their product cannot vaniſh or be So, but 
muſt be ſome real product 3 and therefore f is 
no root of the equation. £5595 GO 
| 4- Since the ſquare root of a negative quantity 
is impoſſible ; therefore if we have ſuch an equa- 
tion as this, xx + ago, or xx = — aa, then 
aa, which are two impoſſible roots of 
that equation. So that a quadratic equation has 
either two impoſſible roots or none. And there- 
fore in any equation, there is always an even num- 
ber of impoſſible roots; ſince each quadratic that 
goes to the compounding it, muſt have either two 
or none. Therefore no equation can have an odd 
number of impoſſible roots. Hence therefore the 
number of real roots in a cubic equation, will ei- 
ther be one or three; in a biquadratic, four, two, 
or none. In a fifth power, 5, 3 or 1; &c, 
58. From the foregoing equations it is plain, that 
the coefficient of the firſt term (or that of the high 
eſt power) is 1. The coefficient of the ſecond 
term (or next higheſt power), is the Tum of 
all the roots, 4, B, c, &c. with their ſigns chang- 
ed. The coefficient of the third term, the ſum 
of the produtis of every two of the roots. The 
coefficient of the fourth term, the ſum of the pro- 
ducts of every three of them, with contrary ſighs, 
Sc. The odd terms having always the ſame ſign, 


and the even terms a contrary one, And the 
he: -  *,._ - ablolute 


* 


Sec. IV. Nature of EQUATIONS. 97 
abſolute number is always the product of all the 
roots together. 
6. Hence it follows, that when the ſum of all 
the negative roots is equal to the ſum of all the 
affirmative, the ſecond term vaniſhes, and the con- 
trary. And if all the negative rectangles be equal 
to all the affirmative ones, the third term vaniſhes. * 
And if all the negative ſolids be equal to all the 


affirmative ones, the fourth term vaniſhes, out of 
the equation; and ſo forward. 


7. But the roots of equations may be either * 
or —, yet ſtill the ſame rules hold good. For let 
the ſign of any of them as e be changed into —c, 
that is, let Acro; then in the cubic equation 
the ſecond: term will be - -e; that is, the 
ſum of the roots with a contrary z the third 
term will be + — 4 — bc, at is, the 
ſum of the products of all the roots; and fo 


of the reſt.” | 
8. Hence alſo in „ Equadon cleared of frac-" 
tions 'and ſurds, each of the roots, each of the rec- 
les of any two of the roots, each of the ſolids 
under a y. three of them, each of the products of 
Ar of the ſaid roots, &c. are all of them 
jull diviſors' of the laſt term or abſolute number. 
Therefore when no ſuch diviſor can be found. 
it is evident there is no root, no rectangle of 
roots, no ſalid of roots, Cc. but what is ſurd. 
For in the cubic equation, 2, 5, c, and ab, ac, bc, 
are all of them diviſors of the laſt term abc : and | 
ſo of higher powers. 5 
9. In any equation, change the ſigns of all the 
terms but the firſt; then let the coefficients of the 
firſt, ſecond, third, Sec. terms be 1, p, 2, 7, 5. 
t, v, Vc. reſpeRtively, | 


H Then 
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Then obſerving the Signs, we ſhall have 

po = ſumof the roots, a,, &c 

2A+29 ='fum 5 ay me the rect 
zal &&. 

pB+qA-3r = che fum of their cubes 
=& +. , 


„ 5 Hirb-wd a ies = the fur of the biquadrates, 
Where A, B, C, Ec. ane karg uu 


Sc. terms. 


For +p=a+#+e 8 Kc. A. 


Alſo A or Toe = * ＋ „4 +20b + | 

_ 24c+2cd=B—29. Therefore B=pA +29, &c. 

| Togo through the cakulatioas of the reft-would 
hs ns of little uſe. 

10. In equations of the third and fourth power, 
we find, when the ropts are all affirmative, the ſigns - 
. Bo bh 44.6 in der, of the 
many as is the in 
— roots. But if the 
roots are all negative, the 2:04 fans are all + through- 


our, there bei Whence 
in eee ane ae 
as changes of the ſigns in all che =F 


ons — 

to —, and from — to +, And 

Holds in general, that is, there are 5 

mative roots in any equation as there are e 
of the ſigns. But the equation is ſuppoſed 
compleat, that is to want no terms, and to have 
numeral coefficients. And likewiſe the number of 
negative roots is known thus 3/ as often as two of 
the figns , or two of the ſigns ſtand next 
one another, ſo often there is a negative root. It 
would be needleſs to trouble the reader with the 


proof of theſe things; ſince it can only be done 


in Senn caſes, ae not in a — 4 
n 
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And belides when impoſlible. roots happen. to 
in the equation, 18 hey cauſe the rule to — oy 

I 4 When the roots are all affirmative, the 
terms of the equation are alternately + and — 
through the n; but when the roots are all 
negative, the ſigns are all ; and therefore, as 
by changing the "Hans of the roots, the ſigns of 
the alternate terms are, ed ; ſo on the con- 
» Changing the ſigns the alternate terms, 
es the ſigns of | zhe pos; And this holds 
in general, as will be evident by producing two 


equations from the ſame roots, with contrary figns. 


12. Since any adfected equation, as b 
ro, is made up of fimple equations, ſuck 
89 - o, x—b=0, &c. Therefore if one root 
as 2 be known, the whole equation may be exact- 
divided by 4; and n 
imenſion, Alſo which all the roots a, 5, care 
found out, then will the continual” product of 
, bu *, exacthj produce che es ls 
tion. * It is no wo that an equation has ſeveral 
roots ; becauſe in ſuch caſes, there are more ſolu- 
tions 40 a problem than one. So that in one caſe 
of it, x is Sa, in anather caſe x=#, in'a third 
rec, &c. and they are all comprehended in the 
er equation. And hence though there he ſe- 


755 in an 2 Pig only one of them 


will an ſwer one particular queſtion 
propoſed. - 3 
12. That any wot ſubllibnted for » in the given 


equation, will make the whole equation $9, vagilh, 
WE lk the 200% d Let 
Pede 


1 1 U87 T6 £9 t 1” > 


8 
776 


| 4 | On 4 
HF $1 *1.— £4000 20. 1 + 68-11 


= >= - - =, — 
GL 15 2 yu Lan 5 F <4 375 


| 4 621852 * * 33 e Finn 
* H 2 And 
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And let the roots be a, 3, c, us before. The 

fubſtiture any one, as 4, inſtead of x, and the 

equation will become Gene, 15 
a + ras FELT 
ca + abc 


Where the terms manifeſt] deſtroy one another. 
And the ſame will happen, by ſubſticuting 5 or c, 
or x. | WA | 


13. If the laſt term of an equation vaniſhes (as 
a b c, Art. 12), then one root will be o; for then 
the whole equation may be divided by the un- 
known quantity x or x—o. If the two laſt termg 
vaniſh (abx + acx-+bex, and - abc), then two roots 
are =0; if the three laſt terms vaniſh, then three 
roots will be o; &c. - 8 
And on the contrary, if one, two, or three roots, 
Sc. be So, the laſt term, the two laſt, or the 
three laſt terms, &c. will vaniſh. out of the equa- 
tion, and the remaining part of the equation will 
contain the reſt of the roots. Thus in the equa- 
tion, Art. 12. if the roots 6, c be Zo; there 
remains only X3—a++0+£ X N o, Or -a O, 
an equation containing the remaining root 4. 


— 5 


14. And in any power of a binomial, if each 
term be multiplied by the index of the unknown 
quantity therein; it will thereby be reduced to the 
next inferior power. To prove this, we muſt ob- 
ſerve, that the coefficients of a binomial, are the 
very ſame, whether you reckon forward from the 
beginning, or back ward from the end; that is, 
the firſt and laſt are the ſame; the ſecond and 
laſt but one; the third and laſt but two, &c. 
For the coefficients of any power of x+6,' are the 
fame as of x. In the quadratic xx +26x 1 
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the coefficients are 1, 2, 1. In the cubic 
x" +3x*b+ 3xb++63, they are 1, 3 3, 1. In the 
fourth power they are 1, 4, 6, 4, 1. In the fch 


1 1, 5, 10, 10, 5, 13 and fo on. 
Therefore, let any powers of x be denoted 


= bb + 


thus, x"+nx*—b + 


”.n—1. „ 

= er un, Kc. * 5 =y . * + 

2 * | 
DO Bm 1. —1 


7 = * + —.— — 


425 ＋ *; n being the — of the power; 
and let m be that of the next inferior power, or 
m=#—1. Now let each term be mu tiplied by 
the index of x. in each term; that is, by , 

1—1, —2, &c. and we ſhall have N 

u A. 1—1. 1 + N — 4 
FM 1 me] See fe ant 

Lag 3 1 4... 4. 


— — — — — 


— — Zan FD Aunt 
 nxÞ— o. And dividing all by urs it becomes 
r ms + TT 1 + 
= . — — * mth, bee. = Cs wet 
1 2 | 


«+ 


CAE IQ KENNY 3 5 
| 8 4 which i is manifeſtly the mh. 
Power of x +6. 

IH H 3 15. Alla . 
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15. Alſo if the equation rg from the laſt 
operation be taken, and its ſeveral terns again 
multiplied by the . of -x in each term; it vill 
be reduced to the next power below tirat, and fo 
on for more aperations. And therefore after euch 
operation one root will be deſtroyed; or ſo man 
roots will be deſtroyed as there are operations, — 
the reſt will remain. 
1656. And further: If there be ſeve roots 
-of one ſort, and alſo ſeveral equal ones of another 
| ſort, in any equation. And if the terms of that 
equation be multiplied by the ſeveral indexes of the 
en unnd in each term; an equation will 
ariſe wherein one of the equal roots each fort 
will be deſtroyed. And in whatever rooty 
there be in any n, if the terms be reſpec- 
tively multiplied by the indexes of the Unknown 
quantity therein, an Equation will come out where- 
in one ot of every ſort will be deſtroyed, whether 
there 8 roots, or all different. But theſe 
things being of little conſequence, I ſhall net de- 
tain the reader any longer about them. 


15. As impoſſible roots are ſueh as are produced. 
from the ſquare roots of ive quantitſes ſo 
impoffible equations are 'thoſeprodoced from im- 
poſſible roots; as thiis ion 2 —44 Tun 
+22=0, - which is produced from theſe two, 
aa ＋ 24 T2 , and aa - io; the former 
produced from a+14-4/—1, and * ed 1 
and the latter from 4 — 3 T — 2, 

4223299 2. Theſe ſort of erben ben er 
that are barely impoſſible. 26 

Likewiſe, there are equations hat are doubly 
impoſſible, or impoſſible equation of the ſecond 
degree. And theſe are produced from equations 
involving two 'degrees zMibilicy, as this 
W an Came aooats * PRETTY 
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the equations, as + 28 + 2 +4/— 1=0, and 
64 + 26+2—/—120, Such as theſe cannot be 
reduced into rational quadratics, as the other may. 


PROBLEM XII. 
To increaſe er diminiſh the roots of an equation, by 
any given quantity. 
R UL E. F 


"For the unkoowa letter ſubſtitute a new letter, 
— the given increment, or + the given decre- 
ment. And ſubſtitute the powers thereof, in the 


a powers EA 
tier 


EM. 1. 
Let „eo, he gien: and ler the 
roots be , ened by the quantily e. 


Suppoſe y2=x—8, or v fe. Then 


„ = +30 +369 +0 
e. 


Ev, 2 | 
Increaſe tho raves. 4p: 4, of Loom 
Ia . 
Suppoſe a+4 =e, or 4. 


ede e. the 
ed; — an . 


” 4. Yew,” 82 
a7 


104 Nature of EQUATIONS. vie 


Cor. 1. The laſt term of the transformed equation, 


ii the very ſame as the equation given, having e in 


the place of r (in Ex. 1.) * 
Cor. 2. When the laſt term vaniſhes, the 3 
aſſumed (—4, Ex. 2. ) is one of the roots in Fw 


equation propoſed. 
Schol. By this rule, all the roots of an equation 


may be made affirmative; by increaſing chem by a 
Fe quantity, t 


PROBLEM XLII. 


| To multiph or divide the roots. of an equatipn,. by a 


given number or quantity. 


R UAE. 


Aſſume a new letter; and divide or multiply it 
by the given number; and ſubſtitute its powers in 


the equation, A 


ns , * Fr. 
Multiply by /3, this equation y. 25 i | 72 
| 2 hea 00400 4042 72 
Suppoſe „ = then ſubſtituting 7 for 3, 
23 n 
we haye = TH 227 Os: or e 
2 —1 L460 i. BE IR 


he n Anat: 
Ex. 2. 3; 4 
Divide by BY 3. the equation- w——+/3 300. 
Let s, which put for * we have 
V N , or -I o. 


Cor. By this rule, fraftions or ſurds may be taten 
out of an equation ; by dividing the new leiter by: the 


common denominator ; or by multiphiing the new letter 


2 * ap quantity. | "MP R o. 
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"PROBLEM" XIII. 
- To change the roots of an re iu, dur 1 
reciprocal s. 
LD 
In the given equation, inſtead of the root, fab! 
ſtitute a unit divided by ſome other letter, 


Example.” 
: nn =0, CuO | 
Put y = , then 3 - + 1250. 


e hes OP — - 
T2 21.—22＋273 = 


| bchal. By-this rule the greateſt- root is changed 


10 


into the leaſt, and the leaſt into the greateſt, Sc. | 


PROBLEM XIIV. 
Wannen 


An equation is compleaty,. when it has all its 
terms, or thoſe containing” all” the powers of the 


unknown quantity; and PRs when any power 
is IOW 


en Sarma 
Increaſe or diminiſh the roots of the e 1 
by ſome * quantity (by Prob. 41). 
6 £ Example. . 
N Suppoſe a*+24—5=0, 22 
Let e+1=4, then 


3 „ 2 mY | 
＋ 2a = _. ere 5 


— 8 — — 


e —2. 3 eat. 
366-58 rp! | 


* 
; . 


06 Tame , AN 
|  J$chol. An equation may be rendered compleat, 
by multiplying by the ſame letter with ſome quan- 
tity added, as a-+1 3 nenn raiſes che equa» 


tion a degree higher. 
PROBLEM XLV. 


n one of its 


: RW & E.. 
Put the equation =o, and divide it by the un- 
known quantity — the root given. | 
Example. 
_ Given & +a*—108+8=0, one root M 
4 ＋A = o „10 LB (a9—3a+2 o the 


. oquatioa 10g. | 


e kk i ping equal to the 
unknown N b and . that and its 
ä equation. e "EF 
| Example. 
Let © +4%—108+80, be given, 9 
Put =-. Then | 
+8 = .—12 C4464 
FF = Ker 8416 
-o - — Oe 40 
22 22 _8 
1 = I" F30Þ0 ; : 
tedured „Ie ＋ 30 % PRO? 


* 
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PROBLEM XLVI. 


To find how many roots are aſrmamve, and how 
many negative, in a given equation. 


N LE 

Ran the terms of the equation accord to 
the — of the unknown quantity. „* 
ä r make it ſo b7 

N 
follows +, that is, how many changes of the 
figns there are; and there are ſo many affirma- 
tive roots in the equation. 

Alſo, as often as two like ſigns . 
ſo often there is a negative root. | 


Ex. 1. 
Given & ——1 n 


fourth to the Kah um: therefore there are 
alfirmative roota. Alſo, in the ſecond and third 


terms; two -negatives ſtand tagether, and in none 
DAP TODO e ley 
wo . 2. 


Suppoſe eee 


The fins ure 4 X — — + 
roots . neg. af. neg. af. . 80 

B 2 * — 

roots. 


. 


» 


-- 


n x09 | ; » j N, : 1 B, I. 


Let the equation 1 a 
This equation being defective is to be compleated. 
| a? ® 74 + 6=0. p 
mult. by a +.1=0. xc 5 th 
nk ot: Sw ef "+ bs - | * 
＋ % '* —7@4 + 6. 
Th Ee = 76 — 9+ 680. 


S0 there are two affirmative, and two negative 
. roots in this laſt equation, and one of the negative, 
roots being —1, (by the multiplication of a+ ,) 
therefore, the given equation contains two affirma · 
tive roots, and one negative. 

Ihe reaſon of this rule W from Art. 10. 
Prob. 40. | | 


enen 


This rule does not hold good, if there by im- 
ble roots in the equation; except ſo far as 
theſe impoſſible roots may be taken for ambiguous 
ones, that is, for either affirmative or negative roots. 
As in the equation - I-10, which 
by this rule gives three affirmative roots, but in 
reality it has but one ooh, which is 2, the reſt are 
imaginary. 
There are alſo ſome rules whereby to judge how 
. impoſſible roots are in an equation, but the 
o very tedious, and of ſo little uſe, that I ſhall 
not trouble the reader with them. See Newton's 


 Unjverſah, Arithmetic, p. 122 


p R O- 
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PR O B L E\M,XLVII 


To change the affirmative roots N atives, and the 
negatives into affirmatives. 


N 


Place cyphers for the deficient terms, if there be 
any; then change the ſigns of all the even tertns, 


that is, of the ſecond, fourth, fixth, Sc. terms of 
the equation. „ . 
Given **+8x+24=0,  _ 


That is, #*+0+8x+24=0. | 
transformed * — O ＋ XK —24 . 
In the given equation x=—2; in the transform- 

ed equation K 2. be ER 
| . Hack A. 
| ſe +xrt——43)—19x*+106x—120=% - 
transformed +x++44)—19x*—100x#—12020: - 

In the former equation the roots are 2, 3 4 

and —5 and in the latter 3, —2, —3, and — 4. 
The reaſon of this proceſs is plain from Art. 11, 
Prob, 40. and may be demonſtrated thus. In the 

2 equation, we have + x for the root. Now - 

uppoſe - to be a root. Let this be ſubſtituted in the = 
given equation, and it produces —x'—8x+24=0, 
that is, #*+8x=-24=0, as in Exam. 1. And 
x+*+4x%*—19x*%—106x—120=0, as in Exam. 2. 
For it is plain, all the odd powers of x will now 
be negative, Which before. were affirmative, thæ reſt. 
remaining as before. Whence the ſigns of all the 

odd powers will be changed, according to the rule 


4 
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SECT. V. 


Ranging the terms 3 working by general forms 
ſubſiitution and reſtitution; taking away any 
term of an equation ; extermination of un- 
Boum quantities; the defi ien 77 e | 
by letters; regifering the 


— 
* 


PROBLEM XLVIIL 


Ti the di 
nano SS 


RULE. 
12 is done placing theſe terms foremoſt 
r 
tity 3 in es, 
— — —— 
ſeveral terms may continually decreafe from the 
| higheſt, according to the ſeries of the natural num- 
bert. ide ys ror . 
to be followed, the loweſt power bir, 


| R 
Let 02 +2\=—b2zi——bt +a =0.. 
PI e TY 3 


Ex. 2. 20 
Suppoſe ane. 


* + ax" TUN cx + ab3 20. 
1 A 


— 


PR O- 


* 


GENERAL FORMS. * us 


PROBLEM XLIX. 
To work by a general form. 


RULE. 


Write down each letter or quantity in the ge- 
neral form, and after it (with the ſign =), each 
— refenty in that particular caſe; which 
will give ſeveral equations. 

. — your eye over the generat form, and 
obſerve the general quantities therein, and look for 
them on the firſt ſide of the equations; and what 
you find them equal to, on the right hand, write 
—— inſtead of them, each one by one, til vou 


| — pe" Beg the general farm; and you will 
| — | 


Secd V. 


ſolution 

When the quantities are many, it will be the 
beſt way to write down the general form firſt. and 
the particular one under it, each quantity under its 


correſſ then it will appear by inſpectioa 
what to ſubſtitute. 
. ib 


| nee - t0-ah6r gh pimat;. 30 
n 1. 
Prob. g. cherefore we have 
| $=06- =O 
(nm n 
= 2 1 fs bs 
Whence 4 Ce ul 2 72 + 572 K 


— + 5x 0 75 "Xx*+ S* = * 

5 1 = "Iſs x 2 
aa xX + 5 X £7 uu Ry = 
"Xing" = 4 3 e + 3 5 
*, the power required. a 1 


4 


112 GENERAL FORMS. B. I. 
| Ex. 2, ; 
Extract the ſquare root of 2 8—4/500. 
This is to be done by the form in 1 Rule, Prob. 32, 


Here A=28, B=\/300, D 7843002212, 
VAI = —.—— 4 — . ! 


—= Y _—_— = 5 — 


= — =v3 e e ce 
che root required 
Ex. 3. 


| YE quantity, by which if 2 —/6 be mul- 
tiplied, the produtt will be rational. 
This is to be done by Prob. 36. 


e Be A. V=6.. 
And the multiplier * 16+4/8x6+4/4x36 + 
2x26 +y/ 1296. 
mi /16+/2x6+Y/4x36+V/ax216+4/1296 | 
by 2s <3 
V32+V96+VBx36+/4x216+/2592 


—/96=V/8x36—\/ 42 1625927776 
2—6 = —4. , produc. | 


PROBLEM L. 
To ſhorten the work by ſubſtitution and reflitution.. 


In any operation, when the quantities grow 
numerous, or very much compounded, it will 
make the work very tedious; and chenfore it 
8 5 to be made ſhorter as follows. 


RULE: 


9 


# 


Seck. v. SUBSTITUTION, G. 113 


.R:U TL | 
Aſſume a new letter to repreſent or ſtand for any 

number of given quantities; and likewiſe ſome dif- 
ferent letter to ſtand for the coefficient of any power 
of the unknown quantity; do ſo for as many of the 
coefficients as are compounded. Likewiſe, put let- 
ters for the numbers concerned; then work with 
theſe inſtead of the original quantities, which will 
make the work eaſier. And this is called $u3/ti- 


Fulton. 
When the operation is over, each number or 


compound quantity muſt be reſtored again inſtead 
of its letter 3 and this is called Reſtitution. 
2 Ax. 12 
Let aa+ba=ca+da=dc. | 
Put s=b—c+4, Then the equation becomes 
= aaf Ac. ; ; | 
Ex. 2. | 
„ 
Put - dp. Then 
4 N * ; Vi 
4—2x, Wae—xx er 
multiply by pxx+cx. Then 
ap . Pa - V aa—xx = by, 
Put ap——2c=9q. Then | 
ac X V da—xx = bs. 


= wv 


or aer p X.v/aa—xx. = bu, 
＋ ax + 77. 2 Px R —bbx&, &c, 
* 


the values of 5, f, may be reſtored. 


. 


. 
* 


1 
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P R O BL. E M BA 
To-take away the fecond term of an equation, 
g 1 2 

Divide the coefficient of the ſecond term by the 
index of the higheſt power; annex the quotient, 
with its fign changed, to ſome new letrer, which 
ſubſtitute for the root, in the given equation. 

Suppoſe a +aa—10a+8=0. 


Put e—— =. Then 


„ 2 
Let - o, be given; 
Len = = # +26, . 


then 13 X++ gar 24 + 3201. 16 
bay = —84 48 964. 


Oo 27 7 . L647 4* 20. 
” - Schol, Hence by this and the 43d problem, an 
equation may be found, which wants the laſt 2 — 


di 
8¹ 
v 


an 


ut 


' Yaniſh,. 


Sea. V. EXTERMINATION, 15 


= one. For if the ſecond term be taken away by 
problem, and the equation transformed by 
Prob 43» you will have the equation required. 


PROBLEM LI. 
7 take away any term out of an equation. 


EV LE 


Take a new letter for the root, to which add an 
unknown quantity ; and ſubſtitute this ſum and the 
powers thereof, into the given equation, Then any 
term put equal to nothing, will determine the va- 
lue of that aſſumed unknown quantity. 


Ex. 1. 
Suppoſe *.— 35 ＋3 * -g 2 S. 
Put ye x. 
Then * = . L Ge NGN. 
| —_— = _ —z qe 36 

+38: S +3y + O 

—5* = es. 

+2 = 1 + 2 


Then, if the ſecond term is to be taken away, 


make nn or 433 therefore * 


B. 2. 
* Jame ſuppoſed 40 toke away the third lern. 


Here we ſhall have 6byee—gye+ 3 y=0; re- 
duced, 206—3e+1=0, the — of which qua- 
dratic equation gives the value of e. Then y-+e 
gives the value of x, fo that the 1 term 7 


12 | 2 Er. 


. . j | 


116 EXTERMINATION. - B.1. 
Ex.' 3. TT 

The ſame thing ſtill ſuppoſed ; to take away the 
fourth or fifth term, | | | 
For the fourth term, 4e—ge* + be—5 g, a cu- 
bic equation whoſe root is e; and y+e=x, 

makes the fourth term vaniſh. 
For the fifth term, et—g# + 3e*—ge+2 g, a 
fourth power whoſe root is . Then 


I+e=x, which ſubſtituted in the equation, 
. makes the laſt term vaniſh. 


Cor. 1. Hence the third, fourth, fifth, &e. term, 
may bY taken out of the equation ;, by reſolving a qua- 
dratic, cubic, fourth power, &c. equation. 

Cor. 2. Hence if the laſt term of an equation (as 
„ze +3ee—5e +2) be So, then one root (x) is 
So; for then x—0, or x will. divide the equation. 
Tf two of the laft terms be So, two values of the root 
evill be So, and /o on. But if the laſt term does not 
vaniſh, there is no rot =0. fr | 

I. After the ſame rule any term may be made 
equal to any given quantity; by putting the ſaid 
term equal to that quantity. 3 


_PROBLEM Un. 
To exterminate .@ fingle letter, or a quantity of one di- 
 ._  Menſion, out of ſeveral equations. 


. 
Seek the value of the quantity to be expelled, 
in two equations; and put theſe values equal to 
one another. . 


5 Ex. 


we TH 
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Rb Ex. 1. 
3 828 to exterminate 50 
By tranſpoſing b, a ＋ X- =», and by tranſpo- 
ſing 2x, Year. Therefore a+x—b=3b—2x, 
And by reduction gx =4b—a, and = 
Ex. 2, N | a 
Let ax—2by=ab r 
and xy _ bb, 7 to exlermimate- y. 
Here ax—ab = 2by, and 5 5 
Alſo youT; hace => = = 5 and te- 


263 


ducing x- = —- 


T1 R U L E. 
Find, by reduction, the value of one unknown 


5 quantity, in one equation; and ſubſtitute that va- 


ue for it, in all the other equations. Proceed thus, 


with another unknown quantity rw wake 3th 
. 
8 | 
and  3ax—yx =d 1 expel , 


By the firſt equation „ib, put this 
value in the ſecond ' equation; 


ax — x X 2Þ—a—x =, that is, J0x—2bx+08 


| wache or T- ene d. 


* P 4 
ws 42 g ? * 


5 17.21 a 8 


118 © EXTERMINATION. RI 
Ex. 4. ; 

Suppoſe * +y +24 4 I 
3y = x +22> 70 expunge 2 and y. 
= = ; pa 

By the firſt equation, 2=4—#—y, | 

By the ſecond equation, ION, 2 =* + 24——23—2), 

By the third, axa—x—y=xy, Sr 

ö 


The former reduced sy z -&. 
and fince a- al- . 


From theſe to expunge 3 


By the, former * l and by the kiner 


PTE ; 


h „ an our T7 : * Therefore 
24— aa—ax 


„ in which equation there is only 
one unknown quamity/ - 


. By each given equation, one unknown quan- | 

| wy 2 be taten ay. Aud conſequently when there 
are as many equations as anton n 20 may 

be all taken auuy but one. 


Cor. 2. If there be more unknown quantities than 
equations, there will remain in the la equation more 


3 quantities by 1, Hen eee {0. 


_ PROBLEM. LIV. | 
Fo ak an —_—_ of ſome S: 


35 1 R UI. E. * 
Find the value of We ee in two equa- 
TY then if = the n * 
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leſſer power, ſo that it may become equal to the 
iter. Then put theſe values equal to each other, 


and there will come out a new equation, with a leſs 
power of the - unknown quantity. And by repeat- 
ing this operation, the quantity will at- be ta- 
ken away. © 8 


Let ace bee o 2 

and 1 ene | 
By . and dividing — ce 2 a = 5 
— = £42 Therefore 2 2 


And multiplying, FEW BED et - by tranſ- 

poling fe - age = ab — cf, and dividing, 
cn » 

6 ==> And multiplying by —e, 

 —abe+cfe — = EE 


* 


| ax* + bx + © =0. | 
1 F 


au, x. - Here a, b, e ae other 
T4 giver 


10 _EXTERMINATION. B. I. 
given quantities, or compoſed of given quantities, 
and ſome other unknown quantity y. Thus 


4 -A, bb—g=B, and Hab 
| then AB+DD=o. 18 
bx +c 


To prove this rule, we have 2 


2. which reduced i is 2 +cf—eb=o; 


that is, Ax ＋ Do. Whence Ax*+Dx=o ; 
Dx ' 6bx+c 


therefore K A = =. which redueed 
cA 
is "= . har — | 


 g&-+b A 
5 „ which reduced is x = D e I? Wo 


Pc " 2 


ab DE x Arg, that is AB+DD=o 
be Newtonian Rule is, | 


abba TH ee e — 4 
4 FR VIE =; 


For 6 cubic and a-quadratic W 
a res Kdo. 
and fa*+gx+hb=0, 

Make AT'=D, D. fb—ag = A. Then 
IDA x 77. = D* =o. 


For multiplying the Ar equation by J, and the 
— by ax, and en one ſrom the other, 
we have 


D Xx x =0; and ſince 


Fug +5=0, theſe two equations come 2 


Set. V. EXTERMINATION. £25 
the laſt rule, making a=bf—ag, b=fe—eb, c=fd. 
And A=fxfc—ab—gxbf—ag. =bxfc—ab—fdg. 
D=ffd—bxbf—ax. Whence by 1 that rule, 
E x bx feab — fag + 
ffa—bxbj—ag" So, that is, according to the preſent 
deſignation of the letters A, B, 0 ; A x 
Dae +//d—bA' So. WR 


The Newtonian Rule it, | 
PFF 5 CSS 
+6 FE OT, + IE, * 

4 R U x Jt 
Feier à quadratic and a fourth power. + 
nyo Ter +dx +e=0. fad 
F Zo. 
Make e De-=ab, Then | 
ND + Tak bxA X 3 
T +ghA—f bD* =0.. 
For multiply the firſt equation by /, 8 the lat- 


ter by axx; their difference will be 3 bj—ag Xx! + 
| of —abxx* +dfx +ef=0. Or Aw*+Drr+dfx+ 
Fo. And ſince fx* +gx+5=0. Therefore 
theſe two equations come under the laft rule; in 
which writing A for 4, D for 5, af for c, of for 
d; and laſtly fD—gA inſtead of A, and fd —bA 
for D, you will get the rule, as above. oy 


The Newtonian' Rule 'is, 
ab\xah—bg—2f + bfbb x bbh-—cg—2af 
+agg +} * chi=—dgb+egg—2efb | 
+dfb x 3486 +bgg + aff | So. 
| +f x 26bb + hb —TE+ ef * Wo 
e 
| 5 RULE, 


28 EXTERMINATION; -B. Y 
8 NE 
ane +d=0, 

and fox*-gx*+bx+k=0. . 
Make Atb/—ag. C=d/—at. D=cf—ab., 
and P= A AC bane 4 

Q=cAC—aCCdAD. 
- R =dAA—bAC+#&CD: 
| Then PQ+RR=0, 

For multiply the firſt equation by f, and the 
latter by a, and their difference Abe unt 
ag X #* + -= Xx + fd -- 4 So; that is, 

Ax*+Dx+C=0. And ſince ax +bx*+ex+d=0; 
theſe two equations come under the third rule; in 
which writing A, D, C for f, g, 5, reſpectively ; 
and likewiſe cA— C for A, and A- for D; 
the rule will be evident. 

The Newtonian Rule i, 

+ ab—bg—acf X adbb—acbk | 

+ n 247 

+ aakk x bk—at+2ge+ f 

+ Bbfk x Nigg 3 

ear 


—— 


* — — 


＋ 3agh+bgg +dff—3afk x daf | 
ub ft x 3 +df—3ak—0b 5 
— agk X bbk + 3adh+caf o. 
6 RU L E. 

' Par a cubic and @ fourth peter. 

ax c +dx+e=0- 
5 feige +bx+k=0. AX 
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Then put 

P = CxfD—gA r X — 
* x/C—bA +A x/ 

Q = C x fD-gA N AA 


| 2 S 
R = BAD x foi 
+ Ax e 
Then PQ + RR=o. 
Or thus, : 

Fut EM DA, F=ffe—tA, O -A. 
P = CECAF x E + AG-DE e 
ar 

R EDF E+AEG. . 


Then PQ + RR=o, as BP IR 


For multiplyin ng the firſt equation by f, and the 
laſt by a, the difference is Ax TDA Cx o. 
And ſince fe g +bx+k=0 it will come un- 
der Rule 5, in which write A, D, C, ef, for a, 
b, c, d reſpectively ; and likewiſe FD -A, 
fe—kA, and fC—bA, for A, & D, reſpe&tive- 
ys Aud he dle il appear.” 


Ex. + 


_ and 30x28 4-450, 
10 exterminate x. 


By Rule 2, a=1, b==s, c - 2. g. 
2 — 29, 2. 2 n B320—65, 


D=—gy—4. 
Then AB+DD = 2 7 * 204-60 ” 


a4 _= 300+409—ganlaft+ Bayt + 
n 


* 


424 EX TERMINAT ION. B. I. 


Suppoſe o. 

and y* +xy —xx+3=0. 

Here by Rule 3, ai, b=—x, <0: > . 
and 


Ff=1, g=x, b=—xx+3. 
AZt—_S— 2x, D=xx—3. 


A =xx—3-+ 24X= 3xx—3 
| D a +6x%==9 + 3x* =—x*-+98%—9.. 
/  Of—bA=—3x—26" . 
T ben 33 X —**+gx*—9 * 20. 
P 
lx A tgo. 
And reduced af +1845 +2750) 


Ex. 4- 


Let xy +3 =0, Fr 
and. — Y ere 5 
By Rule 6, a=1, Io, c=0, d=—3x\, 3 
Fl, o, —— «path 
Then A=—x, C=—2£i, D=o. Whence 
E = xx, F=12-444, Gn. And 
Þ = -I A A = 4 x7 | 
ef —- 6, ⁰—167⁰ 12 ; 
22 AI- X12—4.x+ + 24x5 
(no ONS - H ＋ 243 | 
_ 144x—96x5 +249, | 
ey been nin = suis. 


, 
>» 


. : Whence 
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| Whence 
.PQ+RR = 12%i—22x” x 144*—96x* + 24x? 
＋ 54x%—16x"" 178K 43204 
2400 — 528K 429 16*— 172 8K ＋ 286% 2, 
reduced, 68K — 168K ＋ 351K —432 =0. / 


SCHOLIUM. 


In the ſolution of determined problems, you will 
often have three or more equations, 'involvin 
many unknown quantities. Then theſe muſt be be 
exterminated one after another, by degrees, by re- 
peating the foregoing rules; till at laſt there re- 
mains only one unknown quantity contained in one 
final equation. But a oa uſed to theſe ſorts of 
computations, will often find ſhorter methods than 
by theſe particular rules, but the finding thoſe, is 
only to be attained by conſtant praclice. 


PROBLEM 1306? 7 
To defignate or denote any affeftions of 1 goo: 


__ as, ſums, products, 


R U L E. 


The original quantities being written down ; any 
affections of them, as ſums, differences, products, 
quotients, Cc. are got by the rules of algebraic 
addition, ſubtraction, multiplication, — Sr. 
WO laid dawn. 


226 DESIGNATION, B. 


. 


There are two quantities, a the greater, KY, e the 
+ "A to find. the _ difference, produt7, &c. 4 


The ſum— — e+e 
difference — — 28e 
bald — — 4 


greater divided by the leſs — — 


lefler divided by the greater — 


ſum of their ſquares = 
Wilkenace of their hanna 
ſum of their ſum and diff. 
, diff. of their ſum and diff. 
of the ſum and diff. 
uare of the ſum 


fquare of the es 
Ks of the ſquares of ved. 
| ſum and difference 208+266 


84304346 Kei 
gee ated, 


$28. v. DESIGNATION, 12 


Ex. 2: 


.Thert are two quantities, whoſe ſum is b. and the 
greater is a; what is . leſſer, the Gffermce, &c, 


difference — — — 2 
product — — 


N - LY 


greater by che ll — 31 

ſum of their ſquares — "2084+ db—abs 
difference of their ſquares Ab. „e 
ſum of the ſum and difference 28 : 


diference of the fam and GFR gy 


| product of the fun, nd df. T- 


ference 
_ < ow. PPT 446—485-+h 
ifference ares | 
A ſum e 
unte 


r N 


af 2 — B. L. 


N 5 8 Ex. g. 8 | 
"There are two quantities, - the" greater in a, ad 
7 is to 18 1 what i re- 


keſſer, &. * 


- 


greats dike by he lf 1 my 


product of te fum and df. , 
um ef the en 
difference j200 


— of the 5 vares of te i 
and difference _ 


25544 
— 


| : 7 —_ — 44 "% _ . 1 F * . * 5 
ghe Uifference Uivided by the leer . — x, 
N BIT, nin an ant no ga. 
dy: SH $54.57 | 17 2 W 


ny 
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bier 
Tbe produ? of two SHINES 2 and the leſſer 
is e, what is the greater, &c. 


Greater r — 
ſum — + - 
difference LT 
r by the 2 7 
ſum of their ſquares "bois 22 + et 
difference of their ſquares — — 


4 7 
ſum of the ſum and and difference 4 
diff. of their ſum and dif | T 


ſquare of the ſum - 


| ſquare of the difference 
diff. 2 the ſum and dif. 


the — + by the difference 


PROBLEM LVI. 
To keep a ſhort account of the ſteps in any operation. 


In long and tedious operations, it is neceſſary to 
ſhew, how one ſtep is produced from another, or 
K one 


2 * 


(63% TRACING THE STEPS. Bl, 
one equation derived from other foregoing ones; 
Wznich to explain in words would take up a = 
ebe e 19955 *. 

the ſev 8, wi ne reg} 2 
them in the 'margin, | as 


4 20s RULE ont bao: 
Againſt every write the numbers 1, 2, 
Ee. 5 770 e - the . erke 
left hand, the or ſteps in each 
ſtep is produced. „ with the 12, 
Sec. according to the ſeveral a (lg 
Lie ene e thy d e l e 
uation comes, or is prodtieed : and Whew A ab. 
ute number is regiſtered, it muſt be put in 


Roi gg a” cance is added, 
tracted, 60 it muſt be pur dou 5 


3 


* 


N ni Exun t. 
1 iE 
: . Þ! ps a7; nee. 


142 13 2224 
1 — 2 | 4 [2e=b—c 


1 b f 1 Vai VN | 

406 > 8 rn -a CS 
377 9 20 L Nie S 
4 * 5 lo za — 2 =bbi—bce © 


3 + (4) 2 1752, Der 
"4; 5— 


22 (4) hap le” — = „ 4: 3 
are [13 n 
8 = 13 11416+c= SI rev. 
„ | 


2855 ; Exel 4 


bs 


Rt is had a mul 
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Zu 1 


1532 4 mn vt 62, 


142 nat that the third ſtep. is found by 


I adding the firſt and ſecond fteps together. 1—2 


Ggnifies, the fourth ſtep is got by fo ſubtracting the 


de from the. n (Likewiſe, the fil ſtep 
= firſt and ſecond : 


wh of dividi 


the . 


155 
tex w 
it is gained Ky gh 9 5 
ber 4: and the thirteenth 0 Vac), is had by 
ſubtracting Va+e a-+e from the ninth : the four- 
teenth (3=13) is got by making the third and 
thirteenth 5 equal * es for . 


xz **. ae 


#83 Oo 27 r 


e 
Jos Infinite Series. 


7 


* 
a g 1 
— — — 
* + 


AN infinite ſeries is formed, either by actually 

'\ dividing any fractional quantity having a 
compound denominator ; or by extracting the root 
of a ſurd, and ſuch ſeries being continued will run 
on ad infinitum, in the manner of a decimal frac- 
tion. And in many caſes the law of the progreſ- 
ſion of the terms will be evident, by obtaining a 
few of the foremoſt ; and conſequently may be 
continued without actually performing the hole 


operation. 


PROBLEM Lyn. 


To find the value of a fraction or ſurd, to be defignated 
by an infinite ſeries. } 


1 R U I. E. 


Proceed in the ſame manner as is taught in 
Prob. iv. Rule 2. for diviſion; or in Prob. vi. 
Rule 2 and 3, continuing on, the operation at 
pleaſure. 


Set VI. INFINITE SERIES: 


Ex. 42 ea C | 


_ 2. 
I | , er. a 
"Anker. 


| * &c. 
| Or thus, "7 


- aah je. 
* MT —S ens 


INFINITE SERIES, 3. 1. 


* 
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- x . 


eee "Ws 


O54 1 
. | 
e ene 
* 8 
3 4 6 
1 — 
4 9 
— — * Dam. K 
— ; 
- — ol SITY 3 5 
3 * 
+x*&c. 
e Pond in, Der 
Ex. 4. 
we * 
32 0 


11 +x* —* 


1 1 24 ( 2*— a2 * 31 
N58 axfpanbe e e. 


r 
3 LETT 


13 T4 FE 

—1x*—1 xt 
| . +345 l.. 
<6: „ Wb I Ex, 
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E.. 3. 

Extras? the * root of ad +xx." 
fea * ä 


— 


„ — 


COTS 


c. — 24 


xx "8 
e 
Fr 
133 2 
xx od — * 
2 7 r 
2 8 
4aa 86+ 64 
xx 1 22 A + x" x3 
TT Ba &c.) 84+ 64 
2 N g x3 
- at + 1645 
„ 
1 
b 
Fa — 4 


"hoot . are Bae whoſe — 
exceed thoſe of the laſt term g to which the 
root ĩs to be continued. yeh tw — be ex- 


* 1 r 


K 5 + 5 


＋ ver 1 — — &c, — . 
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Extras the cube root of i. 


Fro 1— 8 BR” + 7 x? FB; 
— pt. = — 1 
tabs r I SAINT, 


d 


Aſſume a ſeries with unknown coefficients; to re- 
preſent it. Which ſeries being multiplied, ot in- 
volved, Fc. according as the queſtion requires; 
— uantities of the ſame dimenſion muſt be put 

to each other; from which ee, e 
corfciens * = 


>. _ | 3 4 
-A t en £14.28 


_— 


. Suppoſe + A+B64 Co4DE4E8 Ke. | 
the. ſeries Wa Multiply by a—x. "1 


4 % 
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Then | 


1=aA-+aBx+4Cx' TD +aExs, &c. 
— Ax —Br* — C — Dr., &. 


Whence equating the coefficients of the ſame pow- 
ers of x, we have Arg, oB—Aj=o, aka 


| DC, 4E—D=o, &c. Therefore A 


Suppoſe it S Kr. Multi- 
ply by cc - ]  ' 0 ON 
They, WR +ccBy CY \&c.. 

N ee 1 
And equating the: homologous terms, cc ce, . 
ceB,42cA =, ceCH+2cB—HAZ0, 
ccD+2cC—B= FS Ong —— 

2A 2 


— 
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| E. 9. 

| What is * n 

Let Ve 4 10. be, Ke . which 
= win As Bon 


r Ae Bur. 2 c. 
. +2ACx++2BCx EY 


He! A; Taa, 12AB=—1, BB+2AC=o, 
2AD 28 = = 0; Sr. Whence A=s;, 


* e 1 5 
ann, 1. 


PROBLEM EVIL 


To reduce any binomial: ſurd 40 an infinite ſeri, or 
0 extract am rv of a Finomial. 


? 2 U. L E. 52 — 
: m i overt St 
ters or quantities, inſtead of cheſe in the * 
| ing general dem, duly n the f | 


— 4 iv N N * e 5 | 
rr . = 
2 E. ITT 7 4 28 
— 3 
0 HERS 


Where P is the ft term, Q the Grand tem, 
divided by the = the index of the power 


or root, A, B, C, D, Sc. the foregoing terms. 
with their Ggns. | | Ex. 


%% INFINITE | SERIES. B. I. 


3 
Eures the ſquare root of rr ; 
| — — 898 | 
Here P=rr, Q===, 2— = There-' 
fore Trae” x r * Ax . : 7 — 
—ECxD 6: ig * N 
* = 5 cat D + Oc. Er” 


-S 


ibaa of A. B, C, c. Vn 
*. * 5x3 fro 


12 f A 
ri 1675. 2, 12877 3 


* 
134-7 4 Ex. 2. 1 44 
2 1 Bp 4 4 w 4 - 


, 
vn h une N See 
rr ow 
— 8 =r — 

Here = Sr i P= e ty 14 
W 181802 ; 't 177361 STO 4* 19h * be 
7 _ — 1, or m . Therefore | 

2 a ES) 2 5 
rr S AXE —18 x 2 

a 3s, 
EB—2C Kc. And rr xf 
my” A. nds » "=, * 
lr — 
— = r—="x+ — 
ry 2. 05 
4 * by N 


Set. VI. INFINITE' SERIES. 11 


Ex. g. 
To find the value of ===. 
Marx—xx 
I 3 —1 
V 2rx—xx 
\ * 4 
Q = 2 m=—1, »=2. Then 
M1 2 A * 2r 4e 27 
5 — 7 — 2 1 due 
— — — — — — — 
x 6 « 


. * IT 
Var + Foe i, ** 
0 = 3. 4 


* 21 + = Lp 
5 12 4.8. . 
E. a * 
What is the cube root of i- Mũ... 


Here P =1,, * , =I, ug. _Whence 
I] =1 + AX B- — 


/ 


F 


442 _ INFINITE SERIES. .. 
Er. 5. 


1 N 
| 3 * 1 
What s / 22 in an infinite feries. 
This reduced, is 47 & d *. Here P=az, 
'Q==, m==—2, #=3- And , 10 


| xx xx 8 
= 442 -F 240 2 — 


8 


. . 
SE 2 


8 v *. Abe == * a =846 5 
| — : 4 
| 2 — =, #=5. Therefore - aa 


— — D 


10 aa 


9 — 3 2 
20x aa 2 . 9 gaa 

2* S 
2 e ion® : 


$68, VL INFINITE (SERIES. 


1 


75 reduce 23 * = 10 . 
A = = Where Pra, O == 


por — * | «debt 


reed x3 
| + * cc. 

k 8 —— — 
1 . 
8+XXV 4x © F Xs ga | 4284: >” 

ET aw ae + Mas $8 
= Wa + * 25 1 2890 cy 


145 


9 


hh ' IJNFINITE S ER1ES. " B. I. 


Ex. 8. 
aa +xx 1 
n aur ¶ r by g ſeries 
V SDL. Where P=an, 
== w=% nge, and N 4 + 
* | 


* 3 
uin, Se Here P= 8 4, 
Q = —, , #=2. And aq—xx 


Seft. VI. INFENTTE SERIES. 
Ex. 9 


What is the palut of — 


—— = 5 


wy 


This may be tre ted as a binomial. . | 7 


Yan -a. Then e e Ad 


l. = "Here Pri, | 


Ga—Aax + Xx 
1 PRO Es of] 6 - 
= ESE. 7 * 


And ay 1 2 A* = 
| nx aa en EL pA B 


* 


b & T ip" * * | 1 ; — RM 
TH * Ge. 2 2 gk = 4- = , 
555 &c. — ="(by jeſtirotion) 2 — * — — 


+ Wy 
. » * 
— * 


+ FE + FE; & wick in- 


0 Fi 4210 
volved. and N intq ene » * 1 Bn 
REI. \ AK x * * ; . 
4a u — -w ůãůwtr RR NN 
; IJ. D. * 5 
YN XX 2X? * * N 5 
0 ** — — — — 3 2. 
| 1 bl 8 e 1 yer” 82 1 K 
. OE *** 3+, > > 
I * wr — addi a1 We 7 | c. a, or 


n 
8 . 4 
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Ihe truth of this rule will appear by induction. 
For if any of theſe ſeries be | — ved according to 
the index of the root, it 2 produce the original 


quantity. Thus if —2 — & c. be ſquar- 
ed, it 3 3 2 in Examp. 1. If 
| 5 5 ee be cubed it produces 1, Ex. 4. 


xx 2:x+ 

If 4 x * vt. = a be involved to 

1 the gth power, it gives aa —xx, Ex. 5 and the 
"a ke of others. 5 
mM m— — | 

= = — 0 * 2 ＋ 

W W— 3 
. ds 2. BY * 
* . ep 


2 22720 
a nk c 8 os. leren 
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+ mh + By +352 Cy 3 Dy. 


&c. and * = 4 


ohe By + = Cy &e. = (reſtoring the value 


8 * * 2 17 e 


7 x x 2 
| X 3x 3 7 D_&c. 


PROBLEM LIX. 
To involve the ſeries 2xX:a+bx + art +d6) +ext &c! 
to any power m, whole or frational. 
RU 1,6 


Subſtitute the particular letters or numbers in 
the given ſeries, inſtead of theſe in 10 ST. 
general form, 


———— FY 


2. Ne 3 ee 


. 280A 2 — FX a 


go 
— ä 5 


bp 
. Sf A j 4b +a EI 2 
8 50 £45 
+m—4. E e YE 5 
— — xs « 


Ly: + 6mgA 


248 _ INFINITE SERIES. B. I. 


_ Gmp A gm F B +4m—2 . — 4D 
50 | 6a 
+ 204: E12 bF BY 


4 79bA+6m—r . . 8B+5m—2. e 


„ 


74 
+ ,3m—4. dE = F 6 28, &c. 


Where A, B, C, D, Gc. are the coefficients of 
the terms immediately preceeding thoſe wherein 
they firſt appear. And the law of progreſſion is 
evident. 


Et. i. 
© What, K ht lar of LTT. + 


Here æ 1, 2 t, 1 i. &=1, =1, &c. 
And mg _ TAT TIN. 1 
_ PP — a 6A+3B+0 
* 8 
34+ e 2 N. | 
PE: OS 
= 1 + 2x+ 3x*+ 47. ws eee. 
| Ex. 2: l — + 
What is the ſquare root of 1 &c. 
Here > 2 @=1, b=1, c=1, 8=1, re. 
and w==, * Whence ITX TX THM. Kc 
—. - A+o— C 
4 


* + 


by 
os 1 + £ api d 1 
— 
EE Dd od 


+19 . a Kc. _—_ 
Ex. 


7. 
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D. 3. 
Find the cube of 1+x+x*+x* &c. | 
Here 21, i, =1, c=1, 4=1, l 
&c. n I+x+x*+x N = 1 + 
A+5B+C | ; 
3Ax + == x* + 9 +5 * x3 


Ke. = 14+3x+6x%+ 10 7 5 | 
15x* + &c, | i 
5 Ex. 4. 
What is the value of 
2 = 1 22 2 2 
cc 
r 
5 $ — 1 
Here 2 St, x a=17, b=——, 52 


RR 4 6 = I Y. 
mon IP 5 &c. — 7 -IS 
1 3 1 1 
—— A+B ALB > 
— W. + nn EE thy. 

Tr arr 
1 1 ; — > Wo 3 
* — Fx + ox TOM & CG. = 77 + 
I Is I I 
27 Tr ＋ 27700. 
Ex. 5: 


To ſquare the ſeries y—y' +y*—y! +9 &c. 
This is equal to y: 1 —y*+y+— 93 +3 &. 
Here 2 2, x=y, =I, b=—1, c=1, d=—1, 


1 n 


* 
— — — — 


= 
= 
* " 
9 
» 
— OS — —ͤ—äfä—L ——— 


: 
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e I, &c. and ra. 5 I Nc. = 

A—B ET 
1—2Ax + ——— * — — x &c. = 
1—=2X+ 2 — 4x3 Kc. and — . — &c.* = 
* X i- f &c. 2 + N -O + 


| Ex. 6. 
To ſquare ihe ſeri 
7 z of ; zr 3.5: t 
. 9 Fizz 7 72.57 + $2.4-6.77" r. 
eee ee OY 5 4 3 * 
The ſeries is 2rv K: 1+ + Ix: + 


MW I2F 
,. aw k 5 1 
8 gor* &c. Here K 27V, 421, $=——, 


ö 1 
e e 
D242 . = 4 6 
. 7.” 
1 — + — B 
+5 Ax , 4orr — 8 
130 — ( 
Torn A += B 
— —— — x3 &e. =27vX :1'+ 
23% 57x3 | 
87 + 45 r 448073 &c, 
Ex. 7. 
Find the m power of 


* LB e + dx T9 &e, 


This reduced is X 1 ＋＋⁰ ox + 


; 2**˙ &c. Here 2=x, — m 2, &c. 
{I Raney, 


Sec. VI. INFINITE SERIES. 1262 
Then N: : a+bs" + * &c. * = Su X: 1 


mb „ 2mcA T. 125 
3 Ax + — | + 
1 . 20 * 

1 
ameA + am—1.d B + . C D * 
| 44 x 
&c. 
$;.K- U" LE. 


Subſtitute each letter in the given ſeries, inſtead 
of the correſpondent one, in the n ge- 
neral form. 


2 eee eee &c. * into | 
a * mba | *. — ng » 2 
2 R * 4 a 


+ ma” 


+ 1m, 5 en 


+ . | 
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3 | 
. 
r EP e 
tain ne 3 MP 
* 5 J 


r .. 
r 
| * . 3 7 . 5 5 b*c | 


aa m—1 M—2 =, 4 oe] 


Ei 494 | 
2bbe x 
4 == n= hi 
9 | 0 
. 2bf 
M—TI 2 
* EN 52 
Tua pg 0 


| For let Y bx Tc dx. Kc. P ME... ay, 


e 
—2 8 6 | 

72 p. 1 Ts q» 5 i, &c; Then 
5 - a? — My": S + ma” y 
＋ FN ＋ N +a” % xc. But 


y =ba 


Se&. VI. INFINITE SERTES. _ 


Zn ge r of &c. , 
Y xx T 2K +26 +2be 
++ cc of b20 Re. 
y =b1x? + l gbd * + &c. 

| + 3bce 3 

„* = + Abiex + &c. 

* = 


bixs 


&c. 


LEI —— — 6 0 2 


Then e power 4 + ma iy +877 „„ | 
qa © 3 y3 Kc. becomes | : 


m ' ; , 3 g _— 
| : m— | * 
wee : b# ＋ c dn — + fss & 
+ Pa N bbx*+2bcx3 + adn ales «;. 
PO Tec -þ2ed 
„ Bi +3Þcx%+ 3bbdes 
ö + gbee © 
> * . . nen 
3 | Ri += 8 +1! 


| Theſe being actually bac and the coef- 


ficients of each power of x collected; will Sive 
the ſeveral terms as in the form above. 


And the firſt Rule is in effect the ſame as this. BY 


For let 2 Tx T Ide. Kc.“ = = A+Bx*+Cx 
4. D/ &c. Then by Rule 1, A=a", as in Rule 


. mbA 2 
2d. Allo BE = % 2 in Rule; ad. 


55 m—1 


Likewiſe C = = ==+—= += nc. +. 
| — go as in Rule > : = % eZ} 


— 4 
" 


Again 


134 INFINITE SERIES. B. L 
3 _ mi. B m=24c 
4 D = 5 + Ent 


3 . 2* | . 


.. h, as in Rule 2d, and 


3 
ſo for the reſt. In uſing this laſt rule, it will 
be the eaſieſt way to divide all by the firſt term, 


that 4 may be 1. 
| Wha is the foarth Sony of 1+x+x*+# &c. 
Here z =I, @=1, b=1, c=1, Ai &., 
Then 1 ITT +» &c.* 
=1+4bx+6b*x + 46x?) + bix+ &c; 
41 +12bc ＋ 12536 


+ x4 + 6cc 
+1284 


Ol + 4 
B1443+100 + 20 +35x* &c. 


Ex. 9. 
e e 1 
In this Example, z= ==» a=r, — 


eri, d=1, &c. "Wings 880 
| | Then 
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Then —+ = —+ = _— OED 


1+ 2b x — + th K abe x — e 55 Re. 
+ 2c "I _— 
+24 
_ 


I | | 
== e 22 


* 
+= — + {+ £+£ Kc. 


Sa 


75 ſquare the ſeries 1 +y%=5 + &c, 


Here z y. a=t, Bo, c=—t, d=0, e=1, 
F=0 $=—1 &c. and mg=. Whence. 


JE rf = * 
—— + ccx* 


| 5 
lere, &c. = X: - 


pa ke. 

i Or thus, 

ZZ), i, b =—I, — d=—1, K. 
and m=2. Then 5 Ke. = IX > 


1+2bx+dbx* +2bcx0 + 28dus &c. 
A Tac +24 +> 
— +2c - 
„NK 129 t- cer. .. 
e 7 &c. 


—— 


Ex; 
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Ex. II, 
What is the ſquare root of rr—zz + 1 —— 
; 2 Jy 1 gr” x 48 
1 
Here art, X=2%, a rr, b=—1, er = 
—2 1 I 
CC 
—.. . ᷣͤ cs POOES- 1 
. iy 1 
- &c. Then 17—z2+ 55; &c. en 
* 2 
87 * ere be =7 — = + &c. 
| Rather thus, | 
22 24 


The quantity reduced is 77 x : 1— r + 


37 
| 226 <, I 
— Ke. Here zu, a=1, 3 = — 75 


CE HD, —:  &c. Whence 


2% "»i 
"St + 8 &c. — * — ir. 
x 
—167 * Kc. =7X:1— — 
(| 
2 . *— * + 
1276 247 7285 
45 
2+ 2 
78 + - + &Cc, 


1.2.3.7  1:2.3-4:5-0.75 
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12 Ex. 12. 5 3 
What is the ſquare root 7 
DRE 15s 6 Bad Chat 245 04.53 
„ en = 
NTT NN 
The quantity reduced is 
„ 5 
7 a5 "$$. 24 26 


Where à = =, F 8=lh, 5 = ===- 


* 

Senor run. N 
From this problem the powers of a compound 
uantity are deduced as follows, which will be 

viceable upon particular occaſions. 
Kt we * 


2 — : 


—— 


= 
— a — — — - o 
— 


75 
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If zzA+B+C+D Ce. Then 
J=A+B+C+D+E+F+G+H. 


| #3=4*+2AB+ 2AC+2AD+2AE+2AF+ 20. * Se. 


+ BB +2zBC + zBD-+2BEF 2BF 7 
+ CC+2CD+2CE+2C 
8 | +DD +2 x 


St" 3A%B4 34 C34 BY EAA De. 
£+3ABB +6ABC+6ABD-£6ABE +6ABF 
+ tÞ Ne 
___. +3BBC+3BBD+6BCD .. 
+ 3BEC+;ADD 
+ ;3BBE 
-+. & 


- 


— TO 8 2 . 3 
eee I 1AB'+ 6A*C* + 430 "Tc. 
+4A'C +12A*BC-+ 12AB*C+12ABC* 
+ 4A*D + 12A*BD-+ 12ABPD- 
+ 4&%E +12A*CD 


— I ++4A*BE 


g w - — + _ 
— 
ATA oA BA 70 + DG 
+ FAC + + 20A%BC+ c C 


+ 4 +20A*BD+ 30A*BC* 
+0A*CC+3o0A*B*D 
+ $A* +20ATCD 
,  +20A*BE 
+ SAF 


wow VA *+6AB+15 A. 20AB? + 15A*B* C.. 
" + TV + 3z0A*BC+60A*B*C/ 
| + AD + 30A*%BD 
+15A*CC 
- . + AE 


renting, + 3 fs Sc. 
5 + 8 ; 

: 7A®D 44.50 

+ 21A*CC + 
+ 7 0. 


| et 284 56457 704 e. 
| + WC + 56A*BC-+ 168A%B*C 
=o lb 8A'D + $6A*BD 
IT 28A*TO 
+ 8A'E 
. vor 


8 — 


ſ 
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 $9=SA9+0A*B + 36A7B* +84A*B? + 126A%R* Eo, 
PAI + 98'C +724" BC +252 ARC 
7 4 
A=, 10A%B +45A*B*+ 120A B+ 210A*B* Of, 
SO +10A*C-+goA*BC +360A'B*C 
1 +10A*D + goA*BD 
| + 45A*CC 
+ 10A%E 


In making uſe of any of theſe forms, the 
tefms of the given ſeries muſt be ranged in or- 
der (Prob. xlviti.), and the whole terms thereof 
ſubſtituted one by one, in the room of the quag- 
tities A, B, C, D, &c. (Prob. xlix). x PR 

51 nas Ex, 1 . 
Let a+bx+cx* +ds" ert &c. be cubed. 


14 


F£RS C+ÞS> FI *t =.» 
Sa D e +4 +ex+ &c. 
that is Aa, B=bx, &c. Then 82 L. 


(O A1+3AB+3AC Kc, = 
i e l 8 0 


© + 30abx+ gaaes rx* + ads" + ganer. &. 
aa Ge Gaba 
eee, 
e 


- 4 kk 
4 . 
. 


Br. 2 


* What is the fowth power of 
2 8 8 | 2rd 2 


* 


; 2 eiue r 


8 | 
NN ec. 
2p 
aN 
' 4 7 2 
58 
. . * 
| 32 +24p+8c4 
— — — 8 
; 8 E 2 x | 
? rn — 8 7 ren wy 2 A 4 ” } be "WO! | 
ö £14 Nele & 1 N 3. « 444 R Fry 4. 


Fete 2x - ee, dee, 
the 5th power. 
A+B+C 4+ D*+ E Ee, Sg. 
=ax A. 3x" . Ke. = 25. 


#7 Boer N 37 + Bok > 2 
* = 32x + 80%, . 35 * ex get 7 


IS 36 IN4 ben x vt, wa 

— 160 NE A+ a= Aoi 

+ For x 5.1 1 

_ * &c.., Spar eee we 
8 a IS. Rag - 5 78 + 

apc — Ae“ Nc. 1 

4208 Kc. 4 | 

* 2 gur ” 200 30 N 

i „ "+ 400. 480 0 


1 
. 
- : 


* 


Seed of „ 

— 24⁰ &c. Here T omit all theſe Os: 
where Ie the index of x exceeds 2. | 
Ee 2 ‚ . 5 
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0e tan, | 
A+8+C D248 8 

ate + ns + gf — 6 &c, Bed 

| ren + 9 tae | 

50 + You? x * 

2 &c. +5. 240x* — geo 
— gor * Er +> 

+1120x* ae © han, 


o | Er. 4. 5 
Forgive, what i, . f : 
A+B +C+D+E+ TY 
2 — 2 4% +0 + 6 Ex. 
Fee &c. 
1 SNK N 
+ 28 K 
=1—16x+1 e + 1120x+ &c. 
+ 8x) —t1254 ＋ 67245 
+ 28* 
M iE 112 6 lar; &c. that is; 
| —448x\+1120x* : 
= e i =ccatr/ &c. This 
is ſuppoſing x to be very ſmall; but when x- is 
very greats then x muſt begia the rte, 
| Thus, Ky 3 
A+B+C4+D+E4P& dee 
NI TO — 2x + 1 '+ Oo &. Then! = 
> =Xx++0—8x*X2X+8x*\X1 +28x"* X 4 
or „r -i I 12x% RKW. 


- 
- 
\_ 


M RO. 


; 7 
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. PROBLEM LX. 
To abridge a an infinite {ge fot br denote 1· in 4 ert | 


When a ſeries confiſts of terms very much com- 
poundedꝭ or having a great many factors; it is 
very laborious to reduce them into numbers. And 

when ſeveral factors in any term are contained in the 
ſueceeding terms the work may be ſhortened, by 
making uſe of the preceding term or ſome part of 
it, inſtead of ſuch faQors — are n "to it, 
in the * terms; a follows, 


R U L E. 


rut A, B, C, Pu c. for the firſt, . ſecond, 
third, fourth, Se terms of the given ſeries. Then 
to get the coefficients thereof, divide evety term 
by the preceding one, gives the e of 
that term. Whence you will have a new ferics 


| equal to the former, and ſhorter deſignated. 


; Ex. G 5 
a * e D 3 
2 3:5. a 
I nb Boe Eh ED, + He tee, = 


S B 
Then 2 (22 coricientof BN. 


23 325 2% YT & E * 
= (eee 
| - "BY 
— ASS = coefficient of D= C. G. 
— Hence the ſeries becomes 


REI +De Eee = 


Ex 2 
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Then the ſeries is, 
1 +7A + =B +; —C +0. + 


= E + 2 — 15 . 


4 ». ©, v . 
8 - 
N | Er N 7 1088 - 
© 3. * 5 
V * * S . 
* Y © £ 


* . 1 
6 3 / — 2555 515 


x 


i.2\ 1. 2 / 1:2.3 4 3 
— 4K —7 + 2 n 
ie 5.56 
And the ſe is x 
3 fa; c G. 
_- A+ 3 5˙5.6 _ 


: | Or this, | Sera 
— zx I n 
2 44.9.4 05 75 2.3-4 3545 eber 


And 


M 2 
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And the ſeries 
= 7 
4 + 28 C Ge. 
Where A. I. C, St. are che foregoing, terms 
with their ſigns. | | 3 
a 9 5 A Hol * . 4. Muy 
9 1 „ e _acÞY aw 
"of . 7.2.4. 65 
3: — = 1 Þ * 
9.2.4. . To iT - 3 : x boni 
Tien 52) (Hs = coefficient of B. 
2-308 2. 34a N 
— — 4. zz gy : * F g 
_2.3as 5˙2 4 5 
8e. Ye 4: 04® E eber D, G. | 
And the ſeries is Fg 
— 7 2 
. +: B * 8.74.0 * 
7 2 b. ID K + 8 _ — KY} 
5 * 
3 | 2 * U Ly E. 4 


yi ES CGI Roy. factors, which 
are not in all the terms; ſet them aſide at preſent. 
Then put A; B, C, D; Se. for the remaining 
terms; and proceed as before. And at+laſt re- 
Hoes theſe — W into their | per: terms. 


ps 


% + 


Ex. 


sed. VI. INFINITE SERIES, 4635 
ar} trad) — ; 221: noe wi Rr. 
. Ex. 5. | 
E 
2 3 = —_l 2.3.4 2 1253 3.4 FE 
* 998 © 
1.2:3-4+5.0, 705 


Here the factors 3. 5, 7, 9, 22 are not in 
al the. terms, and being left out, the ſeries is 
— „ e 04 &c TOY: 

. : 3 6. 
abridged to apy A+ TD +Z 0:44Z, 
Se. andthe Fator wheel, be On Lake 
| X77 x 

Er et: 8 


— DQ Se. 2 5. Where A. B, 8 Ot. ire 


the ſeveral terms with their proper e without 
the numbers, 3, 53 T1 Ge, 


A 3 2 < 1 6. 2 * * 
| Nees Gras 
" bus bay . " 
1 = 2 + Faq; 2-46 FW 
942. T0 WES FS nr Pere 
Then the factors 3» 5» 75 9 FER not being 
PN 1 age W 
is {3877 | 


1 L 4 '\ SN + 


&c. bets. 44» $464. fe 


do = 


4; # wie» 1.6. u 


\ 


* 1 


7 4 ay * 4 + 7 
| 2; 9 34 18 
es — 


87 2 „ e 8 


— 
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And reſtoring the numbers, the ſeries will then be 
1 . N99 
r be 2 
E 


67. . . Where A, By C, Ge. . fore- 
gang numerator with their proper 1 


Gn 44 


— s © 
4 * 4 * 
4 * , Ar. 7. 77 „ 17778 * a 
a” * 0 4 4 - 4 
There is given "9 227 
- | = 5 3 1 : 


complea, e Bx wy = 

4 LEP | SIG 
30K r we 5 ff 2 
Where A, B, C, +. are the, foregoing. terms, 
excluſive of the following quantities. 


Cor. 1. if the firſt term of a amore feries 
be multiplied I any number or quantity, the .whcle 
"ſeries is multiplied 1 thereby. - For the. Vows I Ur- 
tually contained in all the Hm ler nu. This 1 


made! plain by E. 4. 1 * 
Cor. 2. In bike manu A. B, C miy be mas 
to Rand only for the 
a he © a OT 


154 "= 


- : — — 
£ # „ 


, 7 
| Pg hag * 
Wes. . ö 


SQ; VI. INFINITE SERJES. | 17 | 


d in RAKE. 
To find the finite value of an infinite ſeries, or "what 
vo Aud is is involucd from, ES 5 


R U. L E. 

Divide alt the terms by the firſt; then che ert 
term will be t. Then compare three terms of this 
ſeries with three terms . ithe ſeries Rule 2. "Pb. 
lix. each with each, ſuppoling 4 to be 1, and 


c, &c. o; which two equations will fing the 1 
dex, and the ſecond term, if it is. & bin6mlal. 1 
this does not - ſucceed, compare four terms with 
four, for & trinomial *of Re terins with flve, for 


LS TOS z wan 4 —. = Weng 4 $7 
2. 2 — — * 


aue this ſeries 1 1— 7 + 2—2 
- 280 | AER. * 77s 9 
"Complaints, e 2 bös. 5 


% N 
beth +& "07, 2. MO, 


Then A 2 —2, 5 "ma W—7 8 5 13 


IA 7 1 
1 


and ; Gviding t the laſt by K. art, he —_ 


£ 


Sir ele E and oy St. 
whoa [. ”Therefors dre, 


\ < 


ret „„ wee ide inder is 1, and 
Wore (i, it ir is 9ne) = 


1 
: 


Ha — - vw. 


1+ 
— 2 1 4. 7 


that is v £ as root . which ſucceeds. 
"af * A 45 
M4 Fx. 


168 INFINITE? SERIES, 17 1 
| Bar + Wh 07 n A 


xe 


1 Reads 2 ee F 


J®. l 4 -< 188 N | 
Re = mmm es Ma, en 
| 322 


= 


Hera ein a4 4 BET, ie = Si . 

. 2 
and by diviſion, e 4. e the 
Er =mbe x 208 == x bx; © whence 


———, and 2m i, or v=o the Index, 


* 


14 . 2 


8 ie ſes 


* 


cond term. And the find in x, 75 
— * 8 11 


A 
A en en, 10? N + 


31 2n3hivihs 1 


Os 3. * 
Bubba 4 0 — £1 
| 54a 28 
of * 3 — 8x 9 8 512 I) 
he given, * = pen mor 


. ic 


Ae "A * — a N 


1 14 


pant 1 ed TER 
e . — YE Flat 


n 01479 M 22:17? 


bus | 4 9528 25 er and 


de VI. ANFINETELSERIES. by 


2 


5752 1 _— | 
the, ſecond tern: And the + bioawhd nd -* 


m = fot = Ry 8 the. ſecond term: It rs 


binomial. But 45 * 2 , ngt produce 
the given ſeries. Whence we may conclude ic has 


nor a bitiomial root. * . = * N 
For a trinomial root; for brevity's ſake 
1, 2, 9 For . "ba; cx the Rule, Prob. lh. 


of rule hon becomes 1+2+v = ob 


Cortes * #* ( — -. "nc 
n 2 
0 e- 7 e n 
. Shs 4 merit 9 5 : 1 : 
ET. „ nee * — . 
4s Ry — 2 
— . . 
Wits and 
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and eee eg "HF" . 
given ſeries red uced. Then 1 * theſe three 


—— — = 


wy 8 
equations, r = PL m. 2 + v 850 · 


— eo . 


202 — x 1 Git3; 2 2 
and . — re 20 * — en 


Divide the third 
| 2h RY 


= 2 W 
we 1 ; 


yTthe firſt; and there comes out 


Z "bag 20d this to 
the ſecond, and we have e =, 


2 4 8 * 2 2 71 . + { , 185 9 #4 7 LE * 
: M—2 * F 42 
(DSS un: Arne * 


12 + 221. vo. A0 N. the firſt, 
E S and 2 =16mmz 2. Allo 


r 4 
3 . r 


| pies ad nuns - 


I xa = 
Et - X, 


— — — — 


1 Ebi skrigs 


* 
4 ts And the dat ite 


:r+ £4. @\* - which involved produces. 


a= d . 


four 3 dot ut the laſt. 


And f — ts = Ii 

| 1 2 Th hn n 389 

aw. . 2 04 
2 AY (1. 


then the fard bY, X: 1==+ , whick 
involved, produces all the terms of 0 the. iven 2 
ries; and therefore N . 
— 900 * & ba 9 — 2 wigs” 


JAe tis PROBLEM 
Te rover! ar init ic 27 the 1 root "of Js 


i T zart — 
3 uy 


* A 


* 1246 1 R v LE. 2 a 

If the ſeries conſiſts of all the powers of z, 28 
Az+Bz*+C2*+D2+*+E27 &c. y; then ſubſti- 
cate the values of the coefficients, A, B, CoDy Wc. 
1 following form, for the oot. * 


4 7 Hi — . 2B ace "++ SH 
*. Aue. N e 


"I 22 55 bee. 
4 5A > * | $3, 


2 28 _ T + 
er 


— BD ＋ AE | 
Fg, A . > 
* e $4AÞC F 


LINDE 2 „ IT „ R 


0 g & mw y 
| „5 
| . 
„ 


a7? INFINITE SHRINE. ' BY 


For put z=ay+ by + of. + e. Then 
N ! *w 22 — l 2 c. | - 
? T 6 
up is a. gil: a 34. c. ” 
g. Ke. =, 
Ae 1 Whictice - v2" 15. 933 70 ieee 3. 


* = Aer NN | 
2 BE 5 * NY "a: by BBbys.&c. 
>: A zig = — 8 


. = 
17 Barra b bellen oa 94, 


| and 


. —— — 


* N 8.2 * C 


=: od Ab+Bo'=o, or b = — J. 
0 M i 0d QA < 
Likewi A. ebf Cee, unde ee 


In ike manner AJ+B&b4-2Bbc+ C=. Beo. 


N BC—As 
whence D=3 + x and ſo on. 


eg ,x do reg 3 Nino? en ik 
- *Mdut\ nant ; Jo. . i (Fj oe 
- Suppoſe) ee Et. I 10:find tht 
value of x in terms. of ANGEL 1 HO als oh 


; Here z . —1, Ge. 
Wbence x = + — PI _—_ 
Ke. re 


, 
= 


A: A 2 7 Dai 
* : fa oh hs 2 3 — — 
486% Cigg: ht r ex- 
x T - T — 4 — ＋ — & c. 1 
ES 2 a. Rona aces 
- ad x in 6 ſeries of. M co > - ved 
4 „ 2 A 9 


Here 2 =, , Ar B=— C = 


TL 


where A BG 0 &e, e the k 
5 Co 8 
Fl their ſigus. Al Yom I {11 4 51 14 


Sur + Tot; — „ger = And 


extracting the root, a= Virex: t - 


- 
i * EP. 


CN 
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2 R U L. E. 


If che e conſiſts of the 0 as 
Ax r CAD &c. . Subſticute the va- 
lues of the coefficients A, BY C, &c. into the fol- 


vu” ogra which will give the root. 
| r 
A7 F + . 
8ABC—AD— 1b „ 
re 

28.— 1 81 10A*BD+ E 
2 ee, 
n 


2 i 
25 = oy oh 
Cal 3 
Art As = 845+ Aby + Ag + AS Kr. 
— e TBB ( 
c + Cay! ab, 2 4 
— ah a'ys * 
DE SI i Fdoy 3 
Then the coefficients of like terms; 
Aa=1, = At + 35% +:Caimo, 


ent cel. So, &c. whence 
„3 == Fe Likewiſe 


c 2 {= — 2B: G.. 


K VI. INFINITE SERIES | ws 
£ ba * 


| a3... 424 ; 
Laura = TERS as, A. 
23 To Ind a, e =o» 


A 1. 5. A B - 


T 2 0g 2 2. A. 


—_— 


Whence r 7 + at ads 2 | 
3 e 
* 5 5 7 ad 


Ser bn + = | 
; © EPI + Thee 5 


221 , 


— — — 
OO ũ ã(—Q!— :.i—:——ẽ-ęꝛ —e⅛ — ſ—— — Er — —— 


ln 
we the ſeries calls of any powers, C = de 


noted by # and n, = Az" + Bz"**+ Cz"** 


DE. =». 
tute the values of the coefficients, A, B, C, &c. 
into this form, for the root * 


ut v = N. Then 
. WY iq Wi $32 - 


* 22 U® — u’ 
— us 


2128 BB—2mAC "I 
+ —ami 


«1 — 20110 
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Then ſubſti - 


21828121 
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n n f. f. f, 7 
* 


. er "FR 
5 - 
. * mmA** | 
: — 1 4 1222 
N. 1413. = 3 
+ . Ke. | 
Then dividing the given ſeries ; by A, we have 0 


* * 


| 'Whence by 42-2 


A man n 2 | X 
2 =v +mbyu ® + mcy 2 


4 bb Sn 
| a | m+2n | By.” 
N. * 8 m „Kc ** 
0 2 C , = >, | 3 
K* PAP | 
D a+3" _ 
„ > I 3 2 


Then equating the coefficients, Ioan 


— | 1 —— S 
38 X And mc + m. n "x = 


m+1 "+20 BB—2mAC. 0 
Z 6. 


N | Note, 


=O, and: * 


os 7 


19s INFINITE SERIES: B. 1. 
Note, In all theſe rules, I have only, purſued 


theſe ſeries to a few terms ; to have gone farther 
would have taken up too much room: but the 


method is viſible, | 
Er. . 
Suppoſe ix x +1x%+1x++4x* &c. y. 


Here zx, vz, Ai, Bi, C=4, D, 


Sc. and . =. pre! 
AC 
& = LEN "+ Dy vr &c. S — 


7 * —, of + — v* &. 


270 * 
3 Ex. 8. h | 
; | "as B 2 
Let mn Me ge = 7 + &c. Su. 


Here z=x, m=1, 1-2, A=1, B— ===; 


| l | x I | 
In this Ex, z=x, — aan, a=1, A=1, 
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| | BB 
Whence x = 2 DEC ONT ev + 


: 1431 + 14BC + 2D: in that is 


| 1 I I 
ld n r Walls 


Cor. 1. V you would find any power of y; find 
y ina ſeries of 2, and then involve that ſeries to the 


ower required, or elſe put ; then find s 
2 4. ſeries 4 this we , 22 
| m_ wx ma 
A, 7 + Ber + c. ke. = 3s 
by the laſt rule. | 
Cor. 2. The reverted [cries is of the ſame form as 


the given ſeries; for otherwiſe they are not convertible 
into one another. 


PROBLEM LXIIL. 
To extract the root of a ſeries containing all tbe Powers 
of two letters. 
e 
If the ſeries conſiſts of all the ſingle powers of 
2 and y, a$aZz+b2* +23 N &c, =gy H + 
ky* &c. ſubſtirure the values of the coefficients 
in the following form, for the root. 


— —bAB—A? 
2 ==54+ g by + = — yy 
— 2540 A*B—dA* 
+ IR—_—_—_— 


a 


+ RET 3c 2 e 


J—— N 


* m—24BD—bC t—2bAE—cB—6cA BC. 


— 


% &e. 
A Where 


2 4 E.— de — D 
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Where A, B, C, Sc. are the coefficients of the 
firſt, ſecond, third, &c. terms. | 

- I z=Ay+By: +Cy! +Dy+* &c. Then 


az =aA y+aBy? ＋ ac + Dy &c. 
+bz* = A T 2ABY＋ bBBy4 


Ne  +2bAC 
+= __ ' + ca +3cA*By 
+&62t'= AA. 


SO +5 Te“ Ke. 


And equating the coefficients, aR Sg. and A 
AA 
_ Alſo 
A 
AB p , und C —, 
Again DB- AC 3cA*B+dA+ = L, and 


B. —2AC— 3cA*B—dAs . 
1 2 - 30 A Er. 


Alfo B LBA. b, and B 


Ex. 1 
= — 
. * 


| - - 5 . e -» 


T7 + ＋ 2 - +. 5 * 40 nd x. 


R - 
Here 2 , y=y, a=1, b=—==,'c = = 
| | | n 1 
==. 
3 
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Then 


32² 


Spe z+77; 77; + 404 += * _ Kc. + 542 6520 


+ ae + 42% Ke in Jud e. 
Comparing this N the rule, 000 we have 


a=1, = e s- d=0, Ce gp Leo. &c. 


| * 
g=n, Bo, I 64. 


228 == ah o, &. 
Waence e Ie: 


n | A | „ | 2 18 1 N f | 
r 
A 
2 2 1 . * 4 &c. where B, D, Se. 


2 
=0; chat is Z= + 6. — 


BE _ s & 3 
404+ 124. — 12096. Kc. e N 
9u—1O +15. n' 1 n „-. 


1204+ * r K 044 N. ＋ bad 
Fr 
* „ kee 
Or 2 = +77. A ＋* 2 47 Tone where | 
A, B, Sc. are the foregoing inns 


N 2 RULE. 
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N 

In two ſeries conſiſting of the powers and pro- 
ducts of z and y; as 
az+b2* ca d &c. +fy +gzy ＋52 7A &c. 
T c. +py) +99'2 &c. 4h. &c. 

28. 

Then ſubſtitute the values of the coefficients, | into 
the following form ; 


| I+gA +bA* 
5 g yn 


7 = — — Y — 2 


= 2bABpcAtpetBimA+bl , | 


a A. 
. 2bAC-+BBB+3cA*B+dA*++5+gC+mB +9A 
. gi | 3 . WO Son 


o+2bAB+nAt+jA3 


* &c. 


Where A, B, C, 6c. are the coefficients of * . 


firſt, ſecond, third, Sc. terms. 
For put z=Ay + By* + Cy? + Dy+ &. 
en : 
f ©” - = aAy+ aby. + aCy &c. 
5A + 2bABy' 
7 cA y 


+ I ——̃ Cm. 
„„ 5 : 

+gAp + gBy 

+ N 

J + bA*y 


1 n , 


Then equating the coefficients, A0 a+ 

bA*+lI+gA =o, &c. whence A=— 7 B — 

bA*+] „  2bAB+eA3 mA 
+ * —— 2 — = 


a 
| 22 8 | Fo | 


Seck. VI. INFINITE SERIES. 18g 
| Ex. 3. 
| A 3 
reer, 
TIN; 7 find . er 


” 
. * 


1 I 
Here z=y, Ir, 4=2, = 12, f= T, 


g=1, b, 1=——, n=13 5, 4. J. m, 5, 
9, So. Therefore * 
— 44 a: vs A +B—JAA 5 


2 2 


1AB+C—AB+A* „ 
. . = Tio + To 
73 + ; 3 | 
768 K + —_— 


| PROBLEM LXIV. 
T extras the root of an adfetted equation, by @ ſeries. 
. 1 KU LE. 
If the equation conſiſts of terms which contain 
the powers of x and y; and you want the value 
of y, in a ſeries of x. Make the equation So, 
and aſſume an indetermined ſeries for the root, 
AN TBT + Cx" TD“ Sc. wherein 
the indices r, n+s, &c, continually increaſe 
if x be very ſmall; but they decreaſe if x be 
at; the firſt is an aſcending ſeries, and the 
-latter a de/cending one. By this means the ſeries 
will converge ; every following term growing till 
leſs, till they vaniſh or become of no moment. 
For y and its powers in the given equation, ſub- 
ſtitute the firſt term A and its powers. Then 
do determine , put the two leaſt indices equal to 
vn EE 8 each 
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each other, for aſcending ſeries; or the two 
greateſt, for a deſcending one. And if it ap- 
pears not at firſt ſight, which is the two leaſt, or 
two greateſt; it will be known, by 3 
every two of the indexes. 

Then to determine 7, 5, t, &c. ſubſtitute i its va- 
lue for u, in all theſe indices, and having taken 
the leaſt for an aſcending ſeries, or the greateſt for 
a deſcending one; ſubtract it from each of the 
reſt. Then take theſe remainders, and add them 
to themſelves and to one another, all poſſible ways; 
and theſe remainders, and the ſums reſulting, 
taken in order, will be the values of , 3, t, &c. 
which will be affirmative, in an aſcending ſeries; 
but negative in a deſcending one. Then put theſe 


values i in the ſeries, Ax" A + Cx * &c. 


Then to find the coefficients A, B, C, D, Se. 


ſubſtitute the laſt ſeries for the powers of y, in 
the equation ; and put the coefficient of each pow- 


er of x, ſucceſſively So; and A, B, C, Sc. will 
be * found from theſe equations. 


r. . 


Let a*x*—a*xy+x6* gays, to find 7: 
By N a -N Put 
y = Ax ＋ 3 + C * + Dx "ry &c. ſub- 
ſtitute Ax" for , in the eqyatian, | and we have 
aA +x%—aA%x*" ,=0. Then equa- 


ting the indices, + 1=2, for the gal or 5#=06 
for the 9 indices. 


For an ere Anka 


Here ey and gi. Then the indices. 
2, #-+1, 6, 5n, become 2, 2, 6, 5. Subtract 2 
= from 


2 


— 
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from the reſt, and you have 3, 43 out of which 
is compoſed this ſeries 3, 4, 6, 7, 8, 9, 10, Sc. 

for the values of , 5, t, &c. whence the form of 
the ſeries will be y BY CDE 
&c. This ſeries ſubſtituted for y in the given 
equation, will be as follows: 


a*x* ale blu 14 (le bb ebb $0 
—a+Ax*—04Bx'—a*Cx*—a4Dx*-&c; 
„ e 1:06 Rt | 

* — .f / - * —54A*Bx" &c. 


* 


4 
* 
U 


r L 


© 
ll 


Then equating the bomolegdhe terms .A. 

and A=r. Allo —aB—eAsf=o0, and B Ir 
R | : T 

= — Again, — o, and C- 


Likewiſe, — 4D — 54A+B=0o. Whence 
D = + 2, &c; Then the ſeries or root re- 


quired i RE | 
x4 5 | 
| wg + Es 


For a deſcending ſeries. .” © 
s ACC ; » ke SN 5 

Here 51n=6, the greateſt indices; and n=13,/ 

and ſubſticuting this value of », the indices 2, 

+1, 6, 5n become 2, 2x, 6, 6, and the re- 

mainders —33, —4; and 7, 5, t, &c. will be 

— 3% —4, —7}, —7t, —8, &c. and the ſeries 


becomes y=Ax"*+ B + Cx ip Db 
— which ſubſtituted in the given equation, will 


78 
9 * - , 
N 1 


\ 


8"x* 


| Toot is 
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—__ 


= > 5 Ta“ 
— 2 = "egg 0 B- 
— 2 — — 
— * ue gaA*Cx* F 
= 0. | &c. 


a — 


Then equating the coefficients of like terms, | 
1—8A5=0, and A= 5 - Likewiſe —.— 
5oAtB=o, and B fb, alſo *%—5aA*C=0» 


and C = je. Alſo —. RSA D100. 
So, and D = — ** _ &c. Whence the 


2 Mt | * 4 ** gt 477 & 
Tut! | n 
11 you put #+1=6, the indices will be, 2, 6, 
6, 25 ; but 6 is neither the greateſt nor the leaſt, 
therefore this ſucceeds not. 

If you put gu 2, the indices. will be 2, 13, 6, 
23 but here alſo 2 is neither the greateſt nor the 
leaſt. Therefore this will not ſucceed. 

If we put »+1=5z, the indices will be 2, 14, 
6, 14; and 1; being the leaſt, this will do for 
an aſcending ſeries; and the form of it will be 


"RN N + Bx +Cx'* +Ds” &c. 


1 0800s Bo 
L. en bene. o, be propoſed. 


Putting Ax” for y, the equation becomes 


ar- A — A+ x*"=0, Then put 25 
41 | | 28 or 
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for the leaſt indexes, then the indexes become 
1, 3, 1, 4; and the differences 2, 3; and r, 5, 
t, &c. 2, 3, 4, 5» 6, Oc. and the ſeries 


Ax BHC Dx; &c. y. Whence 


alx = &'x 
+ aw = Tax 
— gy = —6 Monks aa Pola 
Then equating the coefficients, Aa., and 
F a | 3 1 2 
A. in like manner B= Cc — mL 
D=0o, E =— 2 &c. and the root is... 
 J = 2 ot 0 ee ne Re 


„ Otherwiſe for a deſcending ſeries. 

Put 3 24, then i, and the indices are 
I, 3, 4, 31 and the differences —2, —2;, and 
F, 4, 3, N. = 8 —2², . .. Sc. and 
7 Axt + Bx'* C TD &c. 
Whence ; 1 88 . 


+ ax * ax? * | 
— a — * = — 2 A xÞ 15 | 
„ A AN —4A'Cxi—4ADs"" 
—AÞ> 
| Then by equating the coefficients, A., and 
1 0 42* Pn g | 
AS 67 3' 8 DA, CAA 
4 0 
— 
D's 32 &c. 


x88 INFINITE: SERIES. B. I. 


I | x 
x x + * 2 * * 
2 * — 
f + 4 8 
n . 
9 * &c. 
32 | 
. Ex. * 0 


Suppoſe 3 +agy +ary—x#'—26) , 10 find y. 
Put Ax for y, and the equation becomes 
Bagh + AX TA ar — 


For an aſcending ſeries. 


Put the: leaſt indices Ao, and the indices be- 
come o, o, 1, 3 O; and the differences 1, 3; 
and r, 4, t, &c. 1, 2, 3, 4. 5, Sc. and t 
ſeries v ATR C Dx; &c. Then 


1 A + c +3AB's ＋ A- Dei &c. 
1 3A C B | 
r 3b  +6ABC 
+ 405 US + n + "aaCx* +aaDs* 
tay = + 2Ax' +" aBx* ow mT 
r 2 


«1 : 


| Then equating the coefficients, | A +aaA—201=05 
and extracting the root, A = ; alſo 3A*B+aaB+ 

I J 
a and B=—=. In like manner kes. 


and Dent, e, Whenoe y = — + 


Sed. VI. INFINITE SERVES. . 16 


| 4 p 
2 yay =. bo find 5 i a 2 


= 


Putting Ax" for , the exjuation ben 


Arg?” + A* + Ay —x =0 . Fut a9=2 
for the greateſt indices.” Then #=1, and all the 
indexes are 3, 2, 1, 3; and the differences 1 
—2 ; and the ſeries —1, OY 3. —+ Sc. and 


 =Ax+B+Cx" '+Dx" Kc. Then 8 IS 


F 75 AF, e 
„ „ bay | 4 ue ſBgo. Pp 29009 
＋ * +4 pas +” BB _—_— 

PW 111-41 1+ GO ACY CERT 
+ . „„ oo +A8 0+ B &c. a 


| 


Then equating the cveſcient, A;, and A=r, : 


'Y —.— 
Likewiſe B . C — — * = = {and 


\ cis 0] Jo ths nie 


Alu pen K Be if 4- Calif Do * 
&c. and having found u, and put its value into 
the indices, as in Rule 1; ſet them down in or- 
der, and ſubtract each of them from the next 
8 and you will have a ſeries of differences. 

hen find the greateſt number, which wi! mea- 
ſure all theſe differences; and this is the value of r, 
which muſt be affirmative in an aſcending ſeries, 
or when x is ſmall ; and negative, in a defcending 

One, 


: 
| 
| 
| | 
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one, when x is great. Then the values of » and 


7 muſt be ſubſtituted in the aſſumed ſeries. 


The proceſs muſt then go on as in Rule 1; and 
if there be any ſuperfluous terms, which will be 
known by ſome of the coefficients A, B, C com- 
ing out So; theſe terms muſt be thrown out of 


the feries, and che operation begun ancw. 


Les Ax" + for y, and the equation becomes 


Ar -A + x3 =0. Let n+1 =3, and 
#=2 ; and the indices are 6, 3, 3; that is, 3, 6. 
Then 6—3=3, then r=3 ; and the leaſt indices 
being compared, the ſeries will be an aſcending 


one, which is this = AN. CBE C +Dx": &c. 


which ſubſtituted in the _ 8 aac will be as 


follows : 

— A — n abe 

| * 1 + 2x* 
That are and kart 3 c= 2 

— r Loot” 
b 25 SE 
= &c. Whence 5 = © += +7 
. I'2x% | 


Ex. 6. 
Tet „ a ao. 


Sudbſtitute Ar for , and the equation is 


be — A's" + gi o. Put 2823 
| | whence 
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whence ai, and the indices are 5, 2, 2, 33 
and the differences 1, 2. Whence r=1. There- 
fore y= =Ax +" + C8 Du" &c. Then 5 


＋ Ar- 
A. IAB azAC 20 AD. d 


1 — BB _ —24BC 
+gbs* | 


— 
Here bA*=96 3 and A=g: alſo B=—z | 
| . [ 
. 
N 8 D = 4 = JE hes 


8 11655 + 2 — m e | 
2 | 


„ R U. k. 

If the equation determining A, be an adfecled 
equation, which has ſeveral equal roots or values 

of A, then . muſt divide the leaſt remainder, 
found by 1, by the number of equal roots, 
one of ich you * for A; and take this que- 
tient for another remainder. Or elſe divide r_ 
found by Rule 2, by that number, * uſe 
of the quotient, inſtead of r ; 


Ex. 7. SY 
Let — —x1y—4=0,"40 fnd 7% 
Put Ax for y, and the equation becomes 


A Ar“ Loan TRIAGE — $4 So. 
Let 3n+1 = 21+2;; whence #=1, then the in- 
dices are 9, 4, 4, 4, 14. But the ſum of the 
coefficients for the leaſt index 4, is —A'+2 A* 


—— or A*—2A +1 =0, which equation has 
two 


12: INFINITE SERIES. B. 1. 
two equal roots Agi, and A=1. Now the 
difference of the indexes _ be 5, 10; there- | 


fore divide 5 by 2, gives =, and we have 2. 
5, 10 for the 3 Therefore r, l, &c. 
vin be 2,5, 72 10, Ge. Or (Rule 2) 186 


therefore — = = to be taken for 7; whence 
the ſeries will be 
5 =Ax+ Bx®* +Cx* +Dx** &c. Then 


3 Wee 
— xy} —Alxt— 3A*Bx* : —2A*Cx? 

| 22 
ry TAL A llt ag 
| +2BB 
— | — Av — Ba C 
n—_ 4 | : | — 4 


Hence —A +2A* — A=o, and Ag; 
4B—4B=o, and B may be taken at pleaſure. 
Suppoſe B=—1, then i—3C—3+4C+2—C=o, - 
or 4C=4C, and C may be taken at pleaſure. Let 


C=1; then — — of &c. 

Or thus; In the ſecond equation, 4B=4B; 
which . concludes nothing; alſo 1—3C—3BB+ 
4C+2BB—C=o0 ; that is, 1—BB=o, and B= 
or amaey . Se. | 

Ex. 8. 
"Let A- ＋ K So. 
Put Ax for 5, and the indices become 23, 


n+1, 2, 274. Let 21u=2, or n=1, and the 
indices 


S& VI. INFINITE; SERIES. gg. 
| Indices are a, 2, 2, 6 % and the difference 4. The 
equation is 2. A , A 
or „A2. Au . A =0,) where the 

coefficient of the firſt term is A*2A+1=0, 
which has two equal roots Ari. Therefore di- 


vide the difference 4 by 2, and the quotient 2 is 
r or the common difference; whence the ſeries is 
n Pw? &c.= Oo. Then 


2 „AAA a ACH a. Ab. 
me + BB +2648C 

; 8 — N 45 &c. 
—a*xy | —? 94 B. -ae Car. Dr. 


Tenn A 
—_ * — —2ABrt 


vo; 43 i370) 
Hence A A zo, and A=r 5 * 
B=B, gies B may' be taken « plesſure. p- 


pole B Again, OC +a#B* — 1 , or 
e e. may be taken at pleaſure. 


Let C =: As hae * 2 and 


hy ey Sm rent * * 


Then 1 + = K > - Sc. 


Or rather thus, hs A is be et to be 1, 
the firſt and third _ vaniſh; w BB 


Ki, 120 12 = Allo ach AB, * 


e bac. : OR OUTS : 
4 RU LE Henmds- 
If the quantity forming the ies cs (2)"hb nearly | 


equal to ſome 12 quantity, put a new letter 
oy 9 for it, and 9 it in the equa- 
N tion; 


r INFINITE SERIES. B. 1. 

- tion 3 then find the root in an aſcending feries I 

the new letter. Or if the quantity (x) be very 

Fate and the ſeries for y iz to aſcend... by. es. 
a 


ſame quantity nearly equal to x, and ſuh- 
dice the ſum e a new letter for &, 


” * 


ns. a 1 


21804 
a” * rages, where #276 
$4 Ni”, 5 
Pur 5 Then — + 
75 
n N. 
2 Let y=Av" then the indices are 3u, 5, 


o, 1, 24 3. Let 'n=0, e 
8 oO, 8 ane Dy? 


* f 3 


| A-. + 2270 Ne. 1444 


* 1 2 1 we. 20 
Then ee tt dr All 


B === and een een Win | 


ee . War NL * gt 23% ml SN 


* 
* 
« 
* 
0 4 
. 82 * 
he 
a 
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's \ i VUrY Ax. 10. 9 775 
| rn + Nen T where #2 | 
. 2 N a k 


Let x=2 44 which ſubſtituted for x, dice 
-ariſes een | 
Let As- „ then the equation is At 
aa 28 f. 
A a TCA +irmz6. Let 
#0, and the indices are o, 2, f, o, o; and 


the differences 1, 2, 3, , Fe. ere J=A+. 
u Then 


. 
» 4 
# 
* 


* 44 f el Ac be. 
mn ” — 1 £ 1 & +6A*BB ; 
| — . et w EET 
27 p eee 4 — 6AB#*c: 

— — 2A —2 2 nc 10 85 
"yy 151 +r. | "01913 * . 


Here Ate At=d, and Ari; al 
4B—2B=3, and Bd 1 and ee 
en -c and C=—7 2 05 da Four + | 


3 . 
KA 7 „ 2 ' CY 

Oer. 1. In all theſe caſes of extra — the 
ſeries an Me nile bo onde gh; "or elfe they are of mb 


uſe. For in a converging ſeries, the terms grow, cam. 
— 5 _ 


nearer o tbe true root, fill the differences as ſmall 
8s ven will, But @ diverging [cries elways runs far- 
2 the root, and ther pm, gong galt valye 
Cor. 2. „L ">. I YM 


ing 3 the 4% „ is, te Faſter e ans 


196 - INFINITE SERIES. B.1. 
Aud in a ſeries of * deſcending; the greater x is, 
the faſter likewiſe it converges. Therefore we are ſo 
to contrive the ſeries, . that we may baue ubs leaſt 
quantity in the Wan; or the greateſt in 2 do- 
dominalers. 

Ws 4 If t be equation, for Sading the fr — A, 
be an adfe3 Bd equation; as many roots or different 
values of A, as that equation bas, ſo many different 
. ſeries will ariſe For ibe firſt term A ben 2m 

ent in each, the. coefficients B, C, D, | 

r will, alſo be different... , Likewiſe,. ＋ 10 
roots are equal, the ſecond term will vaniſb, and the 
enn 55 will be found in the third, which will 

quadratic equation. © And if there be three equal 
ES of A, Fg ſecond and third equations vaniſh, 
and the fourth contains a cubic equation f B, Cc. 


Cor. 4. An equation. coll alſo admit of ſeveral 
different Fries fr the roots, according to' the different 
values aſſumed for n. Alſo there are other TR 
that are impeſſible, and will admit of no roots.” 

Cor. 5. When, the firſt , or that for de- 
termining A, has ſeveral ] roots ; ' then the va- 
lues of r, s, t, &c. muſt be divided by that number. 
Or, *which'is the ſame thing, the indices of * (r, 5, t) 
found by Rule 1, muſt bave others interpoſed between 
2 them, according to the number of equal roots. "As for 


o equal roots, the ſeries , Ax g= bg 

&c. muſt be reduced to his Ax" + B. K + 
C 9 Ex c. If ibi be not 
done, the ſecond term B will be Infinite, and all 2 
n ee 


Cor. 6. If tbe be ies A4 Ex cr F 


X 2˙ ＋ GFH&IFK x 2 &c. =o, 2 being 
an iudetermined quantity; then whatever value is put 

5 2, it will be A=o, B+C So, De! +F To 
Tor 


* &c. 
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For this being a general equation, where 2 may 
be of any val — ilue; therefore put z=0, and then will 

=o, and B+C xz + D+E+t x _z &c. So, 
divide by ⁊, then B+C. + D+E+t X2&C. =&.. 
Again, put z go, and then B+C=o ; whence 
D+E+F x. 2 + .G+H+1+K -x 2 2 He. Zo. 
Divide again by z, and D+E+F+ G+H+I+K 
* S. Again, put ZD=0, then D+E+F=o, 
and G+H+1FK * ar. and SHIN 
=0, Ee. . 

Reverſion of ſeries, and the ertratling the roots 
of all infinite ſeries, depends upon this. For the 
coefficients of the ſeveral powers of the indeter- 
mined quantity, muſt be put o, or elſe the whole 
equation cannot vaniſh,” as it ought to do. And 
this being done, the ſeveral aſſumed coefficients A, 
*. G3 are determined as in the N above. 


SCHOLIUM. | ; 


To find” 7 in the ſeries yl 7 L 
c. = = fo" +2x LED Ma e. Aſſume 
y'= Ax"+Bs""4-Cx"*" Ke. Then by ſubſti- 
tution we . get, aA A* n & 

= fs "gente Kc. Whence making the To 
indices equal, r; then N and the df. 


ferences will be — 7; Ke. Theh find q the 


greateſt conimpa Mts of 2 = and 8 and. the 
ve the ſeries will be | 


6 K* 2 1 "= Diu i 
= ALE 4 BeF: 4c DR” 
bi in which the coefficients will be determined a3 - 

re. 


* 


0 8 ECT 


' * » , a 1 2 — VP * ; * 
r eee Wt 8: 
* 1 * 


* — 
* A * w 


Bome Pee) We | fuddamentat FOUR "uſeful 
4d ped in algebraical calculations. 


2712 ' 

4.4 = 

Se_— 1 — — — — ————— ; — — ö 
1 * «7 

| OE DTD ORF ESA IL OD emen 


Geir Ti PR 031 . = mh 
| we bee | 


bring . 
| Ot 1290.1, 9 
CNET 4 = 3 ſum 
; 4 the difference 
2 n en Senner quantity: biv id 
263d. 14}; aig dba left: 1,576 mien) d 
then i 227 * the p oblem. Hoe * 
SE ad and — 2 — = N. DCS$- 413 
chen n TOE = NAS 


and 2+ =,4—d by ſubirafing. : 
| E . boch uc Nao! 

4 . 

Of. > = 1 + id, and 21 — id 

Cor. „ * n added „ Balf the deren 
of FL quamities, is equal 10 the greater. 2 
Cor. 2. Half Be tiffetrace of lo quantifies, 14. 
Ae balf the un gives ihe A quantity. 


75 3. l B LEM LXVI. 
8 al out the leaſt common divillend, 0p leaf i 
quantity, that can h divided by 1 given 

rer a ds porn god cds Þ 44. ö 
$6.7 AIVGS © 1-3 YL R U L E. ; 
-Rikiten gd of the quantities 158 a the gm. 
ple divifors * _ * firſt dividing Fel 


' 


3 
* 5 


* 
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the leaſt, and then by the next, and ſo on, till 
they are all exhayſted ; } anch collect theſe diviſors 
together for each quantity. Then if there be any 
diviſors in the ſecond quantity which is not in the 
firſt, mukiply the firſt by ſuch diviſors.. Likewiſe, 
if there be any diviſors in the third quantity which 
is not in this laſt, multiply ĩt or put them 
into that quantity. Likewiſe ſuch diviſors as are in 
the fourth 3 are not in this laſt, muſt 


ut 99. Aud laſt! theſe 
fo ef VE quantity muſt ys jd 
gether forthe common 2 8 
„ee , 18 


4 the produdt-of- any-two of the TRIO 
my common diviſor, (found by Prob. 
x. — I.) take this quotient and a third quan- 
tic and divide their product, .by | "their, greateſt 
common diviſor. Take this quotient and other 
quantity, and proceed as before; and fo on to the 
laſt quantity. And the laſt quotient will be the 


leaſt n 22 W. 
- wi. a _JJINa0 5 
2 1 x og 1. 1 6 10 
* i he e common bred eue 


oy i ta ai 
"The bn of ie de 4, 4 5, "Y : Y 
| fe of 240d are 2, „l % „% 
| Here 2, 5, 4 are in the laſt but not in the firſt We 
therefore „ nis the leaſt 
ann. N 8 J Yn; | 


re . '\ gg Wu: fag 
The greateſt common meaſure is 45. . the 
is er 2 pe e the 
Wake. Heeg 98 | 


£ "Bo hats 4 4 24 1 1 1 9 $0116 TS: 9 * 1 


- 4d FONDAMWENTAL 18. J. 


Ut (Tis 

is $5 „ 4. hd | 

EF) ab cd and ac+bd be propoſed. | 
_... Theſe have, no diviſors but 1. Therefore 


27 — X.ac+bd or eee eee is. 
the dividend required. o 


4 Ex. 3. Meppen 


2 305, M Ca“, and 43 — 0, \be given, 
The greateſt common diviſor of 34˙5 ab 
e is 44. Then 5 
aa) 3a5b + 34*bb( 304 3aabb. 
Then the greateſt common diviſor of 34.5. N. 34abb 
and ag—bb, is a+b; then 306+ 3aabh x aa—bb 
divided by as is | 
 a+d) derer 306—30'6 
the leaſt common dividend. | 


1 


Let the given quantities be 2.—5.• aa a al, 
a. ＋ , and a+0. 

Thbeſe quantities reſolved into their ir diviſors are 
aa+bb xXa+b xa—b, axa+b, aXa Xaa aa +bb,. and 
a ＋ 5B. Now' becauſe there is one factor à in the 
ſecond which is not in the firſt, put it in the firſt, 


which becomes an x a+b N - x a, the 
leaſt dividend for the firſt two quantities. 

Likewiſe, there is a, one factor in the third, 
which is not in this laſt ; let it be inſerted, and 


it becomes aa+bb Wy * 4b *% _ the leaſt 

dividend for three quantities. 8 

Laſtly, Since 2 the laſt given quanticy is 
in the la dividend; it will be the . dividend for 


: all four that is, . 
5 4 — 


Sect. VII. PROBLEM S. 
a*—a*bb is the leaſt common og eee 
r e nn > is 2% 


Sen o LIUM: "Mp A 8 ek 

All the ſimple diviſors of a quantity, a Find 
the fame way, as in Prob. 6, 7 18 4v. B. M. 
Arithmetic. ; Hg 


| PROBLEM LXVIE Avg 
The ſum ard diffedence'of too quantities being us: 


to find the difference of their ſquares. 

Let -s=ſum, d difference, A= greater quan- 
rity, Era tbe leſſer. Thea A8, and F 
heat av). Whence rin e 

© 44 08 1 SY M m 
* en 
and EE = — * : 


244 and AA—EE=. A be as 
Cor. The product of 5 ſum — eats 7 
S 1. to * * bd their 
Jquares, - | W 2 
© PROBLEM IAI. 
1 1 tht fore of the 


+ Let e be the greater lier, at delten 1 
then the ſum is . and ate. being ſquared 
is aa Tze Tes. 5 


Cor. 1. Hence the ſquare of the folnief eng 
titits is equal to tbe jum of the ſquares of. r 
229 * by double r | 8 55 

32 


201 - 2 


. ' 


s FUN DAN ENT ALI RE 
Cor. 2. The ſquare of Gene any number of 
2 a e &c. is equal 3 the 
N togetber with twice the fon of 
— s of every two.” KY dn 8 
AJ For by this prob. a3 bw are CY r: 
xc cc; that is aa za, ac οανs , and 
ſo for more quantities. 
Scheel. By the ſame way, "theorems may be 
found for the cube of the ſum af xvo, or more 
2 $ 


PROBLEM IX,” 
Ter Teo quan e gg, to find: we ure of thee 


Let „ be the greater, c the handle 
differtnce' is &—e, which nn; Pe; 


duces 4— 4e . 


Cor. Hence ale ſquare of the difference of 2s 


quantities, is — to the ſum of their — 8 
twice their prod ut. OS 


; Sthol. By the ſame method a rule may be * 
for the cube of the difference bebe, — 


n BLE M LXX," 


and difference of two quantities 
* * ares Ba — 5 ne, 


Le A ſum, A= difference, A the greater, E. 
; the leſſer. Then A Eg, and ; and 
adding theſe equations a Ar- d; and ſubtract- 


ing, Ed. That 2Ax4aE Fan 
— 
Xx -u. and AE. 


Cor. The re — e the fquare of the 
e 


PR O- 


0 . . 
* 
416 
- 


se vn. PROBLEMS. — 
PROBLEM IXI 


Given the 2 power of the binomial 4% E 
the difference between _ the ſquare of the" ſum of 

| the odd terms, and the ſquare of the Jum of th ; 

even terms. + 


1 Tue n power'of e. . 2 + 


294. Phan * + 2 . . 


&c. put A, B. C. D, E. Ge. for the firſt, ſe- 
cond, third, fourth, &c. terms, Then A4C4+E 
Sc. = ſum; of the odd terms: and BDF Ce. 


— of the even terms. "Bit A+ +E 


* na — + Fane. EF. + 2 = 
=" 12 = 2 
— b: 
"FI, 7 Ae. 
Cor. 8. 44—0b 3 


Cor. 3. a nrx 


98800 
2 Y Cor. 
Cv <a 14 


4 FUNDAMENTAL BL 
. cath = 8% + 6gabb +65 e 


Cor. 6. . ＋ n 
eee e. — eee , &c. 
. kW Ky . =o IRE b 


PROBLEM LXXII. 


Toe. fad the ir root of ile binomidl ſurd. A. B, where 
either A..or * 4 Jorg nes 5 the aber 
ee | 


Suppoſe Ab A Þ, BORG Ay involution. 


| A4B=r+ nt Hr: Ne 2 n . 


Dee, Kr. Suppoſe v a ſurd ſquare root, 
and ur the ad terms of the cn? =8;-aod the 
even ones B that is u 15. — e &c. 
=A, and m*” rats v Kc. 


B. Then * 7 222 2 &cc. 


4 Fs \ 


o 


* 


n 2a. 
== [= Kc. = A.— 


B'=D by cibſticurion. R is (by Cor. I, Prob. 
IxXi. ), .. =D, - -and D- There. 
| fore vp=nn—D*. _Whence this equation, 


1 


** r _ yy 


— D + Ke. A. Which ad. 


fetied — by a few. thials; Oe: X, 40d 


3 


Se. VII. PRO BLE NA 
then v will be had by he equirion, Nw 


n — — dada 
OF fie Ty pn JAXB, us te- 
quired. r 
Cor Hence if e TB, — At PB: 
an De 1 Led sd : 201212801 
1 xx—D 


=D; then x" 3 


Ju cp INA 


< i FT IT A. x 152A ng] 
Since E . 2 20 &c. =A. 


=: 4. ay] , Fe hs om | 
od _ Pot es Sp * Ne. R f 
by adding, „ N Nr =O 


* 
ke Fein *475 4 
© 1 1 rn 


* „ + nn ee Al. 


e r Le Lr , Ei T 


1 


and — = r ghana, 1 


and 2 = AED + Id. Jan 
d Tos wy 


a N cs Za ATR * r A 1H 


3 rene 91033798 I *© © + = 


= 10. LA 


FUNDAMENTAL! 5.4 
n b a 


weten eis will be hd, at leaſt f in decimals 


Car. Hence, M = e 
2 3 
SEE CSS 7 


Eura the ſquare" root of 11467. | 
Here Agi, B=6y/s, AA—BB=49=D, 


and /D=7. Therefore + Ze, 


or 2x6—7=11, and KX=9, WE" | 
1 9—7 = 2 ns. 


78 
2 * » = 1 t 4+ / . 4# 4 


3 Or the, e OS 
A+B=11+6/2=r 9-484, and Ane gie 
Whence x = LIE 4/2516 
2 'Þ 
— 2 85 a = Et 


— 
— ; 3 _— 


| 1414/2, and K 5e. ne 


%% . ee . ig 
= Suppoſe - 37-2003 4. given, fo hats 
; Fare root. 
nee Ay, Bas  AA-BB=169=D, 
D=+13. Therefore 213837, and 
25, or #5. 1 
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_— K-49! 36 7 $17 (ich — gan 
. ad eee n. root. ON 
E. 1 2 2 * 2 

IL. 15/4 be given, * + 
2 AST» f N "od 
D — 

Then ier ih ony w en nod 

the root of © Uh benden 5 v& x=1: TY pO: 

5 Al Fi Vi. unc 

a e, r 2 y 4 - oy Ar 26 

IEEE 2 Wa 1 "at Vx dM EUs 


SU" el. - v4 

"EA N * 
— — 47 0 , 
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vis + a N 
for here BI is «negate rc Toi Vi. 


—7 * N- whe <>. 2 I 


E#. 4+ E 
What i: the cube root of 23+4/968. 3007 26 Int = 
Here ASR5 e 
343 D, and e Ids Bray) 
"Ewen g barge le 264lg! 

5 And afny3, and We debt 1 9 
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"Entre! the cube root of 8 109 
| Here A*—B*.= 100 +243=343=D . and 
D*=7. Therefore r. 3 N= = —19, or 
4* —2 ix 1, and the root is x=2,, whence 
v.or = 3. 2d *r 
2. as. required, | A 2 
5 like manner che cube root . A 
IS 2952 —3. 27 2 
N ee wy. 6. \ pum 
— de 5th robt ef ash. 
Here AA—BB=16807, and D* 2 
Ang 140 24g 843, the root is 
#=3z and D. M 
N ee, 
2 1 „ igt * 
What is the 7th rophbf 568 + 3287. 


Here AWBit—128=D; and De. 
5 Then A+BZ 1336-112 ABS 142, /. and 
2 = * — Ab 5 —— 4 


5 


2 1. 
Nr es 112 — — 125 39 | 


-y 


£5 aj 1 ＋ TAs vi. 282 21 iQ 51924 10 
1 
ering te and u = 3 


2 
— the root. sos 4 ＋ 7 ? 4s; 4904 9%'35 45 13 aan 


wy 4—4 g entf Nn. 


it the former med if v/Þ 00 e 


2 r tha ot Mi De, rmyjugal; and 


Sc Vl. PROBLEMS) 09 
in che ſecond, if neither the ſum nor differeace 


of An and A. is rattonal; neither 
member of the root will be ſo: and, in theſe caſes 
the rules are of no * 4 Logarichms » will be uſe- 
ful here in finding theſe roots, being &xa& enough 
in figding-whether, any, of the quantities be ratio- 
nal or not. When none of theſe quantities are 


rational, multiply the - given * by ſome 
number,” till JD, or /AFB + SAS, comes 


out rational; then extratt the root as before. But 
remember to divide the values of x, v, at laft, 
by the root of that number. Thus 22+,/486 
has not ſuch a cube root; but multiply by 2, 


c 
* che numerator. — <9 9 8 29 


BT ROBIN N Xin. 
To explain the ſeveral b of (9) vi. and 


1 is plain, * n er- ſüdtrate“ 
8 am; quantity. makes it neither bigger nor 


Alke. if any quantity is/ mulkiphied by o, 
that is, taken no 12 all; the — will 


be nothing. + r 
Let — 751. ad is, let he mole "of } dis 


vided - a, -beg. "Then if 3 remains the ſame, it i is 
plain choles a is the greater the quotient will 
be. Let ia be-indefinitely ſmall beyond all hoods: 
then 3 will be indefinitely great beyond a 

bounds, Therefore When 4 is nothing, dae 
tient g will be infinite. When ee 


„ 
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lo fines = = infinity therefore = nothing 


% infinity, 

Let there be Kerl uc UE OPS 
; 9 **, *, *, x, &c. we F ſeries be continued 
os * 1 


backwards, it will be 55 . . * cher in why 


A de indices coartpally gegen 
by 1. Then its plane xe is equal to 1, whatever 
x be; for it may ſtand univerſally for 27 ching. 
2 oe 3 e * 
i t x be an indefinit a t 0 

all conception; then in die Tories wats bs e c. 
each term will be indefinitely greater than the fol- 
lowing one. And when, EY then in the ſe- 


I 
ries oe, ol, Of, Se. — is-infinite, and o is 


nothing, by what goes % Therefore the 
eee TNT =, whence | 


D ll, that is' 3) = DP =1, "at cl, 
1 iis glain again, 4 that. (#) Ge OT 


% > TP? r 645 6 | T ictr- 
Therefore —E 40484 dc. 22 
—08 &e. 6s is, an infinite quantity is neither 
increaſed. eee e eee ; 


Cor. 1. mult quantity, 
Aust Suess any inte er 


41 


En Cor. 
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Cor. 2. ff © nultipiy an infinite quantity, the 
wine 


prada is 4 finite quantity. Or à finite 9 
1 4 mean proportional Og wothing” and' mauer 
For ox infinity . 


Cor. 3. If a finite quantity 15 aud by 5 * 
quotient is infinite (>= inf). a 


Cor. 4. If o be dnidel by 0, the gu, in 
finite quantity of ſome fart. 5 


For (Cor. 1.) Borgo, and bert. 2b, 


finite 2 or nothing. 


ence alſo O =I, r the nien ſmall 

* an ts ny ſmall quantity, is s infinitey | 

de I; * 
Cor: 6. Adding or ſubtraZting any ä quantities | 
fo or from an infinite quantity, makes no alteration. 


Cor. 7. Therefore in any equation, where are ſome 


guantities infinitely eſs than others, they may be een 
out of the eguation. 

Cor. 8. ds nfo quantity maybe ee 
N e $ 1 r 


8 


$enptavu. 


There is ſomething extremely ſubtle, and hard 
to conceive, in the doctrine of infinites and nothings. 
Vet _— the objects themſelves are beyond our 
comprehenſion z- yet we cannot reſiſt the forge af 
demonſtration, concerning their. A P 
ties, and effects; which properties, under beh 
and ſuch conditions, I think, I have truly explain- 
ed in this propoſition. Any metaphyſical notions, 
that go beyond theſe. * operations, are 
* 2 not 
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not the buſineſs of a mathematician. But thus 
much may be obſerved, that o, in a mathemati- 
cal ſenſe, never ſignifies. abſolute nothing; but 
always nothing in relation to the object under con- 

ſideration. For illuſtration thereof, ſuppoſe we 

ate conſidering the area contained between the baſe 

of a parallelogram and a line drawn. parallel to the 
| baſe. As this line draws nearer the baſe, the area 
diminiſhes 3 till at laſt, when the line coincides 

with the baſe, the area becomes nothing. So the 
area here degenerates into a line; which is no- 
hing, or no part of the area. But it is a line 
ſtill, and may be compared with other lines. 


P ROB L E M LXXIV. 


E find the value of a frattion, when the numerator 
and NN is each of them nothing. 


R UI. E. 


Conſider, Grows te raran'of the queſtion pro- 

| vos, what quantities are infinitely greater than 

others, when they are all taken infinitely ſmall. 

Then throw out of the equation, all thoſe terms 

that are infinitely leſs than othets; retaini only 

: a__ that are —_— greater-than the reſt ; by 

which expunge one of the unknown tities; and 
the add ef the fraction will be known. | 


ESE 
b1 5 Let n a-, and y infinitely greater thai x, 
a they vaniſh #0 Jud the value of . 2. when x, 
andy are 0. 1 | 
| -Here x7 is infinitely leſs than ay or", whence 
al. or Y ax. W = Fong is the 


v— * 8 


0 of che aan propoſed. | 19 2840 


— 


w * I. 


Sect. VII. PROBLEMS. 21.3 
Ex. 2. 

If 20x3X=Y)» what is tbe value of — wha 

* and y=0, and y infinitely greater than x. 


Here reje& xx being infinitely leſs than the lt? * 


1 
then yy=2ax, and 55 = as 


f Ex. 3. 


What is the value of 2, hes. 20 hen, 


Y, & being = 
Here yy is infinitely leſs than 299, Whence 


2ay=rx, = —_ = — 
2 R UL E. 


Gaſs. what the unknown quantity is equal to, 
when the numerator, c. vaniſhes; put the un- 
known quantity, S that value te, Where e is 
ſuppoſed infinitely ſmall. Which being fobſlicd= 
ted for that unknown quantity, and the roots of 
all ſurds, extracted to_a ſufficient number of places 
of e; at laſt you will have ſome terms in both the 
numerator and denominator, which will determine 
the value of the fraction. 


5 — 55 . 
15 bat is the value of ox y wh: a = 


= ae, then expunging *3 5 | 


n 


P 3 


24 
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2 x | 
5 rr 

8X: 4+ ze &c. —aa—24e &c. 


4a—4— ic & c. | 
| 2 Ge. S2 Ke. — 12e ae 


— 1e — 1 — 


— 4 
S345 the value "of the fraction. | 
Ex. 8. 
What in the vue f Maya = en 
| wy a—\/ax3 | 


| as | 
Let the fraction 2. and put x=a—e, then 
2s —— Na 
— 
| 4 a—e of 
— __pe_l h 
* 2 . = = V2 5 2 
Fee &c. Alſo ay/ FIG w W. 
2 —. = aa. — ae, &c. And V — = 
= = Ae Kc. Whence 
a+ at c. 234 Tete. Jae 16. 


eee 


”= = But | 


— * what is ts value 


Let — And expunging x, 


0/40) + 4Xa—e"- n- = But wy. 7 
200 + 2Xg=—e xg , 7 


* 
#1 - - * 4 
. 2 , . 
o 
- * 0 
nd K 8 oy 
- 
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ay 44" + 4X&—e aN -I zaae + I ae 8242 
ae ee &c. "ow V 2aa+2xx = 3 
= 24 —e + = &c. * Whence 

8 2 +:ce 
J = ma” ll a. 


2+ dee. Dare 7＋ 2 | 


Here, if I had gone no farther than the firſt 
power of e, it is evident by inſpection, that all the 
terms would have vaniſhed; by which TY 
could have been concluded, 


ScnoLliUuM 
If e remains at laſt in the numerator, the value 
of the fraction is o, and if e remains in the de- 
nominator, the fraction is infinite. Bur if all the 
terms vaniſh out of both numerator and denomi- 
nator, the feries muſt then be carried to more 
places, to have a ſolution. 


* 1 


PROBLEM LXXV. 


To find two whole numbers x, y; in the equation 
ax =by +c, being in 115 le 105 terms: a, , 6, be- 
ing gruen numbers. | 


R U- 1 E. 
Let wh, ſtand for the words + r whole munber. 


Reduce the equation, then x= — =cob. Ey 


an abridged fraction, 1 mean the fradtian refult- 
ing by throwing all whole numbers out of it, till 


the terms in the numerator be leſs than the deno- 
P'S | minatos. 


<> 
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minator. Thus let che fraftion — be a- 


bridged to 2 . Then to bad 9. 


The 1 conſiſts in leſſening the coefficient 
of y continually, till at laſt it becomes 1. And 


this is done by ſubtracting 2 +/ or ſome multi- 
ple of it, from y, or any N of it, which 


4 
comes very near it; that is, from , —, — 


c. or this from it. And the efulting fraction 
abridged, or its neareſt multiple, is in like man- 
ner to be ſubtracted from the neareſt foregoing 
fraction; or from any wh, which is nearer ; or 


this from that. And theſe wh, may be S, "= 


+ 
&c. or — 2 £ , 2220, 92s. &c. or any you 
can Sad. aich has the neareſt coefficient to 5. 
By this means the coefficient of y is continually 


leſſened, till at laſt we have D —wb=p; then 


will ap-: where 2. m any whole num- 
ber * at pleaſure. And 5 beiog known, x 
I be found fom the 5 equation. 

Yop muſt obſerve in this whole a, to keep 

e ſame denominator a, throughout. 

or whole numbers ſubtracted from one ano- 
ther. will always leave whole numbers. And 
whole numbers multiplied by whole numbers, will 
always produce whole numbers. And , theſe 


RP the rule is founded. 


4 


b vu. /Þ 0 .I. EMS. 2 


ö . Len 21 | . ins 
Let i I, ne * yin whe aum. 
bers, 


n 


By reduction & 95 =wh. "All — y 
Sub. Then by ſubtraction, 72 — ry 
_ 2 = wh, And multiplying” by 4 > 

| — . — = ">, ＋ 2 =wb. . And | Ta 8 
wb. Subtract 1 and 2 = = ub. 2 P. 


Whence y=199p—6. Let p=1, for the leaſt af- 
firmative vile of Y and y=13. Whence X29. 


| Or thus 

1 + wb. 22 A lee 

| ! - 2 * Nato * 
glues —=wb. And multiplying by 3 Ea 


ant; New Sa wh, And fubrratng, 


14 
sl 22 Aud #= kr Wh Letp=1, 


14 
to have x the leaſt; and 2895 and gt vo”, 


54 N . Ex. 2. 1 1. een 178 = 
Suppoſe 3 =8z—16, query x, N. A 
Here x = = . =9=5+ 22 = : wh, 

And 5 = wb, And mukiphing by 2s 


b. But Y = cob. And their dif. 
e ference 


2 
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J—2 
ference >> = p. Whence y=3p+2, and 
taking Po, yrs. Whence xo. 


1 Ex. 3. 
Let r 
I 2y+16 


Here x = 15 tb. multiply by 11, and 
5 1499+176 _ „ on O0249+7x24 
* = wh, But —— 


— — — From which ſubtract the for- 


mer, and — =wh, =p. And then 1$=24p+8, 
and putting pg, y=8, and x=5. , 
* 
5 Let 14xX=49 +7. 


Then x= LET = wh, And multiplying by 


14 


28 289 + = 
75 ww N or SL +3 = wh. And 


. Sub. But thy wh. Therefore their 
| Ame Z BAY which is abſurd for an even 
number cannot divide an odd number, nor 2 
ter number a leſſer. See Cor. 2, Prop. VIII. 
II. Arithmetic. G4 | 
4-3 353: 3 Ex. 5. 
Let = AIG 


3 = 77 2 =wb. a abridged, Tod 


eggs = Sub. Subtract it from 51 


27 and 


Seck VIII. PROBLEM S. 
and 2 i. multiply by 2, 
—wh. Subtract it from —_ 


=wh. multiply by 2, and 


tract i t from 27. 4 23 acai 
y=?X27 +19, and if pg, y=19, and #=48.. 


Cor. 1. All the values of y are had, by continu 


ly adding the coefficient of ; + as y, y+4, $428, 
3+ 3a, &c. And all the values of & are had, by 


continually adding the coefficient of y; as #, #+6, 
#+26b, &c; or by fubtrafing them, for nen 
numbers, and both are in arithmetical progreſſion. | 


Cor. 2. When the proceſs brings out an odd num- 
ber divided by an even number, or a leſſer nnmber di- 
vided by a greater, which ſoould be a whole number ; 
the queſtion is impoſſible. 


' Cor. 3. If it be required to find y @ whole um- 
ber, ſo that the fration 2 may alſo be whole 
number. You muſt proceed "the very ſame way, by 
abridging the frafion to , and then n 


„. where P 10 any "whole number, taten at 
Pleaſure. 5 


PROBLEM IXX VI. : 


To find ſuch a whole number x, 2 being divided 
by the given numbers a, B, c, Ke. Boll leave l 
given remainders f, g, b, &e. as Ur 


| R U 121 . | 2 . 
Since the fraklions A, =, . 
85 whole 
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whole numbers; put the firſt ar = wh, 


Then * Pf. Put this vilue- of x in the ſe- 
cond fraction; z then — = wh. Then 
(Cor. 2. laſt Prob.) - find Fa Af where 
Ob. then will x=abQ+am+f. Put this va- 


| lue of x in the third fraction; then ee +/—b 


Stb. Then, as before, find Q=cR * and 
put this inſtead of Q in the laſt value of &; then 
this value of _x myſt be put into the fourth frac- 
tion; and proceed the ſame way through all the 
fractions. This is the method of proceeding; but 
numbers muſt be uſed all along inſtead of the 
ſmall letters. And the leaſt wh. number K. may 
be taken at pleaſure. : 


bs | : Ex. 1. 
\ 'To find a nnd which drvided by 5, K 7 N 
will leave the remainders 2, 4, 6, 0, reſpeftively. 


"Let the number be x, then 1 „ ou 


x—2 


AS are whole Weben Loet — 


and #=3P+2'4 then — 2 — 


5 5 
— P Pr 
; 5 — Zub. — it from ac and e 
Sb. Subtract this from DE then _ 


= bh. .ng. Wt 


| : 
i =R, and a and 8 
* 


* JV 
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Laſtiy 2 ee. and Sw. 


8, and R284 1 Whenge 8 c 
the number fought ; and putting — he 
yalue of * is 104. f | 


oe. hs . © | 
To find a” whole” humbir, which bling 0 
16, 17, 18. 19. 203 . GO 7s 8, 9 an 


3 '-£ 


remainders. 1 

| ON. Hig + =, hg: 
Let 4 Then - Ls 1 
x 5 

—2. — a wh whole numbers. 3 ä 5 . 
hd, - 2 ep 6 ps np nl 1 eh 4 
; X—7 wy 6P—1 * 195 j T - d 
Then 17 2 17 = And thence 
_ = wh. =, and P = 17 Qs, \ and 
e * 
% | — 272 1 282 11.3% by 
Alſo Deer 18 a. Er and 18 5 


=R, and Q=gR, whence 1 
Again * N wb. and 
Sb. or 19 * wh, and 8 hende 


R A 
— = S, and RT. Then 


29 
riss | 
ar. 10. 4651: 5 roar oe bog 


422: = wh; T, ons | Whence 
x=232550T—10. And if T=r, "then the 
leaſt value of x 232550. Ig 
Ex. 
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i le ge 
„ es Fae (x), which bring Sided by 3; 
7, 14, 20; there ſhall remain 1, 3, 7, 14. 
| ns He. aca my — ,, 


Here . > 5 TIL —20 0 ba whole 
numbers. Let = and x2 3PT I. 
bs / Then — * A 7 =whb. and Se 


Wende 1 =@þ.=Q, and = and 


Hence the queſtion is impoſſible for the three 
firſt ſuppoſitions ; ; but will hold good for two of 
them: in which, caſe x=2 102: 1, where the 
fealt value of x bs 10. 


* R U. L E. 
Ko two diviſors and their remainders are 
then find two fixed multipliers M, N 

„ chat dividing them, * 


— 


= leaves o, and 7 leaves I remaining, 


and — — — leaves 1. and 5 leaves 0 remaining. 
1 ide . and the remainder is 
#, the number A 


Likeviſe 


Likewiſe for three diviſors and remainders; 
find three fixed — * N. P ; "_ 


was by dividing ee 
M leaves I, and —— 


2 


5 Mf--Ng +Ph 
Then riding | Wa the remainder 


is x, required and the like for agee Qin 
To prove the truth of this. Since (Caſe I) 
= leave o, by diviſion therefore 


Fg 


| ant te rar x 1 
— and 2 r o. Therefore —=E: 


and VL e 
YI leaves f. Therefore ME pew 9+, 
ns 7 


But ſince Mg+Nf may exceed ab, 2 . 
fore is not the leaſt number ; therefore divide by 
ab, and the remainder is the leaſt number re- 

quired. And the ſame way, Caſe 2, or py. 

other, is proved. 


Ar} 


A PUN er, B. I. 


n „ * n ad 
| Babe the 1 of the Jeni kerne F, and 
cycle ef | the _— 1 * ae. n Dio- 
nian peries. > nol bon 1 09s: 


Let x be the year ought. Then... a and 
a whole ne Here 4828. and 


19 
= Sub =P, and M=28P. Alſo M—r 


= wb, 


28 — * 
0 2 22 P+s 
= 19 


=0, and P=19Q-—a: SEE 3 | 
| 53 Ne and if Q; then M=476. 2 
Then 7 = 16 =wh.=P, and N=1gP. Allo 


16 2 19 * bs bo 
N— 5—1 
= = Dy | Sub. multiply by Sk, \ then 


SO wh, and * . 21 


_ =wh.=Q, 10 P=2804-4  Whence Nat 


190+57, and if Do, ee PD; 
Therefore x = remainder of — 476 — . which 


ſerves in general, for any numbers, J, g. 

wy ad gras then PR a . 
2 the gel of the Sunday letter F, the Cake | 

number g; nn to find 9 of the 

Julian period. 

| Here a=28, 519, c=15, ab=532, @c=420, 

1 2. and abe=7980, — 


4 


— 


M 


Then 2% b P, ad M=28;Þ. Al; 
285 P-: 
— Sub This at laſt gives, 


2 2 
P=17 the oy and then M= 24845. 


— =P, / and NangaP; .. Alla: 


420 © 
N— — 7 
Hoy Eno, and. En =wb., which 


Ae 5 and N 4200. 


Taltiy, — wnd' P5320. 4% 


532 
n 


8 SY * | 
aids of 4 2 25 


F divided cad week 

% preien' inpoie il. 7 rl 
PROBLEM. Irin 

4 being given, containing ſeveral unborn. 


{ quantities z to find their 
When an cöntains — ante. 


S4 Vn. PROBLEM my 


en: =P wh. and N = wh. at 
ut Or 13, and P6916. Whenee the r- 


Let Fs or 28. 287 121 Pcs #2220727 
Cor. When'the oferation bring ent, 9 leſſer nums a 


/ 


quantities, the values of all of them, except one, 5 


may be taken at pleaſure ; and when their values 
are aligned, ap4 and num A put for them in the 
equation, t quantity may alſo be found, 
by teducing Pa equation, And ſuch equations 
will admit of an inflnite numbet of ſolutions, if 
we admit of fractional and negative numbers. 


But. fince theſe. ſolutions are moſt uſeful where af-, 


firmative ohen only are concerned ; and more uſe- _ 


ful ſtill, when wt affirmative whole numbers ate 


Q admitted ; 


admitted; 


greater e is, the leſs a muſt de; t 
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| 2 fore I propoſe to conſider on 
thefe two cafes,” and particularly the laſt: becauſe 
in that caſe ſuch an equation will have a de 
med number of ſolutions.” And therefore it; is 
neceſſary to know the limits of the unknown 
quantities; leſt we go about to ſeek their values 
beyond theſe limits. d anc © bow 1 nin 
tl. ae NU LE - Parks 3 
Tranſpoſe the 1 quantities to the con- 
trary ſide, that all the terms may be affirmative. 
Then tg find the limits of any one, put all the 
reſt So, or fuppoſe the to vaniſh; and from 
hence find the value of t gamity;,” which will 
be one limit thereof. And to know which limit 
zt is, conceive the other quantities to increaſe and 
have ſome certain value; then if by this, the 
value (of the unknown quantity under -qonfidera- 
tion) - increaſes 3 it is the leaſt limit. yoh Found ; 


- 


if it decreaſes, it is the gr limit. And in caſe 
you fiud no leaſt limit, chen 0 is its Umit. 


This proceſs relates to fractional quantities. 
But if you only deſire whale numbers; put 1 
for each of the other quantities, which is the leaſt 
value they can 8 then from' the reſulti 
equation, find your unknown quantity and its I- 
mit, as 9 Bas A 
Proceed the ſame way with all the unknown 
Let 3a+5e=38, to find the limits of a, &. 
[Let 4=9, then geb, and =D = gs, 
"Now let e be ſome real quantity; it is plain the 
ore 91 1s 


CY 


. f Z | 


the greater limit, Whence 4991. 
2 5 . For 
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28 
For e: let 4=0,: then ge 2. and . 


= ＋ But . 4 increaſes, e decreafes;- therfore 
p is the greater limit, and 6 gi, and the leſſer 
limit of both 4 and e, is o. All this including 
fractions. 


For wiah numbers.” ADDER Cs 
Let t, then 308 28—5 223, and 4 | 

273. the leſſer limit, and 278. 

Again, let a=t, then $e=25, "nd i= 
85 the greater limit. and 9=. r 28. (4 
6 Ex, x "oy 4 r; 


23 
3 
25 
5 


Lit gage a8. be i | 


whole numbers. \\ 11 od ley 242 
Then Zo=28+52 3. ler =I, then de 


and 5 but When e incraales. 4 in- 


creaſes, hezefore 15 is the Jeſſer limit, und a= 
r. | 

Let a=r7, 284 37 and e will be negative, 
| which we exclude. But 5 hiſt 4 f in- 
creaſen therefore o i the leaft nit of e, ot 


g-: and 1 wp greateſt liit. lee F357. 171" 
TAO! * IT > A 54. Fo 15 L 


%% 4645 


Ex. 3. 2 


- Let 3x 4-55 +82=20003, 10 fu the "OY ts 
whole numbers... oy hah + fo 
— Suppoſe Ig. "Then 3x= 1000313, and 


= BN =3330. And "ſince" decreaſes, whilft 


Fu . 
. . 


1 e jocreaſe; e is the Tana | 


nit, and * or 3330 


ya / 22 Ag 5 


— 


£28 . Bt. 
Again, let =I then -5y=9992, and 
„ =YE= ae and y decreaſes whilſt x, z 


12 ſc: 'whence 7 = 19983. 
„ Laftly,*for z; let x=5=1, then 82=10003 


—8 =9995, and 2812491. But z des 
| RP, -whilft 4 increaſes, therefore 2 12491 


Tes 1-9 1 hie, * the lit of 34; | 
Here 13x +8z = 10+5y; let x =I 
then S +10=21, and git, aud y=24; and 
Whilſt x and ꝝ increaſe, y increaſes; therefore 25 is 
the leaſt limit, and y c- - 

Nate, the limits of x ad æ cannot be found 
a derbe Ne ee N * 


PROBLEM IXX VIII. 


Ty e, being given, containing three or mora 
e 7 — e 


gl R UL. E. 


1 pitched” upon the quanie you would 
jt ;.expange one of che other quantities, and 
. ' you will have one limiting equation. Then ex- 

another of them, and this gives another 
mittag equation. By theſe two equations find 


.the limits rn pitched on Separately,” by 


"the laſt problem: 

But note, In any limiting equation, all the other 
unknown quantities therein, {being put on tbe 
flame, ſide. 9 the dan atior 43 the abſolute num- 
ber,) muſt ave the ame : otherwiſe, (if th 
have different ſigns) they — limit the Ange 

ſed, till the value of ſome of a reft be 
| Kron | 528 if 
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If there be more equations, the proceſs is the 
ſame with any of them. Wh 


Ex. 1. 9 2 8 

Let ane +39"! 5 

and 32a+20e+19=1232 3 4 to limit « Fu 

Multiply the firſt equation by 20, produces 
20a+28e+20y=1120. Subtract this from the 
ſecond, and you have r  whente 
(Prob. Ixxvii.) ac. 1 
. Multi "ply the firſt equation by 16, gives 
164 ＋ 162+16y=8$96. Subtract it from the ſe- 
cond, and 164+4e=336 ; whence. 43204. ; 

In like manner, to limit y, multiply he firſt 
equation by 32, and 328++32e-+ 32) =1792- Sub- 
tract the ſecond from it, and 122 16y= 5605 This 
gives y"2.344. And the ko gran JOS Ib 
gives s. 

To limit e; the equation 160-4336 gives 
e380. And the equation tze 165 = 360, 
e451. But here 1 18 Wey limit bn EP 
fore ecco, 70 45. 33 59-4835 5 


Eg. 2. + BY | 85 
Let 3-5 ＋ 2 2 3 14 
and 32x +by + 5 =150 | 
"Iſt X5 is, 16x— gy＋ 1 = 100 
Ad & 2 is, 24x +12y +104 =" 300 
difference gr t 20 
is equation gives #3204, and 5 ii. 
iſt x6 is, 18 /— 67 T 12 120 add this to 
the ſecond : then go# , | 
ty whence 43833; and 314%. 
1ſt x4 is  124—4y u 0. RAR the 
fecond,  - IOJ—3AZ7O0. | 
; And yC7rs, and ac. o 
There is no leaſt limit for 13 therefore xc. 
we id. 


2 ** 


vis FUNDAMENTAL B. 1. 
Ex. 3. 


Let a + e +y +4 = 100. 
and 16a+ r0e+87+64u=1200. 


) | I, &+e+y+4=100 
| | 2|16a+10e+8y+64=1200 
t x (6) | 3]64+6e4+69+64=600 .. 
2—3 | 4j104+4e+2y =600 
_ — _594_ 4 
| = 7 | 5 | 3 cv C T0 10 — 78 at moſt 
3 614" 594%. 
1 X (10) || 7[104+104+10y +104=1000 
2—7 8|04a—29—4u = 200 
8 tr. 9164 = Le th 


\ 9 ＋ (6)| 10 => =347 at leaſt, and 6-343 


| | fo a is between 344 and 598. Then 
e for the other quantities. 

1 * (8) [ri 82+ 8:+ 85+ 82 800. 
3 X (16) .j12| 164+ 1 6e-+1654+164z=1600. 


2—11 13] 84+ 2e — 24= 400. This 
: equation will limit « but not #. 
: Here «Co. 
12—2 [14] G6:+85+104=400. 
I4z N 15 „ 


g 0 | p _— =293, or 
4 573298 3/ but, ſince the limits of a, 
1. are known; y may be determined 
e 99 gan 3g IK. 
dn es — 212 or 
1 | A | n 
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14 17 Again y=tE 8 i 2248, or 
y= or 348. But theſe are all 
I | greater limits of y, and there wants 
the leſſer limit; therefore yo, and 
348. ' | 

i 643, or e=S 
| 637. But the leaſt limit of e can- 
| not be found; therefore take ec o. 


7; ui 18 


| SCHOLIVUM, | 
When three numbers are. fought by two equa- 
tions; all the values of each of them, in whole 
numbers, make three ſeries of arithmetical pro- 
greſſion, taken within the limits of theſe numbers. 
And if four or more numbers are ſought, the va- 
lue of each is to be found in ſevetal arithmetical 
E But yet the values of any three wilf 
| be in atithmetic progreſſion, when. the values of all 
the reſt are aſligned, as before for three numbers. 
For in the caſe of three numbers, and two equa- 
tions :; any, one of the three may be expunged; and 
then you will have but one equation, and two un- 
known quantities; which brings it under Prob. Ixxv. 
But by Cor. 1. of that problem, theſe two remaining 
12 are Contained in two 7 * un 
tical progreſſion. And as any of the three may be 
„ therefore any two of them will conſti- 
tute two ſeries of arithmetical progteſſion. 7 
PROBLEM EXXIX, 
The prices of ſeveral ingredients lein given, to find 
tbe quanti lies thereof ; ſo that 12 mixture may le 
fai at a given prite. 9 
Suppoſe four ſimples A, B. C. D, are to be 
mixed ; and their NN be as follows: 
| h 4 


; = 


/ 
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And let the quantities to be taken of A, B, C. 
D, be x, y, 2, Vz reſpectively, | Place them in 


order, thus 
prices quantities 
mA“ 
Jm+% | 57 
” | 
m— | 2 
w—l| v 


Then by the dature of the queſtion ; if each 
quantity be multiplied by its price, the ſum of tho 
products will be equal to the Jum of all the quaa · 
cities multiplied by the mean price; that is, + 
"WII Ke be Hp DT ooo, 
r + moe X2 5558 1 
Let m+8 Xx +m—dxv = xm 
And Sr x3 * = J+2 xm 


- 


— 


i 551 Tl | is, oh > KN 7 
my + by + mZ—cz — E. | 


by the former, ax—dv=o, or ax=dv; | 

by the latter, ro, or cx. 7 ; 
No fince x and y may be taken at pleaſure; 
Therefore put d, and y=c. Then will v=a, 
and z=þ, Whence the quantities will be ranged 


thus; | 
bt TO. * 


"PROBLEMS. 


Sea vn. 


— 


m n l 


5 1 
. An Mm ©. 6 F ee Iþ | = 
m—d 1 @ "which gives this,” 
R U -L- E. 


| Couple © ors 7 rig with” one leſſer than 
the mean price (mt and m—d; alſo m+b and 


mc); then take the difference between each rate 
and the mean rate, and place it alternately, that 
is, againſt the quantity it is coupled with ; do the 
ſame with all the rates, (thus place à againſt 
m—d, b 
ma); then if none of the quantities of A, B, 
C, D, be given. Then d, c, &, @ will be che 
quantities of each to be taken for the mixture. 
But if any one 2 be en; then all the 
quantities d, c, 6, & muſt be increaſed or de- 


creaſed in proportion. Or if the ſum of the 
tities be wag other quantities muſt 8 ta- 


ken in proportion, ſo that 4 ce may. be 


to the ſum given, as any of the differences d, c, 


&c. to the reſpective quantity required. And this 
is the MP rule of 2 Alternate. 


| 
BY.) Aas, SA 


Lines ES and 8 Take de and. 
5 — — and 2 gn Then pu 
ne ma, K, 925 0. reſpecti 
the cale will ſtand this: - 8 


. 2 


hope 36 iy Ra: i k. N 
Having coupled the rates as before directed, 


and taken the differences. Then inſtead of any 
| ER A" 


fl d | 3 1 


againſt m—c, c againſt m+6, d againſt 


= 


which gives chis/ * 


23. FUNDAMENTAL .I 
couple of the differences, you may take any equi- 


multiples thereof; and place them, alternately. 
And theſe (or other quantities proportional to 
them), will be the quantities required. And this 
is the Rule of Aligation improved. 
„ 
If the numbers A and B be produced from a and b, 
" by any ſimilar operation; to find, the number from 
which N is produced, by the lite operation. Sup- 
 Pofong the differences of the numbers A, B, N, to 
5 athy the differences of a, b, and the unknown 
1 er. | — i 41% 3 t 


4 Leet 2 be the number ſought; 
2 1 and put the differences N— Arx, 
AB N. N—B=s. Then by the queſtion, 
„% $NA) : (Ng) :: 2-2: 
2—b, Then r2—rb=5z—58 And by tranſpo- 


Ron, 12—ez=rb—as, and a br if 
a negative (or B greater than N), then z= 
44 2 7 : 128 90 
5» the number ab,... 
Cor. 1. Hence is derived the prafice of tbe double 
Rule of Falſe. For if both A and B be leſſer than 
Ks. att. r 10 ** ; + 
N, or both greater. then — Bas if only 
ant 45. B be greater: than N, then 4 is negaitue, is 
„ 58-48 © © Dec Soft du ans” 20 
and x rs n e au | 
That is, if each ſuppoſed number be milltiplied by 


© the error of the 'other, and ihe difference of tbe pro- 


dudis be divided by the differenct of the verrots, when 
- ' the errors. are lile, or the ſum of the (produtts di- 

_ vided by the ſum of the errors, when "the errors are 
unlike ; the quotient gives the number ſoięl s. 


Cor. 
Su - * "S | 


— 
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Cor. 2. Hence alſo is derived another method of 
working the Rule of Approximation, or Rule of Falſe, 
which fs this. Er 

Muliiply the Aiſference ibe ſuppoſed numbers, Ix 
the leaſt error, and divide the produss, by the dif+ 
ference of the errors, if lite; or by the ſum if unlike. 
The quotient is the correction of the en belonging 


10 the leaft error. 
* Then this correftion is to be added or Jubtratied, . 


according as that number was too little or too great. 
For let 5 be the leaſt error, being the error of 
b, and q= the correction; then 1 A, B be leſs 


rb=—54 


than N, þ+q9=z, and q=2—b= _— —b = 
Lees arm oY b—a Ea 


Bur if B is greater than N, then l and 
1 | «rb +6þ—rb—xa x] 
EAI 7 =": l 


— = 
r* 


Seh. 


Since, it has been thewn, that the number ſoughe 
will come out — 4 by this rule, when the er- 
tors are exactly proportional to the differences of 
the ſuppoſed — from the true one. There- 
ſore it follows, that when the errors are nearly pro- 
portional to theſe differences, that the anſwer will 
come out nearly true. And _ roportions will 
be the nearer. to àn equality, the nearer theſe 
ſuppoſed numbers are taken to 1 true number. 
And . in all queſtions where. this rule ig 
1. . of ration will bring us nearer 

true anſwer, if we always take the neareſt 
numbers, (where the errors are leaſt) for new Jup- 


politions, And thus repeating the operation, one 
may 
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may continually. approximate to the true number, 
within any degree of exactneſs required; let the 
particular queſtion be of what nature it will. | 

Upon this rule alſo purged the rule 1 W 


e * 


* 


| PROBLEM ILXXXI. 

pe, A, B. C, D, Sc. 10 be ſeveral forts of 
Foods; and m, u, p, q, &c. given numbers 3 

and the values of ihe prod are 


| bat i the la 
— be ef: 4&1 => wa * 


Let 2 Umes the laſt be uin, the belt, that 


As, let A. 
Multiply all theſe equations 8 the Get 
ſide by the firſt, and the ſecond by the ſecond: 


Then we have _ 
 mAyxpBxrCxiDx2E bc eber gs, Then 
anpriz=nqsvy. Then if the nn of che laſt 


es $i ede thi ter en 60 bi dens 
may not be two terms of à ſort 10 either column. 
Then multiply the numbers in the lefſer column 
for à diviſor; and the numbers in the greater 00. 


lumn (with the odd term). for a dividend, The 
* 


Seft-vi.” "PROBLEMS 47 
22 is the quantity of chat fort which ſtands 


ngle in the. cw]o columns. And na is n Rule 


2 n in arichmetic. 


bK O B LEM IXI. 
25 mac 95 numbers, for rai onal fquares, cubes, &c. 
Problems of this ſort, are often capable of an 


infinite ndmber anſwers and yet none of the 


quantities can be aſſumed at pleaſure,” but muſk 
be * As 3 1 


e REY E 915 2 
Pikes is des! terrers to denote the nerf 


the ſquare; cube, ca Which letters muſt” be ſo 


aſſumed, that when theiequation. is involved, eĩ- 
ther the given number hr the higheſt power of 
the unknown quantity, may be on both ſides of 


che equation, and conſequently vaniſhes out of it. 
And then if the unknown quantity be but of one 


cn, the e Ke de is fed. by reducing 


equation. 


proceed as before; till you get the unkgown 


quantity. of one dimenſion; * from this un- 


known quantity all the reſt are to be determined. 
For nde art is, ſo to denote the root of the 
given power, chat the unknown * _—_ He 
_—— to one dimenſion. 
But no general rule of proceeding ; can-be given 
o ſuit all caſes; and therefore the dalecion will 
Hen be left to the i, rang of -the_agatyft, in con- 
triving ſuch, a deſignation. of letters 
or the purpoſe. ; _ 0 44 JIN reel * 444 


, TE ” 


d = ASS Tg 


— 


* . 


ad jo. proper. ; 
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MN Ex. nn g 

To ful twd fuck a ſo iber 21 of their 
ſquares is @ ſquare. 

Let x, y, z be the roots of the ſquares, b that 
x YA Aſſume xy, then xx+yy=2zz 
=y +275-+rr, and xx=2ry +17, and 27y mν)—̊ꝝůr, 
where y the unknown quaneity is of one dimen- 
N 


| ſion, which reduced gives y = + and . 


- rr 
y+r= SDS LY Therefore the 


x * 
numbers are *. no_— 


and r denote an y members taken x aſure. 
But if the an required in whole numbers, 
then Arx, . — denote the roots bf 
the ſquares, where nee ner egy 
to the laſt ſquare. "6 ) 
Cor. The three three fudes of a vight-ang 12 b i 
only be commemſurable, when xx +rr Bane} 
z#henuſe, and xx—rr, and zræx the two fies; 27 
being an numbers taken at Pleaſure,” 15 * 
. bn 9 2 
Ex. e eee we 
To bi two numbers, the fum of whoſe fare i 
equal 10 the ſum of two given ſquares." 
Let x, y be the roots; aa, 5 the given ſquares. 
Afﬀame K a—v, y=vz—b, Then * Y 4 
＋ = aa—2av + vv+vvzz— 2boz+6bb; and 
| "VV + VVZEDZ 240 +2002, and VFVAED2 =24+2bz ; ; 


and v r Where 2 is any number ta- 


PT 

£ Nor 5 eats 
ken at pleaſure. Then N 4 al 
_ 24x +bzz—b Or 
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n e 


| Lets b, th n ber 0Y 
y—20v+vv= 5. Put y=vz—d ; then v2 
 2b2v+bb—2av +vv=bb, and vvzz+vv=202v+ 


22 +24 
20, or r and 1 OE IT » 
as before. yo : ; + . | Lk i © 1 : , 
J , \ a oc! pen £4 Ex * 1 7 is 


Up 0 find 1.00 i ſuch that ſb. = either of 1 
is added to the ſhare of the lber, the 2127 will be 4 


ſquare 

Let the numbers be #- 53 thin r 2 
and Nx Qs Let I Ds = rw ar 
1 then, r ee whence 


60 1 SITY "3 Oo enn 4811 3 


e 


Ir eee 
— 7, v 3 LEE at pleaſure, provide 
r be greater than 2. N 


IT ye 268 es \ 


* 


| "7 - - GLEN Otherwiſe,” Oe wot: 2; 
Th LUO 

"Since e e Aer or 7 
2245 1 06 $919 9 5 2 . ap 


$ —— 2 ra l awd 


— 
. . Then ir = = 157. add d rb, | 0 is 
8 W a cube 


ge 
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a cube number; And will anſwer the 
queſtion; and we have T= — 7 A 
and my hs. ear 1 


n w. N. 


, „ 
fo re fo wy Ex Fn FEMA: ratio, / 7 FS] SPL 
of ® ade 10 the pars of f Jus, "may al. 
ware. 


Let he ratio of Moy =. numbers de as 2. 
| and put Þ eg. und let che numbers be 4x and 


— e fam in. 
aur e lqpary of the . EIS 
herefore 2 1 


Put auer + boxer a ler ne 
meeresangeln 


nn nu E308 omg 


Then d 2 


. - 


2 18 err of | 
operations mes 4. , 


"ule it it „, — 
by — K 7 
Then "theſe ſquares being d E e 
is bad for determining the unknown quantity. ä 


— PROBLEMS 
nr YT or vide by wop 
will 


— N ſquare, and what is 
be a ſquare, 4 wre Gangs for... Th . 


err IXXX. 


bur frattion u 1 that e is ca 
the greateft peſſble. = 5s 
Sl CE SOS fake 


e an exceeding ſmall part o be de den * 
you will all. have F e . „„ 


e- - a, ͤ Wee 
Tin ze, and e or Ci ; 
= and * or x=. 


. % * b 9 . 4 > +6 - 4 
R - Or | 
v7 * / 
«, | | 28 - 1 ** 


2 FONDAMENTA L'!7/:T; 
Nen ** 1 — ec wee. AN 


— OA e 
00 ane e ae e 


of v, then 2xc is the increment of xx; and 3e 
is the decrement of * z therefore e hs and 
* as * 1 


or 2 ontuth inten . 


5 


1 | quantity, into two. 5 DON 
—— 22 lied by — 5 5 0 * 


pars 4 E. falle eye 4 abr, e nity 


— 3 — + 3 Ws 


Let 3 _ > and * one and 
a fmall additiona part 
to . 


— — any * 
A for one part, and - 2:44; che orher 
part. 110.77 06 90 gorbsvh no cor Wt; -s 

: > n naa rar 


* | Ex. 2 G7 82 
2729 fit ee eee * 
| ins 1. 


88 wid G27 tbe” 


17 5 N. axis, 
—— * Þ 
> { in Pb ; 
25 —— . "io N Pur ht 
for &, i. 8F-3 on, W 2 e 
Mien vam 3% bas * Beg 


wo 


Vs ? 1 un * N A. 


Sd. VII. FRO RHL EAN S. | | 
S _ | PV os. p 
| 


Then Saar 
n Ca bane I Gare + — „ 
+ "my DIE 3% a N e 
Ui ate © {XS 51071841 9009129 a1: 
1 | 910196 eE 2 


Then -multiplying alternately, _ 
2Faax Faam —Iw—bai—ax x hats + axe = 
't'2baax Taba +aaxs + 24e Jha — 
4 — 34x*t ; x bag f. And throwing out 
what is — on Waben des, wal a & 
eee eee 2 4 gore. © =, - rare 
N . That is (dividing 
y &),c: bbapet + gaart — gr ga 3ax* S 
26 bauxx : 3b a, + 2agx* 
g-. Reduced, neee ba* + 
 2ba*#—3bbaaxx , or dividing by 4, and tran poſing. 
K. UI gbbxx—2hoax—2bbaa =0 2 


8 


en eee en. kak.» 


aN earn Cray Nuran 


N pt oe hen x =m: 4 
his bſticvied" 1n the firſt 


on, add 
9.128 £0 — equi A e 
Fammn = TT Hit | 
r inen "5 #1 4 CLOS 5 


A + ze + . 
and ge +12m'e—2nyza=a;. whence Stan 
2% So, or z — 3 = 12mm. From this equa- 
tion, A. Tln, dhe * 
tities y and w willicahly be determined. 

* gy 19059. 6. 6a, ba22ub:; alli | 
D . F II b 80 Fig: 
4 25 > rig t line BEC, AE 4 of the is: 

| n BAC, zb lf poſſible. n 
Draw AP, and e extre iy nest RBC 3, then 

| the-area ABP+ACP C In the . 4 
. | 3 all 


N 
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Fig. ſmall triangles BPB, and CPc;*the' vertical Angles 
I. at: P are equal, and BP=4P,.. as alſo CP =eP, 

- Extream near. Therefore the areas BP6, an ang CP 
are to one another as BP. t CP. (Geotm. g. 11). 
But CPc is the increment of the area" APE and 
BPI is the decrement of the area APB. There- 
fore BU CPe, or -BP*>3@P*-;— thertfore 
2 Whence if 1 be drawn parallel to 


Sen 1 5 _ 


A $35. N 4 0g. f - 
2. - 0 find the Felde triangle 2 in 4 circle 
ACBD. . 
Draw- the Aameter AB. an CD berye T's 


lar thereto; "alſo draw AC, * 
AE=*, EC=y: * triangle 9 
or x nar therefore 

| > ns 5g 24 J * © ang 
e and 3 SEV r= ah 


. 


92” 294 A: an: 14 J et eidP 


When any quantity is a maximum inimum, 
its root, ot its ſquare, or its cube, 85. will like. 
wiſe be a maximum or minimum. Alſo when any 


quantity is a maxim or mum ven 
may be x = ay gt to it, or fu Meade Bom 


ic, and it will ſtill be a maximu Jo or minimum. 
Likewiſe it ay be Tal reps divided. by any 
. e A, maximum or 

mu. "TI X ere . 
y ROL EM IxxxM. 3 
4 'of quantity being given ; to find its 1 
| dann e, or 10 * a into WE 


38 310 * 
Let — be the quantity * Mei, for £ 
7 or M „4342 4482, for the " 
. ogarichin, 1434 9 92 85 


OAT 
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— * 3 And let- 4 v, x. 
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* NCLUalps, 3 Mö eh. 
Then take; rg ==the.colms af ian ch. 46 


it r Taste ioeghas Finch yr oo 


or ſme of & that arch 0 chen gh = . 
quired. 303. 339, to gafloo = « 5 3 N:. ans 

And' this oy arch way be either that we found; 
or, that Hl, or, the ſame; +2492. , Ny which 
mengs JM wilt # bave thite roots __ 7. 
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Therefore this rule ſupplies the: defect of the 
Grft rule, which only ſolves equations that have 


but one root real, and two impoſſible ones: whilſt 
chis rule ſolves ſuch a3; have chree ee 


a owns Y — Ga: * 4, — — ow "2? *y > —2 r \ 2 ly $4 39 1110 fk 


t 2 Ex. 8˙ A BY J. 


403 bc — * 29000 tu 
. 


Let e 330% py 3424 
Here a, . 488330 and 1 110 55 


lind if — 987655 line ß ul very 


near; and the Te part is 27, or 147 or 267» 5 
. "whole ſines are, y=-45399, or. .54467, or 


99863 theſe multiplieck by 11. org produce 
5. 0004, and 5.999 t, and — 10,9998; Kehre 
. OE and — I. 


: TT. 4 | 5007 72 * — tt e = Gas. 14 
1 : Ex. 6. 28 — „ wo 7 
| tenor 2! 

. — 8 4 
Here $519. 1 5 2 Vr 8s 299230 


eee 


the HA rt is 5B 5, or 228. 35.6 Or 74465 357 
whoſe 'cofine is 52199340, or — 39599 


2 - which; * by 3 03323 b. | 
99974, and —2. 0002 4, 


— three den are the! le, 6, —8. 4 and —2. 


| 136323 92 1 2 \ 


PROBLEM xc. 


To ws, a atic equation, by: Abe it 
iso two quadraticg. 


Take away the Tecond term (by Prob. I FP 
let the” reſulting equation be & N rA 09" 

| it to be generated by the two quadrarjes, 
= ans and n Theſe being 
ä multiplied 


ſ 


-t 


Sec VIII. EQUATA ON ably 
miultiplied an produce *. f x be 177 


1 's * 18 * i * ＋ — = (. * 


2 
tion, we have Fran 2 E. and {p=5; 


whence He. pol Legen d eee. 
3 


190 
+4 1 les 7 5¹ 


Ad by bases 


"I —_ 
1. + ee Pot ve rde "theo 


* „ 2 ® 747 27 ' „ . - + ry 2 - 
of 291171 1 SAS 2 = 729480 => a 25 le 5 _ — <-> 
* * « : * 1 . 


W 4 N * UE: W. N ri 

To — 5. the bi nadratic equation x. -e 
| Io. n ic equation 27+ gr | 

12 ov 331 will D a ord: 28 
=0 out of which take away the | teratd{by 
Prob. li.) ; and find the root by the 4aſt problem 
or . Wen thence: find 7 Thea 


ng 2247 Key 5 — ſz 2090. mnie 
| 5 


en ee 13? wy . and 412 
x A * 7 n 9 Ie 1 
He. 03 ; Rai" Emre 
L n nner «Wy * "WL 


2 2 1 LENS! 1 7 vy DL , T 


| Laftly, find the; roots of theſe ss gadgets, 
ations, xx +ex++/=0; and xx—ex+$=0- And 
eſe; will be the —— . ls the. meat 


ry gn mae. © Example N 


FIVE 
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S l ud 

Lot hat gut +G0x==36 0s * 107) 37 
From this you have the cubic equation. y_ 
Der 76939——3600=0: Take away the focotid 


reiw; by-witing v. for „ And we have 


2 I And by Rule 2. Prob. 


laſt, $=0.3353 te 14 5 whence IE = IL 


46. 42 ＋ 55 
So; and the roots. of t 
and —6; EE 1 
Do, are 1, 2, 3, and —6. 
"Ang the fas ras will found, by making 
N of the other values _of v, which 


—— 2 
5 
— nd —> | 


ebe 1 Narren er 
 Schol, But chiv'ahd | ſuch | like rules are of little 
__ valuey for there id fur more labour here in get : 
- n vic 
ſenies,: nnr 34 1 0 51 8 
51 25 _ „ eiongg Si1 al . 313087 


rROBLEM Nr 
V aas n na en hin b — 


- Let G be che number n ear? 
e dche root required, 1 the neareſt. root, * 


. 


Sed. VIII. EQUATIONS” 6 
the remaining part of its; then, 7 =G, v that 


is (Cor. 1. D 
e ee 


er 7 n Ke. , and 
rejecting ers as very wn: 


we by -$ ic 


\ 8. 1111 * 921 | 8 
this { Yan 11 £ C mt, 00 6 8 ng. 0s Fg 


ee RULE AS ho > £m V's 
© 4 Ke re — the true root. IX. 20 


9 
108 : D Dus 2 02 
* n men = the inden of the tout. . 
qtetef F Baß T 457151 7 10 Pas C bas 
3 oY = D6UpIt un ld 21001 1uor ac 
/ _— | — 17 5 5 
6 — * n x - 212 * — Ins 
A079. 5718! 4: 5 50 A 


te, * „ — 
F of | 8855 ; * * _ 1 

x Mt 5 2 To Webs 19 1 
Which is to beteſaed by: 


When « d had, then e is to he taben for a new 


— 1 and the / cepeatect; perhaps of 
tener than once. "on n generally wwples the 


number of figures. M TT MO 1 4 
Bur if the third pawer, of „ be taken. Jo, > 


1 m1 — . — 
a, 04 +3 72 
935 20 .Q1 1371 ha, A WW 3 - 


. -, det K = ls 


= = 1 


f RESOLUTION of 11" B-4 


whence | wr a— OT Wor 
ir £2 of ETA '; Boe iy ee R 
2 I Bas 2—1 0 
Þ „„ 


+ 1 24 


- 
a © mn 
2 "Ps a 


"2 


| es © wee —" ES TE? 
R 67.3 2 . — ee 1895 5 77 
p K fA 8 81 1 1 
mee 7 — We * my 7 


Sec VIII. E dd 6 od ek 
Which is to be folved as Prob, | N 
peatet with hew 7. "If aflon. * 


rule commonly ed e —.— —.— 


in the root; true; 
The root of any number may alſo be extrafigd 
by Prob. lvüi. aftef this manner. ENTER 


+4 


5 3 UE. 


Let P-#Pg; be the number given . extracted. 


P, the greateſt power contained in it. 
Pg, the remainder; and 


q, the quotient, ariſing by dividing the re- 


mainder by the greateſt power. n 
, the index of the root: © aca EN 


12 


"WC | 
. te be. Where A,B, GC 


Stunt the preceding rms. In 5 rule, when 
_ or three figures are yy 1 them cue to 


PS, and begin che 0pbration ane ; and the ſeries 
will then conve N faſt ; and — puch 
faſter as q is X 


8 . 
Cor. Hence it bon N WHY — IJ 
| * 4 2 12 s N 
— ee OS 
* 8 


- E r 
2 Dg — 772 &c. 2 root, 


6 82 . > — 2 
4 — * 1 1 j = ox 
e OTE By — 


75 Dy &c. for the biquadrate root. 


W 


— ———— — — — ᷣ—‚—ò - - 


470 RESOLUTION E. 
re e 


What is nts 2. 
G=a, =I, ez by Ruls », 3 z ;. | 
| * —.3333 nd emp: . 


. 0 6 2 1 
5 5 6028 V wot M Menne 


An s in % 174 
. and r-+e = 1.3 
726 EI aa HR & 


4 . vino 5 535) Ne zt nor 
22 n 21 5. 12 x d: di og 26 ben 


my a a!t 50 YC Sar 


. — 
: Fg —_B881ggn 
499955 1 1275900 
—28 22288 16 
ron —- 2 
1.298520 11970840. 


5 


. 2. js 
| Extra®t the 5th- root . 15 


Fir point every fiſt 


Dh 


} 8 


Then for brevity's fake, Gke 
riod, as an integer, that i 


ing by Rule 2, ;,we:ſhalk: 5 ofthe 
ver „therein thergin, : Adee. 
© As IE ys 
— Dar F< En has 
293 =! 0% 
. ed avi 850 et 3 , LE © ns eee. 
32 * P REDO 000. 2% | 
n ED Il ve. 
| r = IL 
£4,720" 200" W ES 
8 |, | - | "— 
and 08 = mr prey 
voyoMhence | = 2 F. 


EY 


x "6 = 
— 


RESOLUTION „ 
ä 
* Qie+6e=3, or e S 75 . 


Ä ( —— ů¶ 
42 1 f or) 1 
5.4 ) 1400-- whence-#=2.92 J 
+92 1264 
6. 32)--436 . e 5 
Soppoſe again new o. De ck 
Then =o” OO ON: 


2 2327834559873 
* = 2051114900000 ' 


Gr 
85 or e == 


' 


E 


2767196598 
F = 2269.217 


"Ns 297. een? ee 3-1, 


297,025) 2269.217 (4s 
We | 71 TT 


at = 
whence * 5 * 


217 = oy. >: a ag 


297: Sage 


47.4 


204-825) 1384420 N 
12 % %/%/fỹ%́ »whw 


oF? I 405520. V 438 x £+ „en 8 5 


ese 25 
1 
. £ hy ＋ 33 : 9280 8 z 
312.68 2344 e 
8 2188 -- 
_ 
l units r+e = 4327 "a may be ta- 
I! ken for new r, he operation: if 
it there be occaſion.” 
l PTR; Ex. 


S VII. b ions =” 


ba. on * 1 
0 And cs N bene . wr ; 
1 IT: 


CLI 


. 7 


7 x ' £4 * W 


7 E. 3. ©, TY 
44 6 * 9 


2 1 l. 1b rod. 100000. 5 

nal , roo 97,1 5 45 bees by 
Epi Pg = 61 160000 111 Bali ö p . 

+ % 97 15 P : ” "78425 . od 04 : ; 11 : 


# 


. 
1 


33 £4 


20 


eit! g 309 
» 115220 3 


- 
a 
= 


P 2 


2c 29 — g bf te: at 227 I iti nt 
| 35 als 10 aitupl $67 „ 6 
Thad nt A +5-00@; Dh nt 

in of 905 2200 yd 7003 255 


5 paz 


5 ? 


11 S 


3 1 ow 2 12 
few: © 20 Ke, nods 5 a6. +4 


ot, # 1 1% 6 | 


bans 1 10 bs. 51 


18D —.024 7 002 Sd 1! 


720 e Sor. o 20 
A iDbe oon 


xo. — — Ak F 11 


2 
* 


9013 nt: 
6 ide 20 won 5. 20% 055 · 179 


„ NV 8 u ul 9 
= 9g9935.$65287 3094 


4144804 4 


- 
of * 
- 
* 


2690 


= 00064. 7587 | 


we have 
| © HOLA 
nh 3 
2 


* Then A uf, 5-179 
er *. 9004740 


* $. 


* 
1 
Ef 


v 139 


9 Thy +! f 


1 


F 
(/ 


ce. = . 


. Au. 


T" Ale 1 1 4 * 
— 3 


5. 1794748098 % In 
79 1306 


3 png: = = 109000. . 


Ss _ 4+ 2 2 
Nw an 9 
5 m 2 


| But becauſe this converges flow, take g. 17g; for 


the root, and involve it to the 7th, power, and 


FF 4 
— - 


Schol, 


+ RESO ru mon ur, Bel. 


Schal, 1 If the root. is N may for vnly a few 
places of -igures ; the cabell, Andi 1 


tract 4 help:ob 1 | 
the cube root — 


y be 
5 85 b 5 ct Meare, © c 25 
ſecond\— Teepe 


then a? the ateſt eube contained in it, — 


ng 
— 


guad farting aſide 
— chis . W 


the root — 
will be the 
„ 


will devi 18 eee. 
EE 


L E N xc 


un 2601 


* n mas 8 xf oy, * 
24 Mader 970 , Ee 155 
Ferrera eee dec, =N. 
Þ + * hs : 


-10, 100” . 83 
e 


-- 


. m. AERY &TIHONS 


Ar #þ pj bYnivp23 21,9001 90 11 ns Ay? 
0 


ils oft ; nog 
Cr + Cre N YC2r4121 211! r 3 
14 Ny ni 2007 dug 5143 — ö 


N 
Su ) fn Jha LIEN Ot nog 
Ls 4 en 


i aut 1 ole 5903 N! A 5142297 


oy CFE 1 25 


12 vx 
oe ng 21113 Mn. 
bvſo 2 —— A 
799 97 4 a 2547 


7 F ln I; Ng gs 
Ne n „ + 
8s $0 No 


F NN 151.1 


1 


wry) 8 oath bas oe 

'o uborq 2d 1 b 

tone 587 hs 
1 


9 1064; © 5 

x 2129 #0 I po, 
elch 30g 7001 U A 54 16 10 7 1 
20 2101918 Haus - 2001 Scr. od: 


2 * L VE! hog tem 


arri. Role 4. : 


4 101 vit Dανn O01 l 1g, 


o eee FR e 
| UTAS AMT "PP een Sit 
8. u I 37; 


U 
2 
+ 
as 
| 


ra | 5 RULE. 


then 2 &c. 2226 e 


PD — 
r We N 
new TX 1 bei involved, beginning 


CE ee eee a pn hn ED OCs 
N — cc — © * 
3 - | - . — 
. 
is 
= 
i 


* 508 LUTON „ BA. 


4 * 
5 — wk K 00 \ Ke 


Nis fs = WIND SS 9 + 
Wers STE ada 14 2 
Tea ©, = he obs be wrought 
b— LY dcr Ve 
5 v8.4 PFs Gb. * * \ 


as Prob. bexxviii A : al dead 

In any of Tels Ns he OR Eb . 
a few figures are had, b taking a 
and proceeding" as kes 


= N 601818 12 
3 | — — 


_ | 2 5 * 2 rd 2 C30 * 
e 1 Tm 7657 7.— 360g 860511 1 Sat 
By a few trials, you will find to be N 

than 30, and lefs chan 45. Therefore ſuppoſe 


zo, and 30+e=r the raot ſought, which be- 


ing involved, and taking 3 firſt; as 
in the rule, we have 1 +4 


* 
— 141 
eee =$60)35. 
THO + 0 I e 
AT ee 1 80 
895 Ls vn 57ee+1206 oo 115 
* 1 338075 oy EEG! e 
2 JE STOP FL | 
Then to the work? 0 Ae „ and 
Rule Is 


73 1 OL — 2 Cigor 
= Hp + t N he. = s * 4 
Pet EIS. x2 


31520 * 5 for” f 


at the higheſt pow ve + 


4927635 + ates + 124205 

bt J. __ =8007115. 
—1 035 0590 

4 N That 
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That is, Ys 


79673431 +257123e+16077e4 = : 80071 15. 
or 25712 30+ 160 e = = 39771. 25 


dine > * 15, 00366 M08 0 I. 
od or 31690 T 
and by rule rule 2d, U = 2:49 — — — 
15 1 . Y te 
| Abena do. 


= F. n W 21 % A 15 N F 
aug n WIT E R Der 


— Og Tar boxoang bar 3.8/9 Sa 
+ 15 8121 . — 82 


hd 3 dk 


16.2432) Sul 12a 6 
ee 52x. 


7.322 
re 


* iw bor eli „Hs 
L O Ce) bns- . 0 145 
4 d K og HN 
16.30 +1704 pe! Si Jai De b ‚ο , avi 
„ oval e ere 


8 3 | | Es. 90 one i SPE 
Lei Ts '—7 5322 b009Q04 401 2+ ost 25 
He by 6 2 SSR OH er 
Therefore let EA 1 W z. "Then 


— 


2+ = ES OY Eg 


f +7528 4759 e 412 az236 
1 Beingad ded = 2A L522 ** 


10459 ＋ 49157 Eee ITY 
7833 e 25571 I 125 1 
Or 72 56 + e 2 3 gh, - 
CAT 275 "ONE 


pore 45s ni negative, © od 
Nute .baviovar; 2 et 299; 2 — 


e 25 wog Apts £401 . 
* * . wirkt LE +, 2&0: tor 2001 
Ss Into 4 e LpH48 „ 11:18 


re 1 1 67858) 


' 2 _RESOLUTHON „ ** 
3 | 301 v8 = IB ISL 
1 8 2 ES By 5 es. 


— — 
ns 


6 6200 — — gras, F —_ 7 a 


RM —.— 0200 εο 
* 53150 —5 ee 


— 14 —.2 
= IR D. nmr= d ol 4 ai 


Again, _ _ wow eu. then 


Trax, 


SIS 397976e = 
es 3 | 
575 9999-98955 989519135+3880.435593824e+ 583. 


wig el 88 1. 


1 eee eee 910480865. 
| > D209 8 7OD 1 
And & eee Shy Pearl 
Then : e=0 88660198869% l | 
- = oF Jer ＋ Ee ＋ 3 242 


"Suppoſe: Err Meder l 69000800. 
By a few trials y will be found between 50 424 


605 page © 569, M00 de E 7 then r 


. Or rather 
8 age = —_ (oy Prob. ak * 


putting — or „lor, which . 


does 0000 , 
or 7x 5 +21%%—B8x*2=38500. Then to tract the 
root of this, put g, Wore or 5 Ter 
5 _ x * 8 we have 


4 


21 875 | 


- y 2 - - * F 


Arm. Taue MW. 


21875 + 2187 

+2625 + 77 SHES! Tok er 
n Dans Fe 
Ne 13 Ben 


Then by Rule 3. ar L, Feder 


SO” OI — — — r , 


aatr 5:65 Ke · ge. 0 =4 Tg nt; a 
685750 3: e CeprSke e 


+3 2018 25 :$Þ$% 04.8 68— 
81% Ness r of. . 
0 TOA Ll 140 goοονẽ _ „dredes⸗ 8e 
: 3% 8 Wy 
+6 BiQAFe. 688; #2; 1g150te. geg. ei? 


2 put F | tion, 
e eee 
a . 5275 Ef 1 e, 


ee GH N 
7 15 78126 + Ar 


bo F eee, 


aD Dngot Sd iH] (left wal s Ws 


| wy 8.343875, 
n 8 = Fog Tat 2 
4 0 1 © 5 . 2 <p JE W421 Sg 


_ 4894, 9 5n0b foi — 10 Kr yi» 


| 18. I 
. r 
913 . 1 cf 00285 = N 1194. . p 
— Ex, 0 Yor = 
$5 .00538 198. Ta | The. 


* ee RSE 


The root may alſg l be follows. Ha- 
ving got ae + ba . beter er 3 
je 9 be de dea kur de of the 


Then — or e 4X HA + 


=o =p * 1that, Wenge 
Fab, &c. + cu. . 26v's &c, ed 
r 2 ES e &c. 


2 


8 5— * SD 1— 8 
IL a 29] hop * . 1 8 E. g 21 21577 
— 


I 5122 


Having any equapions giv 
ether e ll you gr f Kb f dre 
Then find b end. pt x the firſt 

the value of 6. ſo that v PN 
may be hat produft: From 
J, to ———— 1 *+ +1: af * 


i . 25 


10 ney vale of: 77 

8 Als v, viz. rake LAS 

&c. from 5, and divide the remainder by! a+ 2⁰ 

+ 3cv* &c,, and Ac add the TA to laſt y; and 
on. 


And note 5 he diviſor once takes ; place, each 
new quotien continued to near as many 
figures, as AE the pteceeding ones. Alſo in the 
—— e y agp not contin 3 the parts of the . 


ee # 15 bal e ue 10 e 


3 


— 


mn II 


Sed. VIII. EU AKN SO abs 
1 2wnllot e b alic Lach 00f⏑² Q 
ee 7. Ma ct en AE! $94.24 £7 & ox = 7 


ge, r = 


2. SG a UM 
2. S .229 2034 176 


IU; 


N 55 W 


Lit We SIS 4 lefs. than 20: 
Here 2 is. gre 10, 20! 
pa r=10, N 


= wid 8 you = ey oe . 
voy 12 75 | 
Rs xm 155 Boiboqat d nn qa: 
— Pars Faw "0? + ox I» 181115 Ob ed 40 ls v ct; 


or 160 ＋. 1 Maru nk LE =, 369% df” Te 
| that is 11 + Jer Anh S FOG + \ 


gn 10 >" 1426 - 

2 0 fn Gad 6, 5. but 93 125 

ver Near mer 2 | 
) VIZ 32 


25307 20d Fi- S200, then 
i a8 


bn : io" 07 1921304p 213 bo 0 
8 — ͤ Y —. 045 f aa .04 yer 
15869 242; - 22263 55010 T0livit oh 19718 Son br 
{OEM 28 1896 01 ho9unirtoa 5 We 4 


15 11 O x 2530” gab 552g 781757 „ | 
Let 12 new 44 e v 


7985 


47 
as ig 15h teat . 
6.865445 = . 0c407, and 1 88 
2216 2075 * 


And. 911 9hivib bas X 111071 55 


, 2 kin: 


\ — 
R 
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whence 2=14.95407. Or, if you pleaſe, Lon 
en for a new operation. 


— Aon leoo. — f . 1 
3 dein 
p 1 ro . * 
- Let 2 — 16 AN- =—1. 


By a few trials, — Uhr x is between 1 
Wy Therefore pu N. {ISS Then 


expunging x, * 10 J. 221154! 4 
7c e ee E 


1301 1 794% 
3 + 40e 
—_— x 
BU 3N00R893 >The form is... FN 50 al 
ae + 0 h,, . S 
| e eee 71 27 10 
20 ahn not#Sps od nt 14 2 nis 25 to 2 
2113 21 7843) 210719 203 Aer Joc YOY 7 
2 e N 
1 N we ee een, Meigs qulum ast 
img g biin bs. dps! 211. . 2 
e S W183 15 ers fl " Bol, 
Then fn the c ert Sg if 
vx a+bv+cv* + dv) Sz-4389 . 00 2569889 3 
'2/36#061 Allo Teber Nl 19: 598, 
beds sd andi bas : 10179 fla 207 on Zaiggoled 
ti DSI 210 6 003 z&y don 1677 1 
dd og 191g ot: π id T 851g 007 
5 3918919113 bas Noc zilg6( 199ngrt = if al 
ah batoqqu} π W ] ꝛ Al: 0 n on 
bas 910150 26 Dothen 2285 .2 ; 119d) bad azad, 
ed 07 bak 2 £ 1 8 Hi 1 
Tu den v 8 — 
de . "ind" eee een 
Alto ee e 10.3728. Then 


925 | 00130461 


23003 27 | 
. 6 
ot 10 os 


n 
* 8 


"24 


O Dil 


44 vin. raunb tos 183 


1 Tl 10 NOpee- XI 4 
Aeg 1008990350 £10} 1043 8 
— — — 0 12404 , 4 n 
| 10.5173 2 * | a 


'Y — 


O8- 5 "TS 27 8155 N * 


1 % e Ibn Beg (am wa 31H 


whence . of x= EYE cz üs 


* — Ay 


yr ets 


. 2705 + wot 5 
2 R 1 2 XIE 


hi bel as "Lolitidla Yards, 8 | 
2 
F eur 48 can” m. n 
ing put Th —— inſtead. af 
mark * — A is, 


— 


_ __ ſe 


- the root, you — 
exceſs or:sRefe), art ie + EM 
Then multiply the -- of t 


numbers by the leaſt ertor, and divide A 
duct, by erence of the i&rrofs, ky ach 
like, (that is, Vorh Excefies or bork! 2 by 


the ſom, if walikes Then n 
| Werke quotient- is the correctie of the num 
belonging to the leaſt error; and is, to be added 
if that number was too kttle n or ſubtracted, if 
too great. This gives the rot nearer than before. 
In like manner 1 and the neareſt of 
the former, or el ſuppoſed number ; 
_ * their errors, and > as before, and 


t a root ſtifmearer And thus by re- 

& Operations; you; ! e ap- 
dee ax.ea n ee 
| bos Fer N 8 1 Werd Ef 

Ex. 
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8800s * . : 
793 93 eso 6: 2. N 


"Suppoſe S 100, rr 
12 nature of ggf. ee 


Here x, l be found grea 
than 3, and a ks > \ Suppoſe X=2t; 
n and e 9942 380, ebich then 


Rs 5 A — Sr & 4 
» . an ii. nner - 57 d _ 


10 fl gan ST, 3 Nog noimvis 
as $: Serie . 
pat. ae #=:$563025, | 


5 goth 85 lor 
| 78 e bas Topo 
— eonEnited wiegss |! Heng 
mA not: 8b 8 R StoqquM: nis N 


. N pns :806.=v an N80. r=: 
- bac A T:295203--01.05.5 


3 2 er. TI 290: 21 1 


—— — * gd 


Gif e. 239} 1 bam | a 55 1 
hen 88288. ee nr 4 


wy # 20 2 num, e pn Sock 
2 18 * a 1. . 
. ese e II mm 
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1 


- 
+ Oy / 


„then [:x=. 0 
Sh 9494 


x 151 When 


e £ ee —— *.. 
3 2828 vid mo er Df — 

di om 00 2107119 b þ 
diff. 003, | ſum 029714 
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Ang 2 T* +606 ＋ x 6 
=—6+6=0, the diſtance of GZ from A 


1 7 880 28 coincides, AB; A . 
and alſo ſts thir 205 8 


ling fall p erpendic on Ds KEE nd 
3. thee wg 4x ye 
we was required. [oo OS ce Wa .; 
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2 * q> 4 


9 
an pp— "IP = Aa 
L 30 11.333 =—4.031 


AR Take BP. the third:part of 


GZ below 


BG, and making PQz=QK =KP ;: andanca- 


CD, we have 


ſuring the perpendiculars 
— the 


PS = +4, QT=+10; 


? RY 


roots of the equation. une od we N 
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In this «example p therefore O coin 4 
cides with AB; and radiug , WW: 27817 


0 d - ! M be | 
AB. ele 
BP arch — and make PQ= K=KF; 


and let fal W on AB, then 
| three roots —. 1 r *%Y 
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Draw VE the tangent at the vertex, perpen- Fig * 


dicular to the axis. VS, and BI parallel to it, 


and SBC perpendicular to AB. 
Then put VH=3, VD, VI or SBN, 
3 then SC=n+4, 


* S , Jl ſimilar N VII (3): 


: VD (9: 


BCC or "I and Fe 
whence nnn or 'x— - 4 =34 
nb 

==; that is is (expunging *) are 


en ; which redueed -is 
ape ym+w 


Let &* + 


any . 3 By comparing them, 


and equating * * tere ; we bare me 


1313 
88 and . 


and 1p. 


x 1 =, i ee, 
And ſince e. c. . A 


c 
= r *Whence we have the fol- 
my conſtruQion, £4 this | 


and by 
the property of the parabola VS=SC, or 


pot +, 4. +” =O» be 


2 RULE. | 
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Fig. 


I4. 


| * * all... 8 


2. In the uris VS take VH= 


8 * ed 68 nd 


| CONSTRUCTION, Es 1. 


1 DU L E. 
_ Given the equation pe. +98+r=0. 


Vith the parameter 1, and the axis Vs, 
ſcribe the cubic parabola FVAC, draw 
the diameter RAB, diſtant ;p from the 
axis VS, to the right hand, if affirma- 
tive; and draw. che tangent at the yertex 


IVD. 
. 
VIH 
1. wry « 


hong 1 l 


201117: 


ED US the right 
the parabola. From 
a l the points of e let fall per 

pendiculars on the diameter AB, which 
will be the roots of- the <quarion ; thoſe 
oniothe ere mm ; 


_ .;theſe-on:+ ne If 25 
5. When * the: ore: 8 are 
. negistez moſt b ontrary 
NN a is, Label. I; 


it 357 123 4) * 8 hs (FIOOGETR(] 91155 
8 eee, ue. v1 


DIS 7 RE 7 41— 


k the” ſecond term be 229 1 „Do, 4 5 
7 n VH ==. 


— Hotttos H ed 555 n 5 


2 231 2 * + lodt. 16 £ At. 


e op G9 ee een be 


900 fon your parabola ; the tion is 
eaſil 33 changed: into 5 1 


1 ö * ö * „ p 
— ” ey * 
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Fi 
| "Fe. A 2 8 
Lt the equation be a +1, 8. —.5 G12.50— 
0 74 os $11! #131 
1.05=0, ) 690851449. 21015 ad dr 
* 0 | 
r 1 I 1s AAN 1911814 9113 


The parabola being FOWT we have 14. 
VI IP. 6, the diſtance of IB from che axis 
VS, on the rights and VHS 20g —irpi—r 
=.3105, . bf AT from, the yertexV. 


And VD=g—=- 195, on. the left fem v 

e rough D, H drone the right, line FDHC, 
cutting the parabols in F, G, Cr fm which 

PR letting fall 5 97 , A we 
ave FR=—1.75, 


* e e 
; ; "al Toe Ex g* * N 5 U 
216: bas 
Let N IC 21001 n 0 [3 ry | 
Here p, and: \thorefore/3AB>! eoincides 15. 
with VS; chen make R up- | 
10 108 Hd: | 
ward 4, and V. ra.chexjght hand. 
Then H, Begtaw che line FED. to 
cut the N. in E, G, C; from which 
letting fall perpendjcylars, on: VS, we have 
FR=—13, GL=++4,, and c= SA is 
three roots quired.” 20 mt 9) 5459 51 8 
Cubie and ee eto 
be conſtrued by the common pe | 
FVAC be a parabola, VS its axis, AB a 42 Tn 
meter parallel to it. M an n . 


dinates iculay rw MS//0 Draw alf6:HD 
perpendi nurn Ne 185 


draw HC. il don | 
Es x 3 | 2 


CONSTRUCTION oe B. I. 
Put EA or SB=c,. AD=d, DH=g, 


16. HC=f, and BC=s. Then QC=g+0, la- 


tus rectum of the figure =1. 
Then by the property of the figure AB 
FBXBC=2ca+aa, and DB or HQ=2ca+ 
aa—d, and HC*=HQ*+QC",, that is, F 
a*+4ca3 +4ccaa ++ dd —4cad—24as +88 +2g 
+88 ; which reduced is, 


GT pe Ws + 28 77 o& =O. 


+ "I 
Let 4 pa! + E 
biquadratic equation; compare this term by 
term with the other; to find the values of 
the ,quantities c, d, , g. Then we have 
4c=p, and cp. 

Again, 452d +1 =q, and 2d =4cc+1— 


q=ipp +14, and 4— 5 ＋. 
4cd+r 


Again, 12 and 4 
E. | 


Laſt, {fo and Figs oils 
From hence ariſes the following conſtruction. 


= 4h RULE. 
„Having che equation, 


pa: + ga* a To. 
or bo. Pg 


1. Deſcribe a parabola FVAC, whoſe pa · 
rameter is 1, and axis VS. Draw the diame - 
ter AB at the diſtance of ip from the axis, 
on the Tight hand, if p is 3 N 

for the central rule. 


Y 33 From 


ACS 28 +5284 22% 424 44 


* 0 
* 
8 +++. 


T7 
* 4s * 
* * 5 
4 E 
20 9 
1 + dd ++ 
>= wp +0534 


— 


— Kc —— C 


eis 
þ * Das. 
i UH Moe 


dla x. EQUATIONS,.., gt 
2. From A, the top of the 3 take Fig 


AD -=, downwards, if affirmative. 
3 . From D in the perpendicular DH; take 
DH = 2 n Founeds che lf, if affir 


mative. ct | 
4. But when any of "theſe Summe are ne- 
gave, ſet them the contrary way. 3 
5. From the center H with tlie We 1 
- = HA,, deſcribe a 
circle which will cut the parabola in ſeveral 


points as C. 
6. From the nts of inge Alen, let fall 
perpendiculars pou the diameter AB, and © [ 


theſe will be the as of the equation; theſe 
(BC) on the right fide of AB, are affirmative NF 
roots; and on the left ſide, negative. And 

there are always as many real roots, as there 

are points of interſection and the roll are 

inopolible. 7249 


SenoLty mn. 


I the ſecond term be waning ; then o. 
and the diameter AB coincides with VS. Then 


allo AD= A, an DH=tr. 


In e and then the ra- 0 
dius HC becomes =HA. | <0 

If the numbers or coefficients be too bas: | 
for your parabola, _ you muſt transform tde 
equation, into another to ſuit Fi parabola, 1: 
by Prob. xlii. and then conſtru it; 5 1 | = 
ly, reſtore ann roots. | 


On 
49 
is * 
1 
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y - 
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ö 3 
b 1171 ba Ex. 6. <7 I (. 1 


Suppoſe y'+209%—goog==boop 220..." ” 
The numbers being i69 large, pu A . 
or y=rox; then the equation becomes 
1000x3 + 2000 *— 50004— =0, that is, 
* -+2%%—5x—6 =0, where the numbers are 


ſmall. 
parabola FC being MeſcHbed, imike 


The 
EA=jp=z, on the right, and draw AB pa- 


6 ralle] to the axis VS. 1 $513 591 


* 
18. 


2 0" 'F 248 1. 
Make Ab A r lhe 0.5 41. 


downwards. Draw DH rpendicular to 
AD. and make pia, = 20 . 
, to the left. From all Lender Why vis 
radius HA, deſoribe ye et wes So 
rabola in R, A. ©; letting 
fall lars on AB; we We 
=+ 2," FB==3,, the roots the, equa- 
tion x1 +2#*—55—6=0,, andmultiplying by 
10, we have io, +20, and 30, fort the 
roots of che given equatſon e Bare 
60 0. Slodgisg 51 2 iini 515 


Ex. Lun Aol) 5 20 


La * — 1. 7.58) — 452 g. + 4875 + 


6.7 5 o. 
Deſcribe 38 Par pos EVi C. & and draw Ne 


als VS) 16a ale En =Ipe —244, 0 the 


| leſt, and ra, Arz parallel te che urls make 


AD SME een vands, b Draw 


DI petptndieular.to/ AB, and make DH 


þ 3 I 
rte 9e 36, to che right. 
From 


$& IX. EQUATIONS. 


313 


From the center H, with the radius Fig. 


VAD*+DH'—6 '—6.75=2, deſcribe a circle 
cutting the parabola in F, R, * Cz. from 


which drawing perpendicular to, AB. we | 


haye RO=—1, FB= =—Iz + 615 = CP= 

2, 267 the I roots required. | 

- £46 220 43 Ex. 8. , 

1 Given the ar * —1. 22 
N 


Deſcribe the e Rvc to he, axis VS, 


and make-EA =ip=—.375, to the left, and 
draw AB parallel to VS. N Take AD = = 


- % £ « ; 
OL TN 


2 15 upwards. | Then * 


— — ; 
" PXAD+r 


pendicular 70 0) take DH=P a = 


23.27, to the right. With the center H, 


and rad ius 4. er h de- 


ſeribe a circle? to Interſect the parabola ; from 


a oints of Las letting fall perpen- 


rs 'on AB res the roots, RO=—.5;, 
225 Wen he e two roots are im- 
poſſible, dich is 1 from this, that the 


circle interſects the parabola in no more 


points chan theſe two. 
| KAY Eþ + r B.- 9. | 
75 5 tee; 3. 8e * 


4 


=o, therefore; deſcribe rabola 
Fac 12 the ba 


axis i AS; ;and make ADR 


Az. 336. downwards; and DH=ir= 
han perpendicularga AD, bb che left. With 


radius V AD*+ DH*— 3-864 Saga. deſeribe 
81 eke cutting the parabola, In KG C, F; 
{ and 


19 


314% * CONSTRUCTION V 8.4 
Fig. and the perpendiculars from theſe points up- 


20. on AS, give RE=—.8, GI T1, CB=+ 


21: 


pin is, when that happens. 
2. From D take DG= 


2.1, and Fs=——2.3, the roots of the equa- 


tion. 

6 SenOILIV u. A 
Geometrical equations may be conſtructed 

by lines as well as by numbers. For proper lines 


may be found for the coefficients, by proceeding 
according to Prob. xcvi; a 15 the whole 


Quadratic equations, whoſe general form is 


may be done geometrically. 


* ＋ o, may alſo be conſtructed by 


the laſt rule; and then 1 and s will be go; 
but the method of conſtructing by the circle, 
is eaſier. 2 ' 

4 RULE. = 


Any cubic or biquadratic equation WE 


+9x*+ix+5=0, may be conſtructed me- 


chanically thus: 


1. Upon a plain ſmooth wall, draw a hori- 
zontal line AB, and CD ry to it, 
and take CP p, to the left hand if p is af- 


firmative. Hang a thread and plummet EPF 


to any point E, in the perpendicular EP; 


make a knot in the thread at , and tie the 


other end ſo to the fixt point E, that PA may 
Z. Then with a pin or the point of a 


compaſs, move the thread EF ſide ways toward 


Cb, - till the knot 2 falls in the point C; 


mark the point D in the line CD, where the 


downwards, if affirmative. | And in the per- 
| dp +r 


- 
- 


pendicular GH, take GH==—>, to theleft, 


- 


3 
EY (=) | 
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if it is affirmative. But if any of theſe quan- Fig. 
tities be negative, they muſt be taken the con- 21. 
trary way, to what is directed above. 

3. Then with the radius or diſtance. 
VI and one foot of the compaſſes in 
H, move the other foot along with the 
thread, round in a circle, and the weight F 
will aſcend and deſcend, as the thread EF- - 
moves laterally. Obſerve always, when the 
knot u falls in the line AB, and mark all 
theſe points, Q, N, O, R. Then the di- 
ſtances of theſe points from C, are the roots 

of the equation; the affirmative on the right, 
the negative on the left hand of C; thus RC 
is an affirmative root, and QC, NC, OC, 
negative ones. | | 


It is plain, this rule is founded on the laſt. _ 
For the moving point of the compaſs is al- 
ways in the curve, of a parabola, when the - 
point u is in the line AB. To prove which, 
ſuppoſe the parabola ADB, to be deſcribed, 
whoſe focus is E. Then by the property of 
the Ggure, EL+LR=EP+; parameter 2, 
EPP or En=ED-+DC. Therefore the 
circle cuts the parabola in Ly and the diſtance 
of L from DC, that is RC is one root of the 
equation; and the like for the reſ. 7 


— 
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Arte and Damen for the bree and 
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1 6 B KH. 
ee , . mee be ray l. 


Que 550 liv S191 e 
4 its 


—_ 222 ben it 

of one ſolution : or at moſſ of 
as 1905 0 1 of the 
unknown. 


1 7 the higheſt power 

final equation. —.— 
- ther, NA g le ke r not, may be known 
from, the equations, e e. 1008 200 07 Nb 
v3 2 ot 90! ">", 4 Gag 4 n: —_ 196536 1 go 


When the number of ae quantities. is wy 
as many as the number of given equations, not 


0 another th effi 
ray oe. ; then. ie quel on is 


OJ 318! el.e 


len de umber of unknown, quantities 
exceeds'the number of quations given; then the 
queſtion is unlimited, an | capable of innumerable 
anſwers, 199) mo! 2 
Add when the Pönber fot vaknown quantities 
is jc than the number of given be then 
the queſtioft is" abſurd and 115 poſſible, except theſe 
5 33 one. anot Wer in None 
e the nt ones. ma ck out. 

5e 8. d to peg 0 0 ou, e ano-. 

ther; Wen they _ be formed or erin from 


wy noche, by Any op ratl ons. Vith oy help. 


Sect. X. RvuLes for ſolving PrRonLEMs. 317 

2 by Cor. 1, 2. Prob. liii, one unknown quan- 

be taken away by each equation z ſo that 

yr lat t there will remain but one equation, and one 
unknown quantity in r and therefore it is truly 
limited. r N 1 N > To 
Baut if there were more | uoknown quantities chan 

equations, there will remain more unknown quan- 
tities than one, in the laſt equation, And then. the 
queſtion i - not — for all of them, — 
may be taken at ure: on 
queſtions beitg uke Tu N 

Laſtly, if chere be more equations man unknoun 
quantities, then at laſt there will remain one un- 
known quantity for ſeveral" equations; and 
the queſtion: is mote than Ntmited; and will 
fore be impoſſible. Fot ee ee be- 
ing exterminared;/ there will be ee ein 
fiſting of all known quantities ;' which tnait be con- 
tradictory to one another except icy” Were ſforne 


way or other depending other, ſo as to 
make an Oe” * 


14) S'EH 0% 1'v my a. ad 


| As a "ity is non lined, > cd. when WET: 
of independent equations, is equal to the aymber 
wiſe e is 


of unknown quantities; ſo 
truly] litnited, thou here be nee ny equa- 
tions, provided 2 „aboxe th * e „ de de- 
pending upon theſe. "and. derived from t em. This 
is plain from any algebraic. proceſs, for in dhe ope- . 
ration, all the ſucceeding eq Pb AR fer 

from theſe, firſt given 3; and alle de 
rived, make no.4 "OOO 14 Geo Wee 


| problem. - 711 101 22 1 301 
A problem may be i impo 85 mar, A 


mired, though the wände e | phe 13 b. 


the number of unknown. 18 tie 
when che * . 3 a 0 


4 


. I. 


318 RULES for ſolving 
| As if a Te TU. 

And 26 ff 2, e, 5 being unknown 
quantities; and b, os nbate ene. + Now if it hap» 
pen that c=26, che problem is unlimited; bur if 
c is not '=26, then the problem is impoſſible. 


| whey «he: 1 given are derived from abſurd 

or may be redured to ſuch: even though 
the number of equations be equal to or leſs than 
the e Eo f pry = £67 al 

The equations given in à problem, t to 

independent, es will b conſe- 
quential, or contradictory to one another. In the 
| firſt caſe, you will at laſt find ſome quantity equal 
to itſelf. And in the ſecond caſe you will arrive at 
ſome abfardity; where # greater quantity is equal 
to à lefs. And it often happens, that at the end 


of an operation, the equations given, ate ſound to 


be either depentlent or inconſiſtent wich obe ano- 


ther which at firit, rr r 


479 6 


PROBLEM 1 
* eee pr pre oh 


ATT R L. | 


3 * nne 11 3 * N 


- 4; When & queſtion is as better 
ualgebfaically; the firſt thing to be done, is'to con- 


1 


* What is given therein, and what required. And 
the natute and tenor thereof being clearly under- 
food; ect every condition or circumſtance, which 
has h e connection or relation with the 
thing enquired after. Then give names to all the 
d $'concerned in the calculation;' whether gi- 
en ot {ought 7 chat is, for the ſeveral numbers or 
vuantities, or a leaſt Hor” tke principal of them, 


r e mee Aer aer "ap Gene ue 


notation, 


And therefore in g general, problems are abſurd, 


the nature and circumſtances thereof, to find 


f 
| 
| 
\ 
ö 
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notation taking care to make the fame 885 ſtand 
invatiably for the ſame, ching, _throughovr | the 
whole operatiou ... 

And in general problems, it vl be convenient 
oh ke CHOY; WE TO als, as may 


CO ee e thi 
ety 1 5 7 5 a N 4 


| ſigned 30 ve 5 # ©. 
bp te nes of dif- 


And if chere be ever, Ie many qua 
fetent ſor we may e em by any num- 
bers we Uke; or even all by. 1, Which is 


the moſt fichple notation. Thus we. ay calf an 
degree of motion I, any degree of yeloci Toy 1, and 
we may put 1 for an BY -ſpace, time, 
matter, Ge, But then we. mul take : care to re 
8 other e me f ſort, FS 
rtional e Y anal. 
Me can alſo meal ure af ieh of guat by | 
any other k ind of les 18 WF or de- 
grees of one ſort, proportional to the parts or de- 
grees of the other. dn Th quantities of force may 
be meaſured by tight lines al to them; 
bodies or quaptities af matter er py hr ee 
velocities by the ſpaces e n equal times; 
and all ſorts of quantities bs by numbers. 
5 BEE ution of à queſtion is 5 
. ears fewer, unknown? quantities 
- be ey Therefore when” the  Prinei- 
/ quan neal letters; forme 2 | 
quantities, chat may 1 be... eafily. geriyed fro 
en left without a name, A when the 3 95 Ta 
is given and a part, the other part 13*eafily had 
from thence ; or the parts belong g1 05 12 75 
figd che whole... Alſo ben reg, | 
angled triangle are denored in J 


traction of uares. Likewiſe Rs 2 

2 Proportion 5 en e RES term is 4 ly 

| derived 
4. 


2a. RULES for ſolving E * 
derived from r ares; "wan? in. all. ſuch 107 
caſes, where FED of ſome are calily deriv 

from the 'reft. And by this means, , there, will be 


fewer terms to ter inate, 


After the. don of the wantities, * | 
WE, 25 aforeſaid ; P ract 4 


3 next it 
from words, and T cls 15 out of "7 liſh 


into the Algebraic] : that is, we muſt de- 
note all the t, by o man algebraic 
equations : 3 L Pating the queſtion, In. 
order to this, We. Jag ſu e t one 


which 225 required; wed , t making, 


any difference berween * 
quantities; aſſume any, of chem, e or un- 
Known, to begin Jour r ch Hig king, 
ſuch as you think wi 1 75 ſimpleſt equa- 
tion, or give the eaft . 5200 ſt is belt to 
aſſume chat quantity ta begin with firſt, which is 
eaſieſt found or brought. to. an equation, en 
therefore it is often more convenient, 
with that which 1 directi reguired, „ Vel c e 5. — 
nb the Wan i N by 
eaſily AAA eee # s 
From theſe git guage 
proceed in, a E ft eng to 
tities wanted, and. from theſe to 
according, as che. nature of, the. i 
an lg 1 cp 1 Fo __ 
y atte 
gu, nd 1 


to allt 
EE n ong agother; 
1 i 4 me ont La 
. nerds of ihe. 12 1 jon; hut 
6 Sete 
ties er the equations 3 


tw — from e by a proper chain o 


S 


- E 
93337 9 
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reaſoning, according to the nature of the ſubje&t 
under conſideration. . * numerical que- 
ſtions, we nuſt proceed b 
rs: oy ed 
of Rm in mec = robſems, 97 1 
incipſes of. mechanics: in trigonometri 
lege by the rules of trigattometry : in CE ul, 
phical problems, by the laws of. 5 * $ 
of other ſubſets, And here Ffrar be 
taken that yout | 


s do not 


© SG” 4 


are vnknowh pres ag otherwiſe the 22 
will not be limited, 4 10 * 3 if 
4. Haying got à Pr Humber & equations. 


our bulineſs is now, to exterminate them one BI 
one, as faſt as we cag, vill. thee only remains ong- 
unknown, quantity, in ane Bnal equation 2 the 
b. is ſaid to be Lin of to a felt. 5 
theſe equations,. you” muſt 
quantifies firſt, that are moſt eaſily 3 5 
that is, the Gmpleſ firſt DIY 08.3 Mi | 
tity that femains at 
equation, 


a or a 
Ro of = Ft 


that. He: 1 ek A, rel; 
queſtian,; when com 

makir "ule of nn 
equatiobs exattly- alike; 

made aſe of ho 
equation, as. to form. 


1 üſe of öcithet f. 


222 RULES / ſolving ZB. . 
thereof, to chuſe ſoint third: which has a Rke tela- 
tion to both. e ſuppoſe the half ſum or * ow 
- rence, or per a mean toportienal; or an t 
. — 1 ted to both Inditferencty, and wittiout 
a 1 e. 9 Dat 4 " THIF > | 
5. The proper defightrion of the terns will often 
müch abritige the operation, '' As if deo numbers 
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And any pair of theſe · will ſolve: the prohlem, which 
are all the e Sh bers, 


b) 815 KOR. LK. 


4 bat wine at 24 d. 22 d. . 18 d. per 
© gallon; of which be would mix 30 gallons, to be 


ſold at 20d m 364 eee 


1 


Let ths a, ey be the quantities of each. 
: 2] t e = %. | 5 
. If 3 248 42224185 =600. 
2 X (24)].. ATC 444-244-245 =726, | 
2 x (229 5 A 
4—3 6 43 nd | 
6 = (2) | 7] 4+ 3I=69.e. | 
7. 12 3 4 20. | 
TE — e a=25—30. 
9 +24 . 4- — 2 800 5 3 
9 I 11 8 > F 2 
8, 10, [+ 5 ah = 16, 1, 18, 19. | 
2 113 . 4. 6 209106 
3 114 12 9 8, os ut 


þþ = 0X2 nter; RU; 


| P — — B. LX. 5 
To find the value L = 9, ”= 1 29 in while number, 
in ils t200 pi uon enn 

: VIE eue a ttt 35 

— {| 1 TT Tz. 

Set STe 

IX (4) | 3] 4e+9) $4u>+ 4X +42= 

IX (9) , 12 DEER 

2—3 3 +&F 35+ 5z= eco. 

ee 


Nenn 


r fv e=10, 5 
Eg (i yet bn eee 


0A | s 9 ol | 2—3e 


Sect. IV. 


2— 3e 


8x (50 


8x (9) 
g9—I1v _ 


11—9 


1 


4 


Suppoſe — 
Gy 
S 
15 X (5) 
15X (7) 
16—17 


16—18 
Suppoſe 


15—2 
16—92 
22 K (5) 
335280 
22—* | 


PROBLEMS.” 


: 


353 


I 
4 +51 +75 +925440—80 
5Y +5u+5x+52=250. 
E 
e t-. 
ee 2 40.65. 


$\ Ne N 


418. 


o 
5 4 
JN * 


12 


— 
* — — 


v „ bog bs 
ub x+ 2= 3 
D AN 394. 
" 5+ Scr g . 
wan 8 > 
n 2 1 40. 
Taz 72. N ot t- 37-_ 


| 


e I * — * 


ee 55 e 
SA SN a A & 
2* +, #=2 


114 


- 


And one anſwer | is got, viz. 18001 . 124 
& , 2Z=40.. for 104+4+4+2 +40=60. 
and 3X10 +4X4+5X4-+7X2+9X40=440. 


= 


Xt. 880 3 4 


„FEN Oo Buy LXI. 


To ju - al or 88 * a2 to the 
Jum of all its aliquot parts. 


Suppoſe. | 


CT - 


Per queſt. 


| 


1 
* L 


-- 


2 + XA. 


A x, . Se de. | 
then A to, 44 


412 = 4 — + —— a = 
| wha 4 of 


all — dot parts. 


1 


| N IA. 4 A fy ws 
B b 3 


. | 


aan 30 ngvs: 


adAoq ti „dm bby | 


„ 6 


Cor. 3. + 


374 UNLIMITED, &. A U. 


nn: 
94 F) A = 


nvdna 
>... bn 8 
an lot 


i. 5 =p © 
rr 


„ % cc +. 
N 


2. F | '+ > & 

2 * — 1 

21 K 2 —1 2 edt e 
SIO OO as 2 Tl be aprime, 
2 ab appears by 
fn is an odd guraber greater than 


14 1612 2 


+451:1i% 96 


; 613. 19169t9 159maun blo 
1 + v9 9idinvid 1d mun 


TWOMTIIA 


e p6lite'tiartber. 


* "3; thew ; af il be a com- 


öde yer ot d 


1 


om © 81013081 


gott ni bas ö 


= ESSAY HT =» t 


2 


11 | — 22 


I - I. N 
| $ECET, 
i 24. 


4 


— 


— eee 375 


: 8 E CT. vi. 8 56 
Rational. Squares, Cubes, th.) 
5 — — 40 | yt 

PROB. ix. | | 


To find two ſquare numbers, whoſe freer is given, 
83% Let we and 5 be the numbers, 


Put 2 

2&2 | 3 

2 & 2 | 4 

32— ÞYF 

1, 5. * 8 | EY 
78 5g Ty" — 


s a 92 — and x and 
ü are deſired in whole nu 


take any two factots that produce 
a, ſo they be both 4 or both 


8 E | whenee u andy are known. 


odd numbers, if And 
; therefore 4 muſt be either an 
| odd number than 1; or a 


number diviſible by 4, to have 
„ and y in whole numbers. 


Tf a=27. Take v=1, 2 27, or 9 = 3, Z= 
If a=20. V=2, Z=10. | | 


TINS | 3 
5 B b4 PRORB 


376 


RATIONAL BI 


PR OB. LXIII. 

Ta divide @ gives {quare into te other ſquares. 

Let ef n e=the — ym bb= 
the e bs 

2] a=5v 


3 Stb rb ; * 


— 


56 e Wo * 
6 aa Term. vv rb U 
7 PS. r 


PROB. 5” 6, þ 


To find @ ſquare number (aa), -which mulliplied by a 
given number (v), and" a given” uur (4b) added 
10 it; n . N. 


Let 


aſſume 


2 8 2 
123 
4 tr. 
5 


— 22 GW Nth 


—_— 


* Wr dd 

| naa + 0b . 

va od '=y. 

. : 
on V'ag—2zbya+bb<naa-+bb 
F — | 
6 1 ; 

— 2 


where v may be taken 


* 
1— — 
. 
N 
— 


| at pleaſure, | 
PRO B. 


- 


Secte V. $B QU RRE, s, Gs. 37 


. * . 
<# 


PR O B. Iv. 


To find two OW Numbers (ta, tt), that their pro- 
aA added 10 4 gives number (a), May be a ſquare.” 


, Wy. 
* x aatt K. ok FO 
aſſume 2 4 1 24 
2 8 2| 3 — | | 
. z 5 
4 tr. 5 2400 == 
b e +0, 9 9 
H 6 © e here 4 and 
of CF 70 jo 


Q&+*© ' A 


PROB "EV. 


7 0 find three ſuch numbers %z , 2 3 7 ths y=xz; 
a and x +y, and 2+), 2 22 t Jquares. 


* 3 1 


7 


Aſſume 4 | - 3 
I—S a „ + 
8 2A hott Sl . Kun ante 
3X4 of SEE * KIDS quelt. * 
5 * 6] yy A Ax Mx, «4 
6 tr, 7] a*e*=ag 
aaece ef Fo g£ 
8 = het % e may be. 
taken at plenſure : 
| dag@gg= 1 make Tas > ; . 
3, 8 BY =O ET - 
i VII: ms 5-14 — 


8 n 4 
2 n 11 1281 eee e 1 1 | * 


TU} 39217 - < 
o LI Ah. 4 . 


Nn ane e 


_ RATIONAL 


PP — * Me 


I 


1 


"OB: © rn. 


. Il. 


4 ln 497 ulgalq 1s a5 
To fd a numb mw». which. two i numbers 
(a, 5) Lee Ka * 
ſhall be two ſquares. WSOCZ=t . 
Let | 1| *= the hag 4 
{F] 2] y 1 a 
En At 
A TSA LRE 
1 4 © ia; BEE Fr Wr dn 
me 6 9 ty 4.3 
6 G 2147 2 — bh 0 
527 8 \ 
8 tr. 9 
9 2 
4, 10 | . 
| \ Ruge * þ 
RO BLXVUT,, be 
To fnd three members: (>, Y, 2), whoſe ſum ſball be 4 
 Jquare, and qlſathe Junrof any two TT Square. 
a * b BAT. - 


T 
2 


JJ — 


X+3=5s 


I= 


| 


11. 


Gde. 
11 


TRE wor 


4—2 |13 


4—1 4 22 


To find three * in 


1 


Suppl 2 


r 


= pe 


taken at pleaſure; whence 
9 are Ng 


8 E 
. {| huuS8f*q014: 
3 * 427 27 
e ANN Wes Ss oo ee UP de IL 
9» 9... Py = Dee 
6, 9 111 22 = 5 
. y * . N 2 Fe” 
N 1 
We R Or 9 
S 
| To find two numbers 1 5 8 35 4, and * i 
| 94 0 Mae, x | => 
| Wr |8 The: 
| ' EX le 3 
2 9 dare. | 
2 D on ng 
: $1 


elne 


e 


25 +21. x =55+t1 


SCEUARES, Ec: 


Sul 8 


len N 
ee FUL N A * 


here r, P, F are 
{a 


99, 


** & 


RATIONAL. B. I. 


vv 


2 rn ol 4 I Tx 8 4 * 


Yo fad iid i DEE 2 ind 


1 

2 

3 

= 

8 rot of it. 
7 

8 

9 


ALES Tg 


4 n. TIETT 0: an * 
6 3 this, * be the fide, 


then — Rx 
= +2x=ſquare. 

=fide, 
I ee 
b | 
* 


4 


24+. FOR . 
52142 — where r may be ta- 
] ken at Ads. 8 


Nanda Gt TIN SHE = d Wl 
F\ 4 7 WN 


ws O B. IXI. 2 a 
and af, al 


be res ſure... „ 


* 


4, en be 42 be the Ex he number 1 5 


: aT = Fc > —-- 7 . 14 


3 AN. 


a4 = e 


„ieelq 75 fl: 


* — 


ic TH. . 
rr +y=)= 20. 


2ry 2e 
rr+b2e”” 


=, where * is mY 8 m 


kent av pleaſure then 


22 27 


CR > | 1 
= 17 
Spies Sli 


4 i 


1 
a wks „ 3's: | 
. 1 


SQUARE S, 64 


_PR 0 "xxin | 


To divided number into two parts; e tht ſr of 
3 N 7A Le 4 8 


8 en 


PROF. 
To find three „ eee "th, LF) 


Al 


| 16 


11 
** 


I 


0 


e 0 | 
THL. 
e 
e AG 
e 


„1% Phat ee. +85 


. 7 * 


2 


5 | 


* ao eee 55 e 


r 
1a e 


ATT AL oy 0 pa n 


114 21 
4. | 
. : 6 


354 14 
* 


Wee i 1 8 


where a, e, and d 


* aken at er * 


9 


— 


"1. ILL 
VV 


.- 


eee. 


* M0 bs, «7 + " * 
. I 
8 £ $4.74 . 
: | = 


Seck v. 2 mA oc; | — | x 
e 


ug r 903 
| == 36.4 


EY WIL) got 


MITT) * 
OY 


75 be t 


dF - Tt 15 <nPIY) =<c 18 — * 


9% JAR W h b 


= $ : 


| T 
1 eng + * 
as = a 


| [ eri e Mie 


1 0 


ä 5 bo 7 EL 
—— 4 * 


7 
190 


| | 8 1 5 1 hw 
. i "T152g2992 _ 
- 3 | EIT 274625 10 5262997 6 


1.4 A 9 PRICING « 85 3˙5 
8 E c T. VI. 


AYING my in & 


e an account £ 
by regiſte W ſeveral 


gas, har the ee. 
is * and 
become Ting pres, 
in any operation. 
time, 1 will be 4 to —— 
ſeveral parts of the proceſs in any ſolutio yg mooring 
ſuch a 55 rmal explanation. 
ſake, in what follows, I ſhall arr, fr tre this 
method, but generally write down the procels after 
a ſhorter way, without ge all theſe particu- 
lars; and content myſelf with ! ſuch wo 
dee as are leſs obvious. | 


>; þ > 


1: vs en iu n, 
In the triangle-CAD ; the "are gives AC, AD; 23. 
2.1 eee 


B; totals 


n ad ee, | 


PAI POR tha is, 7 
3 E + 


GE @MENyVRIQAL B.. 


-  mſ—ma 0 


T. Ce And mukipling by 4s, pro 


; uke, m dra dna W whence 


am 


a= Tan pr 


1IW % 9909S! 2 * — = Y hang 


7757 035 


PR OB. LXXIX. 


| To ivide a triangit ABC # Aiden Valio, by a I. 


8 Aaraus tergnge a given paint . Ar d. 


49 (92 | 
ED parallel to BA. and put 


—_ h P draw 


11 25 AC, BC =f, Eg, EPp, Brax, 


ratio a m ton, and m 
Dy fkibar Geste F LL 5 K: 2. Br, 
then (Gon vg IBF BAxBCT m: +0, 


that is, 


| 22 : bf : : 5; then 17175. e 
mf +bmfg : by which equation & is fund. 


25. 


= a ay _ 


uw :-: Ez 2. 0 B. xxx. 2 d 2; 


* XXX. 
e e 5 0 _ 710 | Ad 


To die» mini nr tas ag. part b alive of 
* KS \ A iven length. TDA 7 


Let BD be perpendicular to Ac, KH the given 
line, and HL parallel to BD. Put AC 85. 
HK gcc, 8 then. (Geom. II. 19.) 


AGE. 2KCxHC wok e CL f 8 nd, 


_ == and by fitnilar triangles (Geom! II. 1 3) 
5 WP 34 «i (14 „18 avg tory s 


8 >: 25 27 ere, 


2 14 222204 
—2bx = * — A ES? 128 — 


Se VI. PR OR LIN M 8. 385 


HK: — KL* = CH» —C . 
eee bp D Tee . 
2 I\ > "AbOxx-— Nn +- 98 D! ES)" nt 

8b 
or 4bbx+ —ubbeex* 4 Ad 


"als - 24486 — 
found. 
e 


-» 8 8 FR 8 Q B. XXX... bY Yau! — d 48 
To fud ibe thattefble Mf RB. e of the 26. 
triangle ACDy, © A Ws r 03g hf Hine ine, x 


2 +42 e© * 4 


Through E draw BEE. and drkw £0) þ 22 
CD. Put AC=0, AB, CDH AEF. 


and ABE. Then, by Ben lr fegte (&: 


CDe) : +AE 0 of nten (6): | 
;: AE (4): PD Th 3 3 * OM . 
Then GB =: MEM hot by che fimilar _ | 

* BGE, BCF; CF (/): : CB (A.) :: 

7) on (x Theref ore 22 * 


ch ds Wl ny, VI43." ART Nen JIN» * 
— * 8 Stief and 55 > 


2 ETA DIA 0108lu2ibgagnzy' 2d N: 
JT JA 594 TI's; lis: wy 1H * a 
| R Q,B. 9 EIS nn 


n 19-48 n E per- 27. 
pendicular to the diagonal AD of bel 
parallelogram, and BF, FD are 3 "To 185 


Jhe fides of, fle perallelogram. i") - = > 


Let AF EF=y, B n The tri 
angles * B AFE aa =o DFE are ſimilar, There- 
5 C 0e 2 | fore 


| GEOMETRICAL "BYE 


29 228 I FEN, and 5 y0r fc. 
Whence =. and x* =bbc, and x = vc. 
Then AE and ED fe. 


P * O B. LXXXII. 


28. 20 aaſeribe a fare in the given triangle ATE. 


| Dine I perpendicular to AE, and let BFG D 
be the ſquare. Put AKE, AC gc, CE=6, Rn 
BF or BD=x, we Then 

TE Rin 


: y 475 ee. 


PR 2 B. IXXXIV. 


29. 3 2 inthe lm we Inferibed in 
an equilateral triangle, touching one another and the 


fides of the iriangie. bre ke fide of the triangle. 


Dei AF. 852 BC, and from the 
centers O, S, draw perpendicula 1 
and let DO r, ABZ &. 
N The triangles ABF, ADO, ESB are ſimilar, and 
(com. II. 5% dort) ee So BF 


| (i) : AF Gs; NO (7); AD=- Ear 
=EB, and = Lang e e 
| Via e N 4 


Sec VI. 'FEROBLEMS 
R O LXXXV) 

There are two cir blen BDA and BFC toiicbing in B, 

and if DE be perpendicular to B A at the center E; 

then Ibero is given AC and DF; 7 f⁰ the 4 

9 

| TE 

Let radius BBs, DF =), CAS. then FE 
Sab, ECS, then FEA=BRAC (Geom. 
IV. 12), that iS, e el ld eee and. 2bg— 
2 and . whence! BC 2205d. | 

o( TA == (18 | 7 

1 7 if FN I 


b R O B. 1X 


in hing $I wt at | joe th ak 
 pendiculars, en the angles up te. fades 1 
* 70. ud the fides. | 2 : b 931 . : 


-Let:AQ=%, N BR=c. and ABZ. 
Then twice NOR Area Dem=RCee= CB a. 


* 
. ” 
%, + 
» * 


389 
Fig 


30. 


31. 


whente AC == 2. ad ch Zo And (Geom. . 


f 1; een nen UII RALLY TORO 

1. ar.) ee A and (Gevin. N. 23. cor. 

| F W. Bo. tp. : 
| e 5 AG or, 

pig NA AON V 

Hence EX yak bby | | 

N Tig e 


* 


UN 
2CC +7 225 Nh 


WY Thi i, a eb [3 


7 uke ties, then 


24ac \ 


* 
> 


1 GEOMETRICAL B. U. 
A PR OB LXXXVII 


32. In the triangle ABC, there is given the re le of 
.._ the ſides; the redtangle of the 2 of the) baſe, 
„ ibe area: n 


Let the area , Ab x DC ge, AB x BC=g 
and BD ==, 4 =difference of the ſegments AD,DC. 


Then lc, and S +9=DE, Ds 


— 


3 
DA. Whence I and y_ 2* + + 49x 


e 
* 2+ d: and ſquaring all the quantities, 
and e for yy, and v for zz . 


and then 9+ 2 xv— I a= vv 


(177 4 
2 = (reſtoring the ralves of vand 3) n+ 


e * a „ or, r. 24 — 


2c22+4bb+cc dd. *Whence 2 is 1 and 


5 EF, and then Ab. Pc. and AB, BC ; 


will le ren 


p R 0 B. XXX. 


33. Is the right-angled triangle ABD, ' there" is U the 
2 55 lar, on 2 7; and e 
of the inſcribed circle: 1 find The ſides. — 


put the perpendicular BQ=p, des Rr, 


_ To BD=y. Then (Geom. II. 21.) 
4a = N 
1 | 


Fd 
. 
„e. 
— . ' 
N 9 1 
7 
2 
. 


* 
* 


Pd 
. 
* 


= 8 


: 


% 


— % 
* 
co” 


C D 
* % 
_ ih, 
* 


ig. 2. 4 01 T AMO 


n J © 


7 1 


N 
„ ed eng 
a Id ny 5 


ö 


= 


"ne P 


"a nas Jo eovuls 


MO” OS 


4 ca. .a 
jwo0na 21 K HSA 


C 
N bas ,2q4 AA ant bo 


vw AAN 


d ANN 


/ ll | 


af] 


— 


34 op 


* 
k 40 ” 2 q 
4 2 * * 4 


— 


2 euiben = OA 181921D 
mos) gen 


— 1 4 4 — 8 
EE 0 122— - 


124134 


Sect. vI. PROBLEMS. 39 
aa gte yy. And (II. 20. cor. 2.) pa ty. But Fig? 
AD or AF+FD=AR+DI,: and AD+2CR= 33. 

AB+BD, that is, is, aT =e>+) 3 whence 685-298 | 


=6+20 +99 =7H7 _ = 2+ir = aa +4r6 + Hr. 
therefore 2p9—478=4rr, and 4 = Alſo 


94. 1g Per tr ==, and ter i 
| a2 + . 


— * ＋ 
2 * 


10 


=- 
& 


a, Wpbence 2 
| 4+2r —Vaa—1pa "© 

and yd DIET — T2 H. 5 

5 3. S } 2 LS 47. . 4 (i/ Dus 


:P NOA NUR 


te 9 2 


There is an iſocelts triangle, in 420hich D circles by 34. 
. inſcribed, touching one another and "the fides of thr 


triangle; their. diameters are 8 22 12: e, find. 


| 
| 


the fides of the triangle. 4 
ow the centers D, F, draw DG, PH ＋ te 
dt FO. e dy CDs >a 


Put DG r, FH S., DO re, FD = 
12. Then FO=vV/bb—cc=4, and CBA. 
The triangles DFE, and BCA are ſimilar, whence 


b:d:: 0: 0. and c: ON e 


e whenge!s = 724 
br 360 
TE 


* k C3 
4 


N 7 


| "cular to AC; through, O. draw AOF. 
the angle DAE;' and pur radius D Wr FI 


GEOME T-RI CAL Farm 


„ 1 


yo | KO 1. 


„ 


Ie 8 ven AD, and CD Fg SPED 
'* dircle CEG , 10 find e rudiat of à cirtle inſtribed 


. between: AC, de tungen AE, ane 


r (18 Lo 2 


Dr from the center O, the line Ob 


Ola, then AEN b. 


Then (Geom. H. 260 AD; AE * Dy Ep. 


and AD AE: DE: EF; that is, d＋ : 


„. bo = 045, 1 5 2 


1 3 2 Taraf and AI= 24 22 


abr wagte Af -and AO, 
4 * e Then b 


* a 
br _ 

Lr, Put een ee, 
= 225 n m Wie 
| \ = Le 5 & NI e 3 * 

| n AS: - n 8 | ; mo +4 


ö Mn. : I \ AT 1 LY a 
% ot , *y N v. 2 Ws ** * t4 LW). N $ of [ $ Is) 
* 2 20 


er, F P K OB. XC. 
Al 


ah un B. i, aw 15 Fe m DC, 
N f ales. comprehended between the two 
— AC; "Tt Or ebrwng B, my be o « a 
un length, , 43 588 (TA. „ 2%; [of 8110 


- Produce CA to „E, and compleat the thombus 
EABH'; make the angle CDF=CAF, and let 


CDgga, AE or AH ==, BA d, AC=s, AF= /. 


The triangles CAD, CEB are 271 the 


— Ä w 


CA: Df): AE (3)+ PB ==. . 


4 FDC FAC, therefore their Le 


Sect. VI. PROBLEMS. | 92 - 4 
| FDB=CAB, and { the triangles BAC and 25 | 
arp - filler, 2 ee 2B * 


(= =): DF . 7 4 
AU * 1 88 My, " ; | 
But the- riangles FAD and FDB i Kane ; - 
for 4 BDE=EFAD „(ber, BAD=BAKEFAC. p 
add DAC, then CABSPAD, that is, FDB= 4 
FAD). and n 1 0): ; 


DF 2) ; DE © 


ced js ddy+dy= gets 
DA a Rafe Ae 


. nardye will bis had. 


"Agaio, the thangſe 2 ; 

milar, and ch 270 chen dF (5): Y: 
181. 544 ® OX fs 3 

1: CB CA (x) 3, whence. IS ET A | 

duced aneh add, -Ghenee/'x) "ana 184 | 

bon YR +8) : —— Ach r N, 


(> En cn of ” 


$ 87 I 7 


88 nen B. 
A 2 * part 3 incl 


PH=/. * go ng LEND Sor 2 


AC=x. 
The triangles ca and CEB are gia.” and 


ck (4b) ares. 03 60 K e Egg oY 
"6x 1 30. + IP Fi is 
and DH s Sr! Ad, Gro, i — 


SEIETT. = 
22.) 0 eee e 


8 r 4 4 4 1 2 


„ 


394% . GEOMETRICAL B. I. 

Y. > x 7 
8 SS T; my 

4 ++ + 1 + = WE: x: 43 
W 8 * e By * Wins \ 
whence Fr ＋ 8 P *- 77. 
which red e «okay e e = 

1 | 


x" +4 I 8 


£1527 488 


W=5 bg 
S — 8 2 2 8 4 + > WINGS A CE 


- 80 :+p%, pr O'B-+XCIH. fv. 


The difoence of the I bi of eo a, hills 1 given, 
E Fg ores ren N 
un D Y Ol 

11. ut radius ck 
be the hills, put r. e 
+b. +1 hen yore 

2 : _ aa , RE 
ts „hence — ; 


TIFT 5 ETD Taa gg, and 


Tee e Fan, and by 
Pry Fat 2ba aq =ct+tra+06— 


41 ker 33 and hen ſquared 
rn 


8 bas EY p x 2190.4 ne 

5 p ROB. XcIV. Eh 

7 bree links G from the three angles of triangle 

o the middle f Ke fades, being given * 
ud the fuel 2.004 , (d) 5 it 91 80 

Put AD=4b=18, "SID 8 o, 
e ee UNE 18 Ks 

Then (Geom. II. 28.) y+2z=20þ4+12%x, 5 *＋ 

„ 5 and and addin ches 


if 


_ theſe three equations, ht dorm pa Fj 


Sea."VI. P ROB L EMH | 395. 


—-— ———v--—>—<——— 


dee ee ald e 
„„ 


+> « +a, From, (bis, ybtraft the a . 
. Sn IE Wet 
tions, xX = 3 7 4p 


=8cc+8dd—4bb, gyy =8bb+ 3 972 B 
8:c—44d, whence e y=28, 844 ; 2220. 


5 R 0 B⁰ RCV. V NN b 28 25 
ABC + fs CR TAG > 0 e _ 3% 
-diftent. from A, B, G if and 
BO. be all. produced fill” 23K ed he D in D, 
E, R, PI 7 1 ere it » 40 


e 


a: 0 2 2 75 N as is 


—_— 


Since 15 e x 1 5 


** 4 > 4 Cn 
2 deck e and y * 
9 VIJX® AOAT N. 
. by fubſtirution., 0) uit we dc e Un 56 % FE 2. 
T * any N 81 aN VA V Wund „ '% 15 


e DE (a): EG 8 . : DR*(@* yd 3 


05 2 
= RL, =E//u and AB 1 82 Et Fe 
12 ERASE 8 


: iN 7" and BEL = 2x24». = 


a7 


But 


296. GROMETRICAL B. 
D t (Sem. Il: 26 BR++PRARE =PBxEB, 


” char b i," 3ux 'X 1+ ag P ui eee L- 
And” by weduggea, * MEG be | 


SELLS, in iajd;.xx:=bc. * 3 & 278.4. 
9 and che are! ABC= 10646. 16. 5 


* . | 


1 P R 9 B. XCVI, | | 
40. In the migngle ABC, ee ie baſes and ifs 
Terence ef the fides and the area: te find the rial. 


21 the area e 7 Aſerence of the ſides 


CA. DE e GER e- perpendicu- 
2 231 1.54, and Abs Then 


+48 pho 2bV/ %, TY 
5 h fides N 


BE, 7564 + daa. V Which 


„ | whence 


e eee e 261. 


b RTAS 


41. . the fide of a rhombus, and fe fide of 1 its 
_ - Vuſcri06d ſquare ; to find the arta. 

Let AB=BD=2E41/COMCES; <3, Bc 
Then * =d—x, and AC=d+x. 


an Phd | 5 


4 
+ 


Seft. VI. PROBLEMS 397 
The triangles ACE and CDO are ſimilar, and Ng, 


— . 
dx: i ann. 4 Spo. And (Geom, Il: 41. 


21.) . ; thadis 1A 
{4 + x 2 


r; reduced, ee, 
5 — 2258; | 
Whence x= Vu 8+, — 2 1 „ and 


AC=5, — 4, DO=2i, D =5, area 73% 
QA=7. Id Y JL ID DIALER IDES 


a WW 141, 
ro xeym.,. 3 
Given the four Jides 8 e ee ba- 42. 
cle; 1 the 8 of YR 
Let AB=a, BC=6, C MES | 
the criangles ABE. : 888 40 7e 82 
EL ABE=ECD Gren l. 12. car. on” 
angles at E ate vertical; erte Wh 


U De c = alſorh e rrlavgien (me 
and BEC ate limilat, nd BC ©) ; CE 8) 2 8 


M$. 045 


"> Md WV 
AD (4) : DE . And BC GN G0 5 
Ax dex 


AD (Oh AE Sg pol F * a 
and AC= 4 2. Ten S .. zr) AC 10 


DW 


XBD =ABxCD+ADXRC, or LM _ 7 — 


3 whence + kad, A e 6 
and "BD are known, 


Then 


398 GEOMETRICAL /B.1L 


Fig. Then ſuppoſe a perpendicular from A, upon BD, 
4 then (Geom. II. cor, 459 the diſtance of 97 Ede p per - 


pendieular from D. N Ss BBA. 5 
e A5 * «vs D- 
And. WAD<j AD. = the perpendicular = _ 20 j and 
(Geom. IV. wird ) p: AD: : AB: diameter of the 
ADNXAB 
circumſcribing circle = . 
3b; - NI KL... 


43. The three 66 , and 601 touch 
one another in H, G to draw a JO 
eircla FOR. d. A en e 
nt A901 W d\by WS Kb 41 ar hn 5 © 
From: the. centers RUN e che Wes ADE. 
BD, and CD; and DP perpendicular to AC, and 
let A822, BE: of! Bh=#,|\CG=,-and DE gx. 
Then"AD=2a4+3, BAI, CD=2 4%; ACE 
** BC =b—c. . =D 3 & 


In the "tfidngls "ADC CE 24 or.) 


50 2 — + Homes en ee 


20＋724 — 
BDC, rc — LE ef 
26—2C 
Carts 51019198 sd 2ft -to einne 


ee +48 bb—2bcÞ+cec | 
+ can + cc 
a -A —-— r, — Ie 


e W We NETS: 
r+4 
"IP 12 That is. YY Ys 4 +455 * 8 — Trp N Mo 
% 


1 | 1 


— CEE Eg 


2 222 6 2 e 


| And 
* 


« "WY Ji: i 2—: az h 


Sed. VI. rnORUEUS 


And muſtiplyiog alkernately,. ns ie 
He Salers hc ect ahead 


I IEP 2CaXx +2664—2þc4 E 
„ — TRUJDIDNAGTIU 9101 © : (LA 2 


„. 10 nb: AA: MA: q (88 . VI. Oo 


And | 


— = 20110 30 dite 
Aabx +4cex=4bie+abca—4e'——4cca, 
a+ X b—c | 
Whenes = = "x HON 


109 bus vb B. C. Wind N * K 
an : 1 dd e 7 ITT ene 
In the "triangle AC B. aberr ii ęiben t fe, AC, 
CB; and the length and breadth of the inſcribed 
 TeBBanguiar parallelogramDBHREF 3:40 fd gf. 
"1A 03 1B6Ly21has 294109 4d as O bas 8 


7 ** 


The triangles DF Nader are. m lar, 


Again, (Seom. II. 20 bing og diff. 


ſegments of the 1 Therefore AA 5A. 2 2 


Hibngt9g & $0qquI 11943 3 Fig. 
43. 


Draw CP. perpendicular ta A Bp and let & ;, 
CB e, DE or GPS, DF tra, TER os 
and let  ngjes CDF anc —J=D a+ 


DD + 
But Gee. + — i =, 


2p 1 Wo: — WJ — 92. . 29 By 
we the To l ay Wich -h equation redu- 
J—a 
ced is 2. g — . 
be * \ Conn (x) bs 


PROB. 


— 


EO ME-TRICAL B. II. 


ron. cl. 


9 Frans barn baſe AP, 
9 2a VD, AK; to find the reft. 


Let AK=3=200, AP=c==400, VD=d=260, 
and DP=a; 55 (Geom. II. 12.) 3:5: 4: 


M. and VA =þ += AN <6 But 


. 


or 8 that is, 
rr 
.K $. OY : 
ine ee reer. 


PR OB. CI. 


In the TAFD; CA, BP, DF &ve | 
2 5 — fides of the or pope: 
HA, AC, CK. and BD, 
DF, F. F | wad tHe of the wing HBT. 
LI HA=s, AC= 


FT=8, bon Tie, TP=sz, PH=D, br, 


BT y, 
The criangles TEP asd TCA ate ſimilar, and 


y:x::f4+5:Þ, and gx Hr, or 9 f 
whence y= 2. The triangles HBP and HDF 
are ſimilar, and e :#.: ,., or cg , 
and * lv, whieiiee t= — Likewiſe Z:x:: 

| a+n 


OOO WO EU 664 br — — 18% . „„er 
* 


Sec VI. PROBLEMS. 401, 
* 
a+: 5. and Pz= 4 SP, ahd. * A. 4%. 


Likewiſe v: *: : 349 : 6. and u T, and 


ar LA +. i 1 th n Af: is 
; ES J x RAS Src * 44 9 x4 
| 2 I 24 u dp — 


| But $42=o= e * whence pram 


car. Ten f par. + and. Meat Front 
ene +p6b# _ 


2be; | of therefore e a= 


———— — r Ly © 
| — =, and (Geom. II. 
= : 
P—x 
pen — c n ner 2 


Nee 
r , and $=c+PÞ); A 
Db. Ta- pb. 9 5 np 

par * rr * 
which reduced ies 


x* + 2ppecnrx\ penn TE 
+1228 = 7 2 r rc 


— 4 


e PN O. 3 u 


Civen the: Nader und area © 7A a Daehn ”Y fd the 47 
$2 boy TE digpematog” ——— 

Draw the- ieulars BE, DF upon the dia- 
gonal AC; Ant AB=a=4, BC==k=6; CD. 
cy, DA= 5, and = the area. 

D d Then 


" 2 
- * 


— 


402 


Fig. f 


. 


— 


GEOMETRACAL- 
| Then o Genn u. deer) CE . . 


Put n e — | 
and Tcc T 24% x 3 I= = 
Then 2E TD , and 25 N RET 
= W —9*=4f; and by Tque- 

ng — wa 2 — 16f, and 


6 


8 r Tk e 


ing, vx __. . S Eg. * v+z * 
+ z XY+y*. And v6 4 —3f X 


. 43 . af 


2 + — Hf If x . + 


— = + 4 9. "or 16. —2 fd x 


A 
8 1 fe: that is; 6405 .— 


32 f x 3 + 256 f+=0, and. feſtor- 
n R <A 


„K by 


14D WE: + 6af 


Sed VI. PROBLEMS. 


TTY ek. 


— 2 


N 77 
— * — 8 t. 
and y=7: 68. * 7 1 


* 


In the right 
DC fs 
to HE * 

then CD -a, BF * DEC CE . 
| The triangles CAB ande ED are bar. vine 


—— +4 34 b: .. De and 


r r whence 
r wulti⸗ 


32234 
plying by r, — i110 | 


* „SFC 


za; and ſquariog, 5 As 
-A, + 4 + dds © 
— 2ddia — 5* Jr 


+ -bbgs'; t\ 1 8 ＋ — * * Jo 6 
% * % , 


* 


| wb N TH 3 © and 
= + 5548 4bbs5a#—8dbee% 5 anc 


craſpoſing again, TE. 
* 1 


e. " Le. Tl. "+6, b 


rl . 
1 „ ils an? 


. "Dd: _ PROM 


404 G EOMETRICAL B. I 


Fig. 
PROB. cv. 


49. 7 * are given the qbree fide of the tri le ABC, | 
and tbe angles A, and B, are biſſeted by the lines 
AD, BE; to find the length of one as AD, and 
alſo the di ;ance AF to ther point of interſeFion F. 


Put AB. BC=3; Acc, and AD=x, AF=y. 
Then (Geom. II. 25.) AB: AC:: BD: DC, and 
AB AC: AB: BD TDC: BD; that is, Tc: 
a: be —— — ——=8D; likewiſe 4e: c:: 5: = 
SCD. Bi (Geom. II. 26.) ) AD*+BDC=pAC 


bb i 
that i is, e. and ** - NY, 


rr „ Ft 
— | 11 
- 2 133 * x2 — 
ac ac M . — Z e 
| Sade rrma ws Ye ths 
——— 
| 2 a+c+06 — — 
whence. X_——— — ——=AD. 
— n AB+BD: AL AD: : AB AF, chat is, 
Vac Xa+c+6 xX4a+ nt 
* = t A: 
= ET EN 22 ; . 
: 2 e. 99 — a 
ere, X 4 8 r ein. 
Lac. * 2 2 e n 
l CEA Ci 9 x 8 | 
ac X = W RY 
: J 255 . 87 FÞþ-. ke * | 
rn Lebe . e 
r W490 | 
| 1 * Ti 1 | —_ r 
+ Ans i 4 57 "PP , 


Sed VI. PR 0 * L. E N 4535 
| ; 2 : 2 \ —. 8 E. 
I PROB. Ma. me 


The 23 of threg.c circles being given " which ar8 50. 
deſcribed from the angular pointy of i triangle, "Qs 
centers, whoſe three Ades are given: to find the Fa- 
dius of a fourth u to touch all the three. 


Let ABC be the ves triangle, D the center of 
the circle required;p-en AR the perpendi- 
culars DE, CK, and draw erk OE 
AC. And put AB B,. A u CBA, and 
AO=r, BR, CTI and AK g. KC; 
and AE gx, AF =, ODS. ly the triangle 
ADB, (Geom. II. 23.) aa+245+5$55=aa-þ 2ar +1rf 
Tar. Whence % =rr Hhoos—has+20r, C 
4 74 — "84 
ad == ——— And in the tri- 
angle ADC, ee eee eee 
and. 2 Sir +c—tt—21a-+2r4, and 
TIS J 107 
51 55 1s : n c * — = | Y 4-2 
The angles ACK, "AFC 7— 980 ballen. and 
N HN 2 we. " as 
$56 LES 54 2 =AG; then x ck. Alſo the, 


triangles" DGB 3 and ACK are ſimilar 5 


— WR Zim 


SD 1 
whenceb;g : (23 Maa aur rea = = DE.. 


Whence 54 Paar tri —xx = u. 


Put [=rr+bb—ss, F228 nir cc, 
1=2/—2r, pn, q—=bn—fg. Then & = 


1— — 
— and Venter, N = 


— 1. 


— Which ſquared is hbaa+2thba 


D % +rrbb 


* 
dis. Ann. iro Mo. it dat 
— 8 


4 iner REG. I. . 
- to: 25 
4bbbbaa + uhh _ 58.5 


Bred * ey — 2. 1 Rara Doe 
| 8 * — Ee 7 7 — : * 
ee det rng . M 5: 
51. Te fd the pitt D, from which thre ine DA. DB, 
; DC drown to the three given pains N. B. C. 
ere 4 r. rade. . 


2124... 75 


8 


| 2 '+ e Had 


2 
B e eftion 2 : pos, 
l — pthac is, 
L nb Toe ian ning 
x +xx ttin 
, P==cc Fea, we” Sal dh wk 
_ (a) (0% ＋ en huber, 
vations _ 
> equations 0h, = cp) e. 


_ „ 


nd "WS + | 


Then 


I. ST. VI. PROBLEM. 497 
Then .to xpunge 7 (by Frad. N. rl 2) we Figs 
have A . 3 52+ 
AS -a e ade. 1 
D' m +2. 


— mfxx — abe bs — mbb. 


Whence AB+DD=0; that i ds... 


Acer +8beefo —4bbeef 
3 A Y 
—aambh + mbbpf Y =0. 


3 72 Hm” 

8.5% 6-2 wy Ag N N rde 
5 0 B. end 

triangle, . ther i; Sim 4 periindicilar,” the dif- 53- 


k 2 7 3 ; 24 * 7 e 


Let the p perpendicular CD: Sa, CB-CA= = 2 
BD- DA DA=*x. Then CA = Va 
and A and AB=2x+6, 
(Seom; II. 24), ax: 2 Te: : c: 77 
whence bh Ca VWA H, and 2bx + 
ESD r * 


Thr, REM GE = TW FET x 


* y 
a 2 I. Wund ue | 

Sor og SO 
Þ * — | , | 


p | * mn; . 
© D PROM” 
* 


- 
ay 11 89 A 
1 # * C = 


408 
Fig · . , L 
* Pp R 0 B. CIX. 


54 There is given the perpendicular i in a triangle, and the 
| two differences between the leaf fide, and be other 


to; to find tbe fades. 


Let the perpendicular AD ga, BC-BA=b, AC 
—AB=c, AB=x; then BC x, AC=c++x. and 
BD=V xx—aa, and "DC=b4+xs = 9 K„— 44; 
* (Geom. II. 24.) BC (5+&) 2AC+AB(c+2x) 

: AC—AB (e): DC—DB Gn ** —½ ; 


* ce b+x — FIX V =c Tac; 


and 20 +2x * V = 3 bb +2bx + xx 
ms Jas CO ==2CX 


Put acc gd, 2081 z then _ n 


; 4Þb + 86z + 4x * ** 44 = e 5 eh 
multiplied and reduced ij 


3 + 8 +. 40. — Shane es 4bbaa O. 

| — 27 — 2. == — 4 eee, 
nne eee bas 
tle IN EN 88: * +4} | er. 1 <rmov?) 


.P R O B. x. „& Sonate, 


6 —— — 


55. Heul 22822 of a FA End . 
to find either ſegment of the baſe A, the ger pemt. 
cular CD, the area, and the radius of ibe 48 cribed 


are” : 2dy, tet 
.. 


GEOME TRICHAL B. 1. 


J.) \ 


. 


3þ 
c 


1. Let Ac CBs ABS, 2= 2 z | 
= (Grome: II. 20. N NAD, and 
AD =F- But aa=bb—cc= b+c x; n- 


2 c 
fo 2 = = 5 is, 


the 


Set, VI, PRIOCRHL EMS. 
4a b+cxb 
the ſegment AD = oF = W e 


”—_— _ ————— 0 


2g. Fer the perpendicular cp. 


— „ 2 
cp. Aan =04—7; =——77 2 


* — 8 b Aa - 18% *133 ot 
c EY 2 . or 8 


co 4 >? Vee = "Therefore the erpehdion- 
lar CD = <= 70 222 2 b Tos. 


3. For , 2 


Fi C4; 72. 


e X = 2. And finceaa+1e=bb, add 2ar, 
ann WA 14 


| then err or a+c Sb zac, and 206= 


? # SHINE. , 1 
: l F 4 6 —þþ 


ate bby and 2 _ - or the. 3 — 5 


a+c+0Þ x ES : =" Þ 
. n n r W <5 ssen And fine ae 
+ 0 eee n = 


5 . bats N 55 n e WT 8 
Far x bat _ ; ———=—_ ——_ 
2 - —ͤ — = 2 2 NK. 5 


— + 8 Vs £ 44 N . — —— * 


4. For 


—.— —— 


— 


" 


420 


Fig, 
65: 


GEOMETRICAL RI 
4. Per the adi of jbe inſcribed circle. 2 


The un radius of the inſcribed 
circle (Seom. I. 30. cor.) = = OL, putting 

; forth rac f rer = 
, or the raghus ke that is, the ra- 
diver] thilokribedvioeſis W. an ee . 


* % ann ee. NN. . 22 ** b= aw") * 
55 4 For the circumferibing erik. 
p . 4 

-The radios of cho eiteumkeiding circle = . 
(Gon IV. 14.) | 
| LEX N 8 ISA". — 

5 the wo, | 

Weil ado i 

| Ther : tangent, or or © be diſtance from A to 5 point 
of 2 inſtribed e cl rcle 2 = — 


"And the cn om S ke ace c is 
BY the! ruin — a » Las „A. Ltd 3 


— 2 Br te en of ſhe em. —— 


e 


18 10 


Sect. VI, "PROBLEMS. 


(partial) 1 . AG e 
aal pa” tiers = 


— 1 
bxb-—c 1 W I 
S ner of he b. 


feribed circle is = VI, hd +54 


"PROD: eK 


Having the ide of f an e, triangle ABC x Ju 
i” — CD, N the * 
Ibe area. 1 —&*+ © 


K 


Let AC=6, 8 ches 22475 * 


1 
a+e=s, ee. wn | 


5 
7 


- S344 4 wh 
1. Far the FI BO 
AB; AC4CB : : ee = a 


+ ad -_ 
t 0) A mo 1 


(Geom, U. 240 chat i is, 5 


248 — 1. oh 2" 


AD—DB. Then — 5 37 25 ＋ 


olgas mio ad — 


ment. W NU SIA 


\ 


24 — * 2 "YA 0 © 
= wi iT 
— * CL 
* — — 


And 


46 ___GEOMETRIGAL B. r. 
is D /the: + 2884d:4:d6d—b+—2bb4;——ds 


h *. ws Es 
- 211) 10 151028 of mor; A Bur 47g 

+e+b, bat, and b+d=a+b—c , 

Age, therefore | 


—— —— 
. 2 X a+b—c x . — 


CD 2 

ee ee 

>. wb. = hes Therefore $ 

2.2—0a — . 5mb - 224 
| 12 * 
. 22 — „ that i is, the eee 
e — . 
N — — : ee) 

; hg 

| a; 0 06" 5 
3. For the ares. Hen 


Since as abe Uu 25 — AB 0 CD (Geom. If. 
Weer. 4. . and. CD 9. s foyod by the laſt ar. 


aa +bb—cc 
* wy. 
1 +08; | Falk — > Dr L 4 N 
=; 111 
therefore 


+ - 5 


n ron 


r % 5." 
we , have the areavt he ble ACB= So = = 


iS —— . 


Mica + 2aace + ny + 55 ray nr 


--@ 


. 
a LV a+b+c x e b+img X #6; 
+, 4 
ads FIX Fax 140 Rd = 


—_— —— 


— — — 
A2 X 2+84 X.2-+6 * Ae. 


— — 
Oo — * 


W " 


PRO B. Xu.” 


Having the fides of an oblique 7 ; to find the 57- 
radius of the inſcribed circle, &c. 


1. In the triangle ABC, biſſect the two angles 
A, E, by the lines AF, BE to interſe& in O the 
center of the inſcribed circle. - From O, C, let fall 
the perpendiculars Ds CP, upon. the baſe AB. 
And put AB=4,. =s, CB=c, AP= d. PB V. 
CP=p, and DO=x, DPS; then AD A=. 
BD HAN. 8 

Then (Geom. II. 26.0 c "Ap: Cs: Sp, 
and AY: A:: CP: Sp, that is, a+d: 


4: TY P2 = 8Þ. Likewiſe- <+f if: . . 


=LP. The triangle APS, ADO are ſimilar, and 

72 2. : dy : —_ Dog. F Allo the ; 

hp es BPL 7 B DO are fi milar, and 
Ao p4—vr 

7 1 79: por 777 then multi- 


48's tiplying 


B. i. 


414 GEOMETRICAL 
Fig. 22 2 CER 
57+ and 


Wo * 
\ TN e dN 
3 one, 
TAN r 2 fince p may 
de had various ways, fron) the laſt problem m ; there- 
forewe mall ve — the inſcribed cirde 
Nl 6 Sr 
N 2... 4EFFE 
2 Fn 2 e 
1 my * 902 70 nsgflib 511 16. 


ere 


2. ff re, Kg. 
We have abe 7s. BY 5 


Mm Nrw Mus b+c 


ed+dd-+cd—ed+ of _ +bd+axb- ba+bd. 
| Sen SO 2 GÞb$7 20 FFF 


Bur « (65.6 0 e debe for 

So Ot. 2 LACIE I ol 
xo = Hes, AE <1) 

_ 2 24 2— eb nal 

2 ke 2105 9 125 a Pt 32 4 

the ee . 


867 263 2 = A 18 1 A IS 01 4 0 


= G7 LY * 185 
* * a» 1 


tt: 


AY — * 1 5 Io * 7 96: 
£ 


nu -- 


| "41,0198 — * 3. For 


x . But PAL 


1 vt) — 94 It 219 


01 ef VBW aden 
6 nab ds Kerl y . Gd cc 
— — ab + — — 2 
Der WY CS -- 2 — . 
a: +6 , — 2 
atb+c — = = 


That is, the diftance of the center is 25 win... 
A is = . — \ 


PROB. 'Extti. 


Having the des of a triangle t6 find the rod ofthe 
ATA „ er circle. 


e . {2-14 a hone ns $44 3 

Let ABC be 3 diameter 

CF of the circumſcribing circle, and let CP be 

perpendicular to AB. uf AC e AB ; CB=c, 
a+b+c 


— — —_ + ———_— 


HF R. ; "_ 2+ + N 1 , +1 LES 


— ä—ä6é—ä ̃ —V»—H½ ͤ — —— — 


CP p, a, e , CH Foy 


R== EF Nes frice «bb have ih Ly; Va- 


nous ways by „bleed C. ue ball have the va- 
lue of R fo — ways. THe R the, + radius of 


the circumſcribing circle = = 


= 


 GEOME/TRICAL B. Il. 


abc 


5 v a e NN * b+c—8a 


abc 


INN 


59 


ach 
5 on 
-. ach | 
2 Ax area 


Cor. Hence r the radius MM the e circke 
to R the radius of the circumſcribed circle : 


As SN N 2—< < 


| UN | 
; PROB. cxiv. 


Gives the baſe of a triangle, and the * "WH of the 
inſcribed and circumſcribed circles; to find the ſides. 


Let QRW be the triangle, QDWB the circum- 
ſcribing circle, DB (perpendicular to QW) its 
diameter. Draw BR, Pech will biſſect the angle 


. Let Qs bifſe the angle Q, then S is the 


center of the inſcribed circle. Through S draw 
ASV llel to OW. Then AP is the * of 
the in cribed circle. Te BV, BW. 


A Va- 
eee 1 v= vas —, Let 


BW =d=v/Tv+33b = = Vav 2 4 + .. 


BV =p=V/BA UU 
The triangles BRD, BPT 4 BAS are ami 


lar, aa 167 5p N. e 4: 


14 
- 


hs. Bur (Geom. Iv. Te 0 b. 


& | and 


* 


Set. IL. PROBLEMS. 
and av=dd 3 therefore BT = =S, a and BS =— - 
Then RSE, and TS = 1 


* 


(Geom. II. 25.) TS: SR:: TQ: QR; and the 
triangles TOR and BWR are ſimilar (Geom. IV. 


12. cor. 2.), and TQ: QR: : BW: BR; whence | 
TS : SR:: BW: BR, that is, —— — . 


: d : x, whence — * * 
ddx =dpp - ppæ, or d& X dx = d+x * D, and 


1. whence = ©. Then BR (x) : DR 


* ag—xx) :: BP (v): PT= — 5 3 


whence ar, TW are known. Then BW (d): 
BR (x) :: QT: QR :: and TW: WR, the two 


| ſides of the triangle. 


R O B. cxv. 


There is given the boſe of a triangle, the line that biſ- 
ſees the vertical angle, and the diameter of the cir- 


cumſcribing circle 5 to find the ſides. 


Let AB=4, EO or r OF =r, c. OE, 
FD Ny. 
Then AD = 2 .DB = —b—x, FH 


=Vy=xx 
And 24 (Geom. IV. 20. cor. 2.) ADB=CDF, or 


eech. The triangles FDH, FEC are ſi- 


milar, and and y: n uu: : 27: +4, and 9+<= 


a 2 S 2 3+ Pow . Which ſquared is, 
| 44+ 


2 Fig. 


GEOMETRICAL, Ge. B. II. 


Tig. y. ach ddy = ar + urch — rrbb, and re- 
60. duced 3*+24y* + ddyy — 4rrdy+rrbb=0. Then 


x= V=. ä 

Alſo BF = NY +34), and the triangle 
DF. CDE are fimilar, and AD (4X) - AF 
or BE (YYY) :; CD (4): CB = 
n "ITS: : oe 
"Wa © 

Alfo the triangles ADC, BDE are ſimilar, and 
BD (:b—,) : BF (V3y —xx+1%48) :: CD Ci): 
ca = 

— == 


s ' * 


SE E C T. vn. 
Problems in Plain Trigonometry. 


14 v ALD, ar ˙ In. 4 


— 


«. — — 
* — hed 


61 


Y R O B. cxvi. 5 
r 4 15 2 = 
+ the rial: ABC een K 505 gl Þ, th 


. and the 


col. Sc, X =x, then cb, 
By plain Trigonometry rad. (i) : AB ) 
S.PAB or coſ. B (c): PB=c 
Then (Seo. II. 22.) 1 <a TOOL Iv 
. redũced bx +2cd*=bb+dd+abcd , and 
e ü 
* re 


p R OB. cxvn. 


1 the triangle ACB, there is given tbe two > rae 
AD, DB, r 8 and the angle 


Ach to 


62. | 


Piake r and drs * ole 


BDI, AD=d,. CB or CE, S.ACBE;, 
S.ACE=x then AE=d—b, AB=d+6. 


By Trigonometry, (in the triangle ACB) AB ED 


(348) : SACB G :: CB O0. = S. CAB. 


Allo (in the triangle ACE), c . 8. CAE 


( 2): : AE (48); 8. ACE (x), and Ni. 
Ee 2 Then. 


— 


3 3 AC (d) 2 28. A ) CF. Then. 


PLAIN TRIG. B. It. 


$5 — <=ACD." and ACB—ACE 


2 
=BCD. Then S.ACD : : AD: : rad: AC. And 


S. BCD: BD: rad: CB. 


P R O B. CXVIIL, 


* - —————— — - 


2. In the triangle ABC there is given AB, and the angle 


C, and the ratio of AC 1% BC, to find the fides, 


Let fall AD on BC ( produced ) ; and . put 
AB=6b, AC a, the ratio of AC to CB as 1 to 


r, then CB==ra, and coſ. AC Bc. Then rad. 


(1): AC (a) :: S. DAC (c): ca DC. Then 
1 — 22. ) bb =aa-+rraa +2craa, N 
2 f 


8 = TIF. and i 4 | 


p RO B. cxix. 


Io the triangle CAB, there is given two Adden and an 
be included angle; to find the area. 


Let CA, AB. and the angle A be given ; draw 
CF perpendicular to AB, and let AB=6b, AC=d, 
S. LA=s. Then in the triangle ACF, & SY 


r or * =area ; - that is, half the rectangle 


of the ſides multiplied by the ſine of the Inclyged 7 


angle, gives the _ N 78 
rn OB. CXX. * 75 


5 Given all the Ades of a. trapezium, and two a0 2 


. angles; to Aud the area. 


Let the. angles B, D be given, and throggh the 


other two l A, C, draw the diagonal 125 


2 * 


Sec. VII.. PROBLEMS | ar 
Let AB ZB, BC=c, CD=d, DA S. L B , Fig. 
S. D g. Then by the laſt problem, the area of 65, 


the triangle CBA = = =, and the triangle ca 


— 292 | _ bep+dfq 
2— 2 therefore the 8 * 


Pp ROB. r 


In the triangle WNE, there is given the ſegment SE, 66. 
"the angleWNE, and the r ratia * _ ta NW > 
o find the fides., 11 ; 


Let WP be perpendicular ta EN, and ſuppoſe 
NE to WN as t to p, S.N=s, col. Nc, 
SEI, NE x, then WN =px. In the triangle 
WNP, rad. (1): WN (px) : : S. WN. (e): 
PN ex, and by the ſimilar criangles ENS, 
EWP; ES: EN: : EP: EW, or bi: 


per: — —= = EW. But e II. 22. 00 


x4 2p | 
L 22 — KN per + 2pexx 5 or 


e K* = bb ve r and x=" 
| fer. | | 


2 Or thus, 
EWN * 
2 


D 0 WN NE (a) : — 


Let — of 


N = tang. diff. of the angles W and E. 
Whence the angles W, E are known. Then as 
coſ. E: 2. rad: x, required. 


E * PROB. 


. 


422 SY TSS G Be 


PROB. CXXI.L 


67. In = why {enghed, triangle ABC, there is given, the. 
„ the angle CDB ; Hkewiſe 


Each Saber are given; to find CB, Ge. 


Let S.ACB=s, aan . AB-+BC 
Sb, and BA=b—x. Then 5:c::b—x: x, 


>> and cher, whence * = e Then CB, 


RA are known. Let u, » be the tangents of BCE, 
BCD; then 1: x: :m:BE: ach ages 


ROB. CXXIII. 


, 68. In eats: ADC, there is given AB, BC; and. 
ADB, BDC ; 5 to find AD, DC. 


Lets. ADB=s, S. Bc S. ADC =D, cotang. 
BN ADC=g, 2 AB =, BC=c, Ac d, AD=z, 
By plainTrigonometry, bd: 3: : x : F=$.ABD or 
ar 
CBD. And ve: F. . F =D. Then AD, 


+CD (x 10 : en (- tan. 
24 12 tang. WE, Then LA 


== > 
| and C are known te 2.2; ©: 0. AD: 


SA: CB. 


- 


4 R O CXXIV, 


4 In the triangle ABC, there is given AB, tbe angle o 
and 4 e which js drawn io the middle of AB's 10 


Ba, AF 3 to CB, and put AD or 


DBB, CD a, 5. 0er, * 
* a Then 


Set. VI, PROBLEMS: © 423 


Then (Geom. II. 2 ) xx +yy=2bb +244. Who, Fi 
fag =" a6 I *: 25: * S AF, and 1:X: : 69, 
: CF. Then BE =y—cx, and 3 
26x ce Alb, ſubtract this. from the firſt equa- 
tion, then xx=—55XXÞ 20) X—Cxx=2dd— 20, that 


is ( becauſe $5 +1 ) 20 = 24d—2bb, and 


s Ad — p 

* Ear ; therefore D xx=20b 
4 

4 244: : * = and 1 x = 


| o/ 245+ 24d +. — 208 an; in- like” maimer: 


— * 1 ——— n. Then 
＋ - mM | | 
W. * 2 


P-R O B. CIZRN, | 


Given the angles of, altitude. BCA, BDA, the bori- 70. 
zomal angle BCD, and the line of ſtation wad to 


find the beight AB. 
Let 5 = cotang. BCA 30; c = cotang. 
BDR NO: ah 55 e 201 535 = 


283.274 feet; —— 3 
Tben in le ABC, 1: * iS BC, 
/ and in the triangle ABD, 1 : x: :c:'cx=BD} and 


in the triangle BCD, c: d:: M: 2 — SDC 


=50 393 hl DBC= 42 163. let aS DBC; 
then 1: f: : d: BD cx, and Wers » and 


| fa 
e 355458: 


Ee be PR OB- | 


424 PLAIN TRIG. B. II. 
Fig. | : 
PROB. CXXVI. 


| *. Gives the fam of the fides of a triangle, and all the 
| angles ſeverally to find the fides. 


Let S. A S.B=n, S. C, AB+BC+CA=b, 
AC x. Then by n Ni 


2 and n: *: 211 = Ab. And x+. 


= nb 
7 + ==, whence & Tic 


| RO B. CXXVIL | 
72. In the right-angled triangle VAB, there is given the 

perpendicular AB, - the ſegment VC and the angle. 
VAC ; to fnd CB. 8 


Let AB, VC c, tang. VAC =f, BC=6; 
Then by = trigonometry, b:1::a! 7 


tang. BAC, and (trig. vili.) — 45 1: :#+ 7 
"bf = 4/46 55 — bt 
ung, Ba. ' Whence 3: b; + my 


e E. „ and innckiplying, ache 
7 215 a | 


4 4tk& 


lu =Þbt 4+ bay reduced 40 bee. 


s WW <c.30i% 


PROB. CXXYIIIL 


73. bs the right angled triangle ABC, BE=EC, and 
' LABD=CBD; and there 'is given BD and 


CAE; te find the Ku. 


Draw DF parallel to CB; then in the triangle 


DFB, the ow at B, D are 45*, and BD being 
| given, 


' I | 
Sect. VII. PROBLEMS. 425 
iven, DF and FB its equal, are given; and ſince Fig. 


EEG, therefore DG=GF, Let DG or G or GF =b, 73. 
S.DAG=s, AF=x; then AG Crx, AD 


er. And by plain Trig. AGV/Iits) : 
: rad. (t) : : AP (ﬆ) : CELL _ Alſo 


: S. DAG 
$6 I AG 
' 6) : DG (); whence 7 = = * 460 Tax, 
reduced & + 5bbxx + 464 => Fs 
bbxx Ss | * 

N 3 96a $52] ' 

PRO B. xxx. n 


From the point B, to draw the lines BC, BD, BA, 74. 
ſo. that CD, 'DA, and the angles CBD, DBA, 


may be given. 


Draw CF perpendicular to AB, and put CD=3, 
DA=c, CATs, and 8 CBD = » S.DBAZd, 
S.CBA==m, coſ. CBA =», and CB=x, 


Then oy db CIR x:;#:; BF, 
a add; of * * 


BA. But in ade langle CBA, (Geom. II. — 
65-= xx + Ta . which reduced 


[ 
j 


| 
| 
{ 
| 
| 
| 


* 
* = 6 
— = * = — - 
" # k 


| 
| 
| 


PLAIN 110 : B. K. 


PR OB cxxx 


5. a e u, triangle there in given, the baſe, . and 
and angle 0 whe 10 the baſe ;, to 
” angle opp I 


Draw AD, perpendicular to CB; * ut 
AB=6b, S.ACB=s, coſ. ACB=c,, perp, CF= 2 
AC, CB=y. 

In the triangle ACP, 1 : *:: 4: $294 = AD, and 
T:X::c<: cx=CD, The triangles ABD and CBF 


are ſimilar, and y:b: : p: sx=AD, whence 


ph=5xy. In the 3 ABC (Geom. II. 23.), 
bb=xx+339—20y ; but 3 A and y= 2 z 


therefore B ex- 25 — — E „lich OE 


© ab dh we 


93 
| | " Otherwiſe, | 
Et AC+CB=zx, ACC, the reſt as be- 


fore; then AD =x*+3/0D 2206049, — 


Fhenin the triangle ABC; Doe yp + ey = 
ac =; that is, z] an- 2c) =6b, 


aud putting for x, we have 24% 425% 


6 n or- 4. — 


An, whence 3 „ =m; 


Sea. VII. PROBLEMS e 
Let f= coſine of the ſam of the * A, 1 78. 

vr caſ. of their difference; the reſt as before. 

, * v %:: A: ib, and vf 


2 4 and v . Then the angles A and B will 
be known, and conſequently their oppoſite ſides. 


PRO B. CXXXI. 


L.the fide triangle, to find t 
dene 44 EY 2 N bent: of * 


On the middle of AB, AC, erect the perpendi- 
culars DO, FO, the point of interſectian Q, is the. 
center of the cixcumſcribing circle. From O draw 
OI, OG, parallel to AG, AB; and put. ABI, 
AC d. -S.LA=s, ca A=c, Al=x, ION. 
The 80 An- Bid, and ig. the rights. 
3 triangles. OIN, 065. ir will-be 1:5: 

=D, and 1:90 : 5: . =QD. Al.. | 


8 PH : c.: cx = GF, 1 d 11: 4 2 : . 
FO. n K - 4 y=id—cx, and 
cg -x — Cx, X== ce =ab—ricdy 

— 6 x 2 
r ROOD 2 Ay 

4 j 

Therefore DO 1 and FO = ine 
with 6. VEG 2 5 ; 


27 


p R O B. CXXXUI. | | 
In the 5842 triangle ABC, the angles AOC, COB, 77, 


about the point O, are tuen; to fing 
| diflances AO, BO; co. A, 


Produce CO to D, and BO to Ec Ad ler: 
AB, 'AC=4, CB=f, S As, cof. Az, 


INES 


418 


OAB; and 2 ky g—7 


Fig. S.B=q, col. BAN, S.AOE=g, col. RN 
77. S. AOD b, S.DOB=p, AO=x. 
Then by egg ag AB (0) S.O (E ): 


AO * 


PLAIN TRIG. B. II. 


&. ABO, and J 51 = col. 


ABO Y; and (Trig. I * cor.) 47 1 


mex 


* 2 S. OAB. Alſo 


cus 1.6% . L- r = $.CAO ; 


and 0. 6.) gle 8. CBO. And by Trigono- 


merry, pF — I co. | and 

b:d:; S.CAO: cod 2 . 

dempgs 

= * = — of, and ai ie gdp r-. 
demy—bpdegy + pdemgs =bbfqy—gnfbs ; and tran- 


ſtirurion, that is, 2 


. 


* 


N poling, S 7 —=5ggdx + pdemgs + 
ruft, and y= FE e 


— 4 +bpdeg bpdsm 


S * e eee Sur 
1 
bb. 


and ul, red * 
bt ; — 0 . 


*— ee 


Or thus," 


| Make the ang N BAF 2 __ . at BOC, p | 
and L ABF = To, AoC; through A, B, F de- | 


ſcribe the circle AOBF, to interſect CF in O, the | 
88 n 3: i | 


e Vd - Calenfation.”. | 


Sect. VII. PROBLEMS. 42g 


Calculation. In the triangle ABF, all the- angles Fi 88 
are given, and the ſide AB, to find AF. 78. 
In the triangle CAF; CA, AF, and CAF 
are given; to find LACF: | 
In the triangle ACO, there is given . and all. 
the n z to find AO, CO. 


PR OB. CXXXUI. 


In the right-angled triangle ABC, there is given BA, 7% 
and angle CBD ;, alſo AT=TD, and L ABT 
CBT; to. find AC. 


Let BA=b=95. 3 rang. DBC=# = T. I 5% 
AT or OTIS then AD. By trigonometry, 


323: 1: tung TBA, and : 24 1 
tang. DBA. Then (Tus. I. 5 Schol.) the tang, 
2TBA or tang. ABC = 7 = e Tse 8.) 
20 2, 2 . | 


1 ＋ N 6... 4272 = nk 
= tang. ABC. Whence = 2 = 


ad uced DT ta and ces I 3, 


5 R O B. a: 


Upon 4 ori izental plane, there flands a tall. pine-tree. 
l 


r towards the ſouth. A man ſtanding on the 

nb fide of it 50 yards, fon. the faot, finds the 

dre 12 fubtend an angle of 39 deg. , Afterwards go- 
in dirtiby weſt 73 yards,” it ubtends an ey of 
1 Mbat is the tree's Iingtb? 2, 


Let AC be the tree; E, F, the two FRET TA go: 
Dial AB. perpendicular to the horizon, and AD 


Peper 


280 


F 
15 


— 


+ 


PLAIN. TRIG: B. II. 


dicular to FC produced; draw BD, AC. The 
triangles ABD, ABC, ADC, BDC, CEp, DAF, 
BAE, ate all tight · angled. Put EF==6, CE, 
CF=c, CD y, tang. AEB=3, tang. A Ae. 
ZDy Trigonometry, 17 :: c+y YR, 


whence AC = J- wi NT. The tHangles 
FCE, BCD art fimilar, and 1: ©: : 5 : I =BC, 
ad 4:5::4:2 = BD. Then AB = 


r — 72 = 7 & c 


And in be triangle ABE, 44 i EI HK 


== ts. ... | 3 
Jux = 2 when de We = 


7 N = and ſquared 8 & 


ccaqy d & Fre- FA y, and reduced 


cc + cad = ddttce. 
Aan —=2ztddr — din 


P ROB. RXV. 
Given two allitudes and two azimuths of à cloud in 
motion; to find the point of the wind. 


Let A be the firſt, B the ſecond. place of the 
cloud, Q. the place of obſervation, ABC the plane 
of the cloud's motion; AB its line of direction. 
Let AD, BE,” CO be perpendicular to the hori- 
zon, ther DEO is equal and parallel to ABC, 
and MDE is the path of the cloud on che earth. 
Let OM be the metidian. 

Put p= tang. AO, q=tang. BOE, A—cotang. 
DOE, OD=x. In os triangle AIDS « 3.6: 2 
p; px =ZAD=BE ; and in the triangle 12 


Sekt. vl. PROBLEMS. 

72 br 1 2 ok. In the triangle DOE, {fag 
2 2 

rt ot” f ung | 
—— and the fum and difference of 


451 
Fit. 


84. 


ODE, OED being had; ODE, and OED vi 


be known. 

Th the triangle ODM, chere is given ODM and 
DOM, therefore OMD is known, which | is the way 
of the cloud or of the wind. 


PROB. cxxxvl. 


Ox a clear day, the wind landing N. N. E. 1objorvad 
4 ſmall cloud W. ly S. whoſe altitude was 44% and 
whilſt the ſhadow of the cloud moved over 12 30 yards 
upon a borizontal oo b 2 cloud itſelf moved 

- #hrough an enple of 9: 37 as J obferved it with 
an infrumeut. What was * en | 


Let E be the place of obſervation, CA the tract 
of the cloud, FG its projeftion upon the Hen; 
AF, CG, BE being perp. to the horizon. Let BD be 

rp. to ACD and AK to ECK. 

Let AC or GF—=d=1230, S. DCB=c=5 points, 
col. DCB x, S. SEC a.,, coſ. EC =, tang, 


AEC=1/=92 : 37 CG=x. ke A Per Ws in 


Pra ck, Ir 1: Sek, nd b 
: =CB, and in the adi BCD, 1: . 2 * 
£5X =P 


11 "hi and 1:.—::n: LAG Thea-DE: 


= TIE. SG 7 by ſub· 
Rirution, 


The 


\ 
\ 


mn _ PLAIN TRIG it, 
* Fig. 4 CED and CAK are fimilar, nd 
. 70 (ck): (DE) 12 (Ac) d: pd =AK; and 7 


(CE) : (CD) : :4(AG): md=CK. And in the 
eriangle AKE, 14 + FER): (ad) :p4 (AK) 
22 (tang: AEK), whence dt + pl. and tx 
 bpd—miatb, and x= EE = 4 2 oadb. 


PR OB. CXXXVIL 
83: In the triangle ACB, there is given AC, CB, #64 
8 AD, and the angle DCB; to find ibe 
Draw AF perpendicular to CB; and put 


AC=2sa, DBI, CB=4, * ee col. ACD gc, 
and S. CDDB r. 
tx 


In the triangle DB, 4. 5 2 5: 7s. DCB, . 


in the triangle CAD, x: 12 5 17 2 =AD,then AB 


=b+ == . But ( I. Gs cor. I.) 


YL: Hine he = col. ACB Scr (putting 
28 — and in the triangle ACF, 1:4 


. . : £28 3 =CF. But (Geom. II. 


; — 
3 23. ) EET +95 = 00+dd— 24 x can 45 ELLA ad 
| N | multiplying 


Sec, VII. PROBLEMS. 


433 


multlplying by xx, bbxx + 2absx + aa5s5 =4axx + Fig. 


ddxx—24dcaxxz +2absx*, and tranſpoſing 


ade abba 2 and ms 
+ S 4 
oh | 


2, al bees 2 the "cen quantities; 
2dacxe 7 = 2x* TA -K, and 


ſquaring, hw — 4aabbcea* = 
x5 + 2 — 275% — 2p 22 


hs 77 e + rr 
+; 2rtx + it. Wo 1 
_ —— i 
L . 


M oO 


83. 


Problems in ſpherical Trigonometry. 


* 8 
6 — _— * — 


PROD. exxxvat. 


Given the gary» 27. far place and abe ſun's longitude 3 
to find afcenfional diff difh rence, 


| ET 4=S. greateſt declination, c=S. ſun's 
EE longitude AD, wa=-Sr-geclinaton—BD, [= 
| tang. latitude PCH, & -S. Aſc. diff BC, 

| Then in the r* Z ſpherical triangle ADB, rad. 
| (1) : S. AD (c) :: S. A (5): bc S. BD, and (Trig, 
| 

| 


bc 
I. 1, ſchol.) tang, BD Us the 


angle 3 rad. (1) : cotang. C (7) : : tang. BD 
5 
(=: ) : Sch (x), and c Si-. 


PRO . cxxxix. 


84, Given the ſun's deckuation, and the ſum of the latitude 
| and amplitude; 10 find each of them. 


Let a=ſine of half the ſum of CD — PH, 5 
the coſine, d S. declination, S. ſum of CD and 
PH, x=S. half their difference, y=S. whole diffe 
rence. Suppoſe PH greater than CD. Then 
(Trig. I. 6. ſchol.) 3/1—wx—ax=coſ.PH ; and 
i- —bx=S.CD. But in the triangle CBD, 
col. C (Mi- ar): S. BD (4) :: rad. (1): fl ;- 

S. CD be 


BY = = = 


ſum of the angles, BCD, 


$e& VIII. Sparnicai Tato, Propiews, 435 

S.CD iI. Whence ab — Fig: 

aa i l—xx ier +abxx=d 3 | 84. 
or ab , V/1—xx =d (becauſe a CBB 1). 


But (Tris I. 2. ſchol.) _ ,, and 20 


p R O B. cxl. 


Given the ſux's altitude of and alſo when weſt; 1 : 
8 b ant. I 9 


R & the ſun's place when weſt, and 0 at fix 
a clock. Let =S. RC the altitude weſt, s=S.OI 
the altitude at fix, x=S. latitude. 

In the triangle CIO, S.C (): S.Ot (5) : : rad. 


(1) := = S. CO the declination. In the triangle 


DCR, S.C * 5 DR DN : : rad. (1): 8. CR 


(0, and 4 7, of a, and = V. 


PROB. CXLI. 


AEC, BCD are two triangles righ t-an vled ot E ad 86. 

D, ae Rand, on the great * ECD, alſo 
— EC, CD, and the angle ACB are 
given ; 10 find the angles and Ades. 


Let a=tang. DC, b=tang. CE, 8. half the 
CE 3 c=coline, x= 
line, 'y= coſine of half the difference. Then 
C =col. leſſer ACE, and cy—5x=col. greater 
BCD. And in the triangle ACE „rl: .6 


= tang. AC. And in the triangle BCD, 
ms £ 8:4 oO 


2 
55 


fore be 1—xX =P, and 2x Vi = 2 


436 SPHERICAL 'TRIG. B. n. 

86. inn == = rang, CB, | Whence 
b N 

E Pop nn and * and asx 


be—ac 


+ bsx =bry—acy, and 5 S Far = Sung. half the 


difference of the angles BCD, ACE ; whence the 
angles themſelves are had. 


PROB. CXLI... 


| Given the ſun's amplitude, al altitude at Air; to find 


| he latitude, and declination. 
Lin 5 = ths pole, 2 the zenith, CB the am. 


' plitude, AP the altitude at fix. 


Let S. CB, SS. AP, x=S..lat. PO,.y=S. 
twice the latitude. In the triangle CBD, => | (1) 


: S. C Vi-): : S. CB (): I—xx= S. BD 


or AC. And in the triangle CAP, rad. (1) : 


S.AC (b/ I—xx I—xx) :: 8. C (*): S. AP (p); there- 
b 3 


but J=2x/ f z whence y= 2 then x will 
: be known, and ier. I=—Xxx, the 3 


; 
88. 
ho * 


PROB. CXLIII. 


Ca two Aa, and two azimuths of the fun; 1 j 
And the ale. 


Let Z be bee weh, p the * 8, O two 
places of the ſan; Let „ f=ſine and coſine of 


28; p, 9 ſine and coſine of ZO ; m=col. PZS, 


ora PZO ; x, y=ſine and *. of PH. Then 
( * II. 350 coſ. SP = ym + fs * 


„ THE 


nd 


1 


Ear en- . therefore | — = 72 = 


di fieence, Stang, 0 one laritade, | then — —= Stang. 


Sect. VIII. PROBLEMS. 487. 


OP=pjn+gx. Whence gu ſe; Sen T gr, and Pig. 
* ph—m 82 


0 INS 


tang. PH' the latitude. bis: 


$_ 


'PROB. CXLIV. 


Given the latitude of tht plate 8 and the ſun's allitude 
i equal to bis azimuth from the ſaub, and equal ts. 
the hour from noon ; 10 find am of {ems + | | 


Z is the zenith, P the pole, ZP is given, 2 89. 
ELPOZAZOZDO., Let =S. ZE, c=cof ZP, 


5. ZPO=S.AZO. Then Vi = S.ZO, 
Ji Vitgyi; Viso and 1 
OP. But (Trig. III. 38.) VI XV 1—y + 

N. or 1—aoy; ＋ e, And De, or 


6 er 
„ i= ah bas ©, Ee Fx ; 
»W+ YER go; 
ul 400 =— = 755 * 


P R O B. CXLV. 


T * WAI 


7 Bere are 0 Place, boſe Natitudes are the comple - 
'- ents, of each other ta go, and ide ſan's decima- 
lion being given, be riſes an hour eoner in one place 
 than;the other ; to find. the latitus . : 


Let :=tang. declination, — akcenſona 87. 


the other Jatitude.\ Inch criangle CDB, ahi (x) 2: 
.DCB-{x): :,T.DB (2). : : S. DC the. 
aſe lonal difference in the firſt Jatirude, and 1: 


7 25 17 ; 12 ="ihe. aſceoſional difference in *% l 
other laude But (Trig. I. 9) 1 ME 


F b 3 | 58 wo 
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_ Ix— _: 3. and It _= =b+btt, 1 —1 = 5 


PR OB. cxl vl. 


de file of an horizontal dial being farmed down, fell 


— query, ** 
. age for 7 9 . 


Let unt. of 4 hours or 60 anfrering to 


8 a clock, #=S; latitude ; ; they Som =tapg. 


latitude = hour angle of 8, by the queſtion. 
Whence by he known” proportſan of dialling, 


x 
LTHF22E2 = e nag '0T , 
iV/ 1x = ns VI = 7 = col, lat 


'P R OB. CETY 


To fd in what lain, 4 eres ſouth declining ia! 


may be made, ſo that the declination of the plane, 
the diſtance of Ihe ſubſide from the meridian, and the 
wv beight, are all ee | 


go. Let ABC- the t-an 5 exical * le, 
_ in which ate found 1 the gd be vix. img 
co lat. A= co-declination, LB= plane e's dif. 


longitude, CB=ftile's he AC = s di- 
aces from the ed dian. 135 TR 
Let & =S. AB, y =S, BC,. Then (iy the pro 


perties of right 150 1 : tang cotang. A 


oa or n BC x cotang. A. 15 


— — — — 


| 
} 
| 


SS. PZ. Hex col. PZ PZ. Apd in the | 


Sea. VII. PROBLEMS... 


by the queſtion, BC=AC — A. 7 kerefore Fig 


rang; YC or cotang. 4 Wbesce 


5 (S. Ac) = Ea * = (tang. C 


cotang· A) = =o and 1), or H. 


Again, in the ſame trüngz, 1: coſ. Ac: 
. coſ. AB, whence col. AB = cof Ac x 


cof. BC; that is, Viz = Vim X W1—yyt 


Fi, therefore V iy N. 2 Nos AC. 
BC, therefore B= LA. Hence 


theſe ſive 


are equal; 1. Plain's deelination. 2, Diſtance of 
the fable Bom tk. meridian. 3. Stile's height,” 


£2 r of the place. 5 Comp. of the plane $ 


iff. longitude z and each If them twieę the 
ſine of 785 6189345 whence the 1 _ 

declination 39: 104, _ 
2— 


Is, R O B. eL vill. . 


Given the farts meridian altitude, —_— bi altinds 


er tuo; Jo find the [tiftuge. . _ 
Let Z be the zenith, P the pole; © On 


22 A be 2 


E of the ſun, Let a, Sg ſine and coſine of 


Z (PO—PZ) ;: x, y=line ad, Tien (3% * 
eg. PO . 


F,. NE. E, d co. 20. 


ſchol.) „PO 


OE Uns. III. 38. Y N N 


* Ha; that is, „ 


but y I-. therefore xx + bb 


 —obbxx—aaxx d but 2 g=, whence ca 


6 and Wr and 
. f 4 . S n 


91. 


4% SPHERICAL TRIG. . u. 


Fi a 
51 * == 52 CEL] Whence Po (or PB), and 


PROB, CALI 
9 2. In the ſpherical triangle VAC, there is given the per- 
pendicular AB, the angle A, and the baſe I 10 


Jing the ſegments. 


Put 5288. AB, ;=mag. vac,  etang. VC,. 
Stang. BC. In. che triangle, BAC, 6:21:43; 


__ => Stang. BAC, bow (Trig. J. 9) Sz Tis 

Be. I VB, and. 1+; * TER 
3 * 

22 7 5 SH, And in the tri· 
na e 207 22 — 2 
1 I: b: IT I _Whence 
fs 

Tar = Fat And multiplying, 


ee Köber ehr, and re- 
"__ TembotxÞbbet—ic. x =: eil. 


3 "ck 4 4 Vas: >, R 0 B. _ 


Ti rg is 1 unknown part of the world, + 7 found 
.. by chance an old- 4 dial, 'whoſe hour lines 
wert /0 decayed by length of time, that I could only 

— diſcover thoſe of 4 and 5, ; whoſe diſtance ' I found 

3 Je. 21 r e thy latitude a 1 


"Let ng hos ta urch * I 

12 75 the hour arch of 5. 

- $=ranjg. of their difference 21. 
S8. latitude. - 

. Then 


I. 


el Vl. PROBLEM S. 


71 1 known. Therefore in the angles GBV, VPM. 


8. e hour arch: tang. e 


* 24 45 4. Stang he 


But @ rig. 1. 8. ) — : br: de dr, whence 


t+bx=dx—bdtxx, and Aa A. K So. 


In numbers 2.48133x*—2x = —.383864. 
and x =.49084 =, S.29 24 the lat. 
or # SIS = > — 22 e 


PR OB EI 4 


Then by the kasan epi of dialling, : rad: Fige 


a 
93 


Tbere are e gives 7 latitudes of tbree Mates hing i in the it 


arch of a great circle; and the diff. longitude ire 
equal, betwtin the middle one and e p w- 
tream Place; to er Wer 02% IAL 


CLEL A. 
" Let P be che pole, AE ths equinoAlal z V. 
M, the three places. Put Y Stang. MD,. 
VB, d=tang, CG, x=S.AB, 5=8.CB CB or B. 
Then (Trig. I. 5.) Vi- — ons 
and (Trig. J. 6.) VI N * 
Then (Trig. III. 27. cor. 1.) x: c: 
=: b; and x eg — 


Ir 
: d. Whence 5 N 3 


vv iar, 


dx PLES 

7 ee Then addin and. 
3 UB d T1977 

dees cheſe la equations ES; ri 

I CY 1 Rt us a *. . 03 basis 


former V = . Ut CB or BD. Hence 


2C 


two 


99 


44z © SPHERICAL TRIG.. B. u. 
Big. two ſides and the included angle are given, to find 
930 GV, VM, the diftances required. 

| Or thus, | | 


. (By Trig. W As rad; ;; ta pv: 
wang GC + tang. MD: 12. or. MeV. 


P ROB. cn. 


9% In the ſpherical ABC, we have given the angler ADC, 
| CB, BDA, abeut the point Dy and the triangle 
ABC elf ; 15 find the diſtances AO, BO, CO. 


La 1. e ee 4.” p. * * 


| and cht B, aS. CDDB, FSS. CB. öS. CDA. 1 
| S. AC, bþ—=cof, AB,.z=col. ADB, x, p=line and 
coſ. DAB; , x==ſine and cof. DBA. 
Ann (Trig. 1-6.) cx =8,CAD, asd pz— 
D, aod- in the triangles CAD, BAD, 5: 


2 


1 — 


In 2 le ADB (Caſe 10.2 10. Trig —— 
— 2=V - I—yy, — 9 
1 = N — 
and 9 Vi = | 4 

From thee. two equations, the roots may de 
eafieſt found 5 problem xcy ; otherwiſe it will 
aſcend to a high equation: or if you pleaſe you 


| a ee by ue 5; prob. xeii. 


Sc. and 4 ü: r. 
= therefore dvd = 


Sec. VIII. PROBLEMS 


p ROI CUIL 
Give ibe difference of - the anime 
ſtars en 


Tai be the zenith; A, B. C, the ſtars. "Sic 98. 

_ places are given, the triangle ABC will be gi 

Put 3, cine and '$ABC, þ= 2 
þ=S.BC , #=cof, AC, g=odl. AZC, 4=S.AZB, 


e. CZB; x, y=ſine and of. — — Then 


Orrs. CBZ =v, and „err. ABZ=z And 
42 
ja the triangles ABZ, CBZ, 4 25 2 


8. AZ, and 71 FS; and nl 


angle ATC (Trig. ut. 98.) E ＋ — 
* —w n,; and tranſpoſing, V 1i—=z * 
CR mags 


tranſpoſing, 1 = z2z+vv — es + 


* e e but 2. v. =259*+2cexx,, al 


v ccxx. Therefore 18 — 
1 „ — aecc _ + > 1 
S + * Wi 1 — 7 = Ms 
angae 
r 1 1 
chen 8 2p SN 
but W=i—xxk; therefore expunging y, - 
cing, pr. gcc 2 R e . -i. 
Ron 


Fig. 


SPHBERICAL-TR1G. .- BH. 


Fig 
PR OB. CLIV. 


Cie the ſun's declination," | the diſferenoe of two 
altitudes, the difference f azimuth, and the dif- 
Keri of para Jo = the Wend and the la- 

3 12 Miene an: 2 

96. Let P. be the pole, E he dich; 26 B, the: 
places of the an. Put 4 =8. ſun's declination, 
S. zAPB, c coſ. ZB; p, $7442 and coſine 


EE =3 x, 3=ſine and col. - 3 then | 


(Trig, L 6. ſchol. 2.) ger 4 8. ZB. & 
S. ZA, - p cbſ. ZB, er ZA. Then 
in the triangle API, 1: : ds =S. half AD, 
and (Trig. I. 2. ſchol.) 3 and 
1 N III. e XG 
+ogy2p*x = but pp r, an 
r = ; e p een, 
e 3" Or cg cfpprx—qqxx— 
FPpxx = I—2dd -N ?; that. is, cr — XX 
adp. ! +pp=epp + pp—24ds5 » whence 


EDEN 246. Then the ſides Z A, ZB 


—1 
are known. In the triangle PAI, find the LA, 
and in the triangle ZAB, find the angle A, and 
>, . difference ZAP; then in the triangle ZAP, 
there's given two ſides and the included angle 1 
* 2P, che co latitude. f . 


r ROB. CL. 


3 Given! two altitudes of the * or a ; far, and. the * 
Re ; of obſervation ; ta find the declination, end latitude. 


7. Let Z be the zenith, fe A, the 
s places et the fu or ſtar. 2 | 


- 


v. "4 
Fs - 4 F * 


| I EE IPOS I et Page 
Sect. VIII. f RO BI E M's. 44s. 
f=cof. AZ, b=cof. ZPB, d=cof. Z PA, x =cof. Fig. 
BP—ZP, y=col. BP+ZP. Oo co 97. 
Then (Trig. III. 2 cor. 1.) : 2: : - 
: 54 and a: 2: : ; 1d; ets We 
: IS: 1 1 therefore” x—dx—c 
page's © Ir + 7 ; and A- +bf—ca, 
| f- + cf 
whence * = . Alſo I — 
= 2%=26, or by - T Mac, and ) = 
x+bx —2c_ __ 24 FR e-. 
Wr ir hoon = mah 


Clad 0 8 * 


r PRO B. IVI r 


Given to altitudes of the f the difference of times, 
and difference of azimuths ; 3 I. find the latitude and 
de 4 lind tion. © . $ 4 


-- - Suppoſe P the pole, Z the zctitch'; B, A; the 985 
places of the ſun. Put c=cof. BZ A, 5=col, BPA, 
vs. BP or PA; 3, d=ſine and col. 235 7 
fine and coſ. ZA. | 
Then (Trig. III. 38.) in the triangle BZA, 
bef + dp =col. | A; and in the triangle BPA, 


99 + VI xv 1—» = coſ. BA; thetefare 
9+ I—J=bf + dp, , and 1 = = nf + dp—1, 


and y= / . . = S.BP the declinition. 


Then in the 15 as 'BPA, find the angle Band 
in the triangle ZBA find the angle B, and then 
the difference ZBP. Then in > triangle -ZBP 
there are given two ſides ZB, BP, and the included 

angle B; 10 20 ZP, the co-lathude, — = 


. ws 


SPHERICAL TRIG. B. l. 
ROI Ctyit. 


Given Py ſuits dedlidiation, tive altitudes; 6p the time 
between them to find the latitude. 


tu ifa and cut. PA; r 
ge #=col. ZB, m=coſ. ZA; 5, c=ſine and co; 


fine FA. 3, n and coſ. . 


Then (Trig. I. 6. ſchol.) exgy=cof, ZPA 
and cz Tn coſ. i, and (Trig. III. 38.) aczv 


ago +he=as and deav--diyu+ fan 1 and 


Se. VII. PROBLEMS. 447 


Fig- 
= = Wbence In=xx—pp+ 277K n 98. 


n and reduced 


imme + 20 E N o 
— 4 — 297 * A at dens 
+ 1 | — 141 | 


RY OY 2 
In the triangle BPA, 2 ſides and the included | 
angle are given, to find B, and BA. In the 
triangle BZ A, all the ſides are given, to find the 
angle B, and from thence ZBP. Then in the tri- 
angle ZPB, two fides and the included Z. B, are 
given; to find ZP the comp. of the latitude. | 


P R OB. cl vill 


| Given three altitudts of the ſun in one day, and * limes 
bBerween them; R 2 


Let s, c=fine and cof. APB; b, b= fine and 99. 
col. ABC, Y=coſ. AZ, f=col. BZ, ga. CZ, 
x#==5, ZPA, AP, BP or CP; I SZP. = 

Then (Trig. I. 5. cor. 1.) MI - col. 
2B, and 35 I—xx—rx=cof; ZPC. ATTY 
III. 38.) c 
2 — Vi 1. 
| iu o+ ty2% 4 * * 5 21 
tranſpoſition, V1—zz V 1-— 5 4-9 *. 
Then c290/1—xx - TM- 1=—xx=f, and 
BIN I=—xx—#29X4+d—25V/ L—XXZg. From the 
former ome vor arnpng two laſt equations we get 2 
1 
wy 5 1 and from the latter 2 = 
Wires 


3 and making theſe laſt s- 


tions 


448 SPHERICAL TRIG. |, B.1t. 


. tions equal, and reducing, we have 2 25 


ND | = rang, ZPA. Then 


A- g Xs —d—f xt 

4 — be known, and alſo zy. _ | 
ut Viz K Vi = =d—2/ e = Fot 
3 then 1-22 ＋ 22 =dd—2dzyV 1—xx 
+ Y — 22 xx, and tranſpoling, yy+zz=1—-dd 
+24rV/ 1— xx+rrxx—þ by ſubſtitution; then 
Y +292+22=P+2r, and B-, =-, 
and 3 +2 = Vporr, and — 2 2, 


whence y= LEXED = ti and z = 


2 


Aa- — 8 


PROB. CLIX. 


Having at one inflant the altitudes of two "ahi fart ; 
| to find the latitude. 


100. Let Z be the zenith, E che pole; F, A, the 
ſtars.” In the triangle APP, there is given the 
ſides AP, FP the co-declinations, and angle P, the 
diff. right aſcenſions, to find AF, and /. Then 
in the triangle Z FRA, all the ſides are given, to 
find the angſe F; then Z FP will be known. 
Let'c=cof. ZFP; a, 5 = ſine and co, ZF; d, f= 
dine and coſ. FP; x=cof. ZP. Then (Trig. ill. 35. ) 

ade EH MN 8. latitude. | 


8 PR OB. 9 
F there be 1110 known ſtars in one- azimuth, and having 
the altitude of 1 given; to 8 the latitude of 
, the place. 
101. Let Z be the zenith, P cha! 2 . 1 the 


two ſtars in the azimuth circle ZFA, and Z F is 
| give 


* 


Set, VIII. PROBLEMS. 


given. In the triangle APP, two ſides and the in - Fig. 
cluded angle P, are given; to find the angle F. 101. 


Put c=col. CZ FP; a, Y ſine and coſine of ZF; 
d, f=ſine and coſine of FP; x=cof. ZP. Then 
in the triangle ZFP (Trig. III. 38.) adc+dbf=s 
the fine of the latitude. HE. 

If ZA is given, you muſt find the angle FAP, 
and put a, þ=S. and col. ZA; d, f=S. and coſ. 


AP, Se. 
Otherwiſe thus, 
Let the altitude of A be given; 5, =fine and 
coſ. APF; d, Fine and coſ. AP; , x=line 


and coſ. FP; a, bþ=ſine and coſ. ZA, x= coſ. 


ZP. Then (Trig. caſe 7. ſpherical triangles) co- 
n—mfc ms 
tang. A = „and tang. A== 7 2 


by ſubſtitution; and (Trig. I. 1. ſchol.) col. A= 


1 | - ad 
is And (Trig. III. 38.) 7. — bf =x* 
the S. latitude. | | 


This is a uſeful problem, 


- 


102. 


a 
Geometrical Leci, and Problems relating thereto. 


—— Mon. 


F the right line AP be drawn from a given 
1 point A, and any number of right lines PM, 
PM. Sc. be drawn thereon, parallel to one ano- 
ther, or making any given angle with AP. And 


if the relation of the indetermined quantities AP, 
PM be denoted in general by ſome equation; and 


if the lengths of PM be every where, ſuch as that 
uation gives; then the curve paſting through 
al the points M, is called the Locus of the points 


M, or the locus of that equation. And that equa- 


tion declares the nature of the curve MM. 


The degrees of the Loci are denominated from 
the degrees of the equations, by which they are de- 
noted. Thus a locus, of the firſt degree is that 


. where the indetermined quantities riſe to one di- 


menſion; of the ſecond degree, when they ariſe to 
two dimenſions; of the third degree, when they 


- riſe to three dimenſions, &c. 


102. 


Right lines are ſaid to be given in poſition, when 
they make given angles with one another. 


PRO B. CLXI. 


If the pole AC or BC revolves about the center C, 
and the weight D, and fring BD hangs at the end 
it; to find the natwe of the curve GD, deſcribed 

by the weight D. 


Take AG, and CF, BD. Then ſince CF, 


BD are equal and parallel, therefore (Geom. I. 5. 


Cor. 


WWE: 


OO ooo kw we | 


+ 


a G. 


Sect. IX. PROBLEM S of the Loer. 451 
cor. 3.) CB, FD, are equal, or FD=CB=CA. Fig · 
And ſince FC=GA, add CG, and then FG=CA; 103 · 
whence FD=FG. Therefore GD is a circle whoſe 


Center is F, the ſame with AB, but in a lower po- 


* 


ſition. 


P R O B. CLXII. 


Suppoſe ACD, acd, &c. to be right-angled triangles, 104. 
one of whoſe angles falls upon the fixed point A, the 
other in the line AE; and if the ſegments BD, bd, 
be given; to find the nature of the curve paſſing 
through all the right angles C, c, &c. 


Let AB=x, BC =y, BD=a; then in the right 
angled triangle ACD; AB (x): BC (9) :: | 
J: BD (a); whence ax =yy, for the nature of 


the curve. Therefore the curve Ce is a parabola, 


whoſe latus rectum is BD or zd, and A the 
vertex. 


1 


p RO B. CLXIII. 


A is a fixed point, AB a given line, ABD à given 105. 
angle; then ſuppoſe the curve AMB te be generated 
after ſuch a manner that drawing any line AC, it 
may be, as BC toBP:: as rt: 10 : 10 find the 
nature of the curve, or the lacus of all the points M. 


Draw MP, mp parallel to DB, and let AP=, 
PM =y, ABS. Then by ſimilar triangles AP 


(x) : PM (9) :: AB () : BC = 2. And by 


che problem, r:s::BC (2 : BP ( a—x ). 


Therefore 2 =ra—is, and y= - X a ux, for 
the nature of the curve; and it paſſes through A; 
becauſe when x is =o, y is =o, 


G g 2 PROB. 


through B. 


107. The-triangls ABC 47 fiber 


PROBLEMS of B. II. 
P RO B. CLXIV. 


106. Given the triangle ABC, and drawing PD parallet | 


to BC ; ſuppoſe it be always PM* =PD*—BC: ; 
| to find the nature of the curve BM. 


Put AB=a, BCI, AP=x, PM=y, then by 


4imilar triangles,  : 5 7 5 PD, and by 


the akon. = Y. or amy=bhxx—bhas, 
and = = ira And the curve paſſes 


0 4 , 


e e AR N. a 14 . 
WS; 
ae d 2 1 af B, 


and drawing FM parallel 10 n ' be every 
where en Be 10 „ wa: the ature of 


deere; l Rl . 
Let AB, BC 25 "AP=x, P r * Then 


by fimilar triangles, 1 5 227 6 Tab. "And 


; 1 
by the. queſtion, esd r 


8 IX 700 


bbax © Q 
"Fx. > anfl — che equation for all 


— points M. And in A, 8 1 8 


= ACR. — 


" 
— 


SK. moet 452 
| "M 
PROB. CLXVI. 


If AB, CF, AC be right lines given in poſton; 108. 
and PD, 74 be always parallel o AC; and if 
PM be every where equal ta CD; 10 ' fund = 
locus of the point M. 


Since AC, PD are parallel; AP will be to CD 
in a given ratio (Geom. II. 12. cor. 2.); put 
2 PM y, and let 4; H:: AP (ﬆ):: 


Z=cp therefore y'= 22 Therefore Alia is 
2 1 line, paſſing Gl * 


7 


PR O B. CLXVI. 


If the three lines CA, CB, AB be given in Poſition ; 109, 
and, PM be always draton parallel to AB; and it 

be every where A FD PM“; 10 find the nature 

of the curve Mm. | 


Let CA ga, AB=b, AP=sx, PMI then by 
ſimilar triangles, a: :: 4+x: rp. o then 


by the queſtion, K y Wu 
E 


Gab both x and y are o, at once. 
But if CB be parallel to CA, then PD=AR 


and d. or yz=vFx. And if C he on the o- 
ther ſide of A, then PD == =, and y= 


SSR ax—xx- In which caſe, when ga, 
thaw: e, and the curve paſſes there through 


the axis CA. : 
| Gg 3 When - 


454 PROBLEMS f B. 1. 
Fig. When x is greater than a, is the ſquare root 


"0g: of a negative quantity, which is impoſſible; and 
therefore the curve goes no further than A. 


PRO B. CLAVIIL 


2 SY 7 Bere is given the right- angled triangle ABD ; and 


drawing PM, pm always parallel to BD; and 
mating PM every where equal to BF; to find 
the nature of the curve DMmn. 


Put AB==a, BD =, BP=x, PI. Then 


by ſimilar W a: b:: i a 44: —— 6 
= PF, and B F. = xx = — _ 
1 2 the refore 


ls A” 
= 75 35 ＋ LI + — xx, for the nature 
of the, ve... Eat | 


avi; AN Þ 4 R O B. cLxIx. 


11 1. BA is a given line, draw PM 3 4 BAP; 


and tet AM br always a mean proportional between . 
_ AP 1 z Yo Jas the nature of the curve 
rp Foot 


a, Ape, PM=y den AM = 
— and pe queſt. a: Var L ax +39 
3 x, and ax=awyy, whence y=Vv/ x. 


uy 


— 
— 2 
«AFP 


SEU N 
* 


Sect. IX. * LOSE: a: 
Figs 


PROB. CLXX. 


The line CF and point A being given; from any 1 12. 
point D in that line, through A, draw DAM, 


and make DA x AM always equal_to a. given 
ſquare ,, to find the locus of M. 


Draw BAP perpendicular to CF, and PM per- 
pendicular to AP, and put AB=a, AP=x, 


PM =y, then AM = Wxx+3y, bb = the given 
ſquare. By ſimilar triangles x: Was +39 © : 4: 


a R + 3y —z2 — 
— . Then per queſt. 7 N 
| | bbx = bbx 


P R O B. CLXXI. 


AD is @ circle, C its center; draw AB perpendicy- 11 3+ 
lar to CAP. Then draw any line CB, and BM 
parallel to AP; and make always BM=DB ; „ 40 
find the nature of the curve mM. 


Draw Mp perpendicular to CP, and let CA Err. 
AP=sx, PM= =y; then CB = Vir+y , and 
BD = wWrr+yy—r. But AP or BM=BD, that 
is, x — vrr+yy —r, and Vrr+yy = =r+x, and 
ſquaring. rr = rrarx ax, whence Þ # 
V 2rx+ax. | 


Gg4 PROP. 


* PROBLEMS J B.. 


S PRO B. CLXXI. 
114. CAD is a given angle, CD a gives line, M a given 
point in il. Let this line ſo move in the angle 
.CAD, that the ends D, C may, e the 
des * AC z 1% find the. curve deſeri ed wy 


point M 


Draw MP, MB — AC, AD, and put 
DM =8& 5 CM=þ 3 A. 9 4 AP =x » 
PM =y, By ſimilar ranges, CM (3) : BM (x) 

: DM (a), +. DP, = —Y But in the triangle 
n (Trig: [caſe 5.) y + 553 7 — 3 


0 . + 5 N for the equation of 
Re Curve. Ke 


„ n 
p RO ee 


n Yen. 18 I 


115. The lineCA ; is perpendiculr to AP, ABM is a * vare 


ud, 
22 en way ret 51% de LB. 5 
eee eee, 


AP, 8 8 BMF. are 
fimilar, and ö: 5: nfs. en 


Oh ab + ang, 
vita, therefore, = + v7 e 


17 N. 
24 3 = * eee oor 
Wei an 0 be. CM oo Mad tw, 40 87 


2 + 2 And reduced y . 05 


a= toring bas N oz, lefleing A WV wall 

nal Fr N.. Il bs dl 
Cc 

. I | 5 ROB. 


P ROB. CLXXIV. 


The lines AV, AB, AE are given in poſition, FY 116. 
Point V is given; if the line "VE be ahvays drawn 
through V, and the part intercepted CE be divided 
in a given ratio at M; 1o find the locus Fn 


points M, m. 


Draw NP parallel to AB, and DM, BE pa- 
rallel to AP, and put AP=x, PM D, AV a. 
to 5 as CM to ME, S. BAE p, S. CEA 


or BEA =9q. 55 
The triangles vac, VPM, DCM. BCE are 


ſimilar, and ax: 2522 3 = =AC, and a+x 


: 7DM) x: 22 SDE, Alſo ris: CM 


NE: cp (e): DE =, And OM 


| CE: 217 : 1 kk. and in the tri- 


angle Bak. 9: 7. r ( =): B 


tha why oxy 
75 „55 ng and 7 N 


e Th, © which reduced is (putting 
2 r e e and y = 


agr. Aft err En etl 1H 

N _ | * 

bus 85 8 iar a 
"PRA. AF i 


BCD. 1 4 given;ongley;D ig fixed paint, BM pe 117. 
to CP; and BM to MP art always in 29 | 


ratio; Het lle locus of N., * 
Draw Mb parallel to BC; and put. Ae. 
ADE], . col, £P=c, EE: IMS . then 


19049 — 


wm... PRODLEMS f An 
Fig. PD=b—x, and . 3 then (Trig. caſe 5.) 


— 6 


cyt MD = 45 * + x- 2 xb—x. Whence it 


. 1 3: : &: r 
I which ſquared and multiplied, bbaa+24hay +bbxx 
t=agyy + anbb--2aabx + aaxx—2 caaky + 2ꝛcaayx, and 


reduced &cayy+2caayx—zcaaby = bbxx + aaxx + 
2bbax + aal. 5 


PR OB. cl xxvl. 


118. c, D. are Fl fixed points in the line CD; and CM 
"ſquare is every where to MD ſquare, in the given 


 ratioof r to 5. To find the locus of M. 


| Draw MByertendieale to CD, and let CA=a, 
| AD=4, AP=zsx,.-_ PM =y:3. then Cr - 
| PD=b-—x. iT _ Therefore it is 711 4: bb : 


CN.) Y + Ir ND) yy . of I WAR 
fore bbyy+bbaa '+ 2btax + Vr = day +aabb— 
2aabx Taaxx. Whence N= 


„ rl 33 
, 22abs.; and 5 = => 75 * 2b = 
2a rn 
13 rar _——_— PTE weary 
BGA 44 on K. 705 Ga D 
6 b. crx x vn. +. 


| 119. The * * AD re Seng“ poſition; ; A h 
1 P, B, and angles CF are given. Now if 
the angles CPD, CBD move about the renterr P, B, 
whilſt the inter ſeen D (ef the der PD, BD) runs 
aan the lie D; to-find thr curve which ie in- 
I» - terſeftion C, of the other fades, iow. 


| 
| Draw CS, DF MOT Ta co to AB; and put 
| = "OTH tang. £ PAD =7, tang. CPD=p, 
| tang. 


———_ ”— — —_ 


I. SQL. W LOCK 


459 
3 tang. mag” F, peg SC=y, and Fig. 
it BF =b—v, BS=b—x. 119. 

Then by Trigonometry, 1 a U:: t: ta 
DF. 
fare 
5 And v: 1: 316+10: ——=tang. DPF. 
4 Allo v: 1:7: = = tang, CPS. 


E 
— 
And b—;: 1: : : —_ = tang. CBS. 

2 e eee . 


— © 
. . . 


Bue (Trig, 1.8.) 1 — os 7 * 1, * 


# 0M . ta+iv 3 © 
eee 


and Worn the extreams and means, 
Pux—Play—ptvy—iax Nerv N 
And g b—y Xb—x —ti ESTI ISS 
+by—axy ; that i is, ab X O— Ai X bx 19 


And b—:1:: 1 2 Stang. DBF. 


ſpoſing, tv +qu X b—x 55 nt —T.Z = qb X b—x 
e * 5 the. former 
gbb—q 3 +tax—by * 

N * — 1 2 * 2 
wer we 9 "IVY © for the known 


p- 2 2 
compound quantities, 3% 


#* 4 1 * * n - 4 % = f 
as IA 07 ishy2ibngmeg AG -P'ROB. 


„ 


F - . ” 
, © * ——_ = * 1 ov — iL? We 2 \ 4 SEA 
* 


N 
pl 2 3 
Ms | | ' JA 
tapbyy = r + tals, + 19ph = 
+3d- — -- OP ada hoot JL, +4 ] = 
ne $0199 19980 5%) Jo ede 
_ iy + 


m—lqty =teb—tax +1v x b—x + - and mm- 
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P'R O B. CLXXVII. 


120. To find the figure for the ſection of à groin, the baſes 
F the tuo ſolids being AFL a ſemicircle, a 
ABC, @ rigbi-angled iſoceles triangle. — 


Groining in joinery is fitting two priſmatic ſo- 
lids, to join at right angles, ſo that the ſurfaces of 
both may coincide, no part of one being higher 
than the other, and the ends of both of them muſt 
be cut away to a certain figure, or elſe they can 
never join truly, _ | 1 
Let the perpendicular ſections AFL, ABC of 
the folids be perpendicular to the plane LAC D, on 
which the figure is to be drawn. And ſuppoſe 
AMD to be the figure; draw MI, MP parallel 
to AC, AL; at l, P, draw the ordinates IF, PO, 
perpendicular to AL, AC. Now the nature of 
the groin requires that the lines FI, and PO; which 

are to coincide, muſt be equal. I herefore.compute 
FT, OP in both figures, and put them equal to 
PEE AL or Ace Ar Ph, - Then 
Let AL or AC ga, AP=x, PM=y. Then 

— — „— 4 

IF =vV/ATXIL VN and fince ABC 
is a right angle and AB=BC, OP will =AP; 
therefore OP=x, whence x =Vay—yy. + Whence 
AM is an arch of a circle equal to AF. And for 
the ſame reaſon, the part at D of AMD is a like. 
arch, and the whole curve AMD conſiſts of two 
F e of the circle AFL, meeting in the mid- 
le, and turning contrary ways. Therefore if the 
ends of the two ſolids, be cut into the figures 
ELDMAF, and BCDMAB; they will exactly fit 


— 


, | > , * . 
. 
” » F 
* * * Ss — k . Ld . 


N. 


and PO or IF = 


Sect. IX. the L © C 1. 461 
| | Fig. 
PROB. CLXXIX. 


To find the figure of a groin, when the baſes or hd 121. 
of the bodies are AFL a ſemicircle, and ABC 5 


ſegment of a circle. 


Let AMD be the curve; draw MP, MI pa- 
rellel to AL, AC; and IF, PO perpendicular to 
AL, AC. 

Put AL=a, AC=b, AP=#, PM=y. Then 
becauſe the figures APL and ABC muſt always 
be of equal height, therefore {a= the height of 
ABC. Then to find the dfameter of ABC, 

ſhall have 43#+;a4 divided by 44, for the A 
ter j put D diameter, then = the diſtance 
of the Cord AC Ih thr! put DA, 

20. 


| x b & mtl e of the 
circle (inthe fi gure e be” nd 
and 0 in wits „Therefore 
TUN - Eb xiii, 104 152 Pb A N 


alſo, = V ayry? 78 and ue a - | 
5 00 A And . . 


| equation * — 5 for the Yotus of NM. 


 YA= lie 41 2 \ bas 9120s 20S! 
509d — * Made, AS 10 —— 
Sk %& B. CLARK.» xs 2i_ MA 


10 (Q 1 aris} 50 


N AC 
Te 0 7 a ente! eee the elliafii, referred to am: 
g 45 7 176 +. hich; eflipfts 22/1 pherefore. 1 * 
15 5 Lal, w Y1831100 Zint 2 
mund 201 074 2715 ad el ok o, 5 to 4 13 | 
Let BFDG de tbe lips; 1'C! che center + Let zz. 
the point A be given, and any line AL, given in 
poſition, for the axis. Take the angle KAL at 
pleaſure, and through C, draw the diameter BD, 
parallel to AK, and FCG the conjugate to it. 


and AN, PM, LK parallel to FG. * ot 
| D., 


462 PROBLEMS f B. II. 


Fig. CD., p= parameter belonging to BD, AL =a, 

* Ae, CN=f, AN=s, AP=x, 
=). Nr A 

By the ſimilar triangles ALK, API; a:b:: x 


2 2 I and a: c:: x: Al Then PR 


=i—f + 5 RD=/ +f —=. And by the pro- 
perty of the ellipſis 24: :: BRD: RM:: #— 


zr Cexx bbax > 
OLE TI SI EI oo 
2bxy 2bnx 


7. * and multiplying extreams and 


means, and reducing, 


24aatyy—qabixy + 21bbxx--4aatny+4abtnx+20atnn—0 
| TFT pecc nap} —paatt 


| +paaff 
An equation to the ellipſis FD referred to the axis 
AL. Where note, yy and xx have the ſame ſign. 
And if xy is in the equation, the ſquare of half its 
coefficient is leſs than the coefficient of xx multi- 
plied by the cofficient of yy. And if xy be want- 
ing, xx and yy have the ſame ſign. 


P RO B. CLXXXI. 


To find a general equation to the byperbola, referred 
to any line as an axis; and whith byperbola will 
conſequently be the locus of that equation. 2 


123, Let DM be a hyperbola, C the center, AL 
any line drawn from the given point A. Make 
LAK any given angle; and through C draw the 
diameter BD, parallel to AK, and FCG its con- 
* = jugate, 


* 


jugate, and draw AN, PM, LK parallel to FG, Fig. 
Put BC or CD g, p= parameter of BD, AL==a, 123. 
LE, AA CN=f} AN=s, Aran; :* 
PM =y. 

From the ſimilar triangles ALK, APT, we ſhall 


EE „ 
get (as in the laſt proviem,) og _y Al == 


. whence PR=# + - RI , and CR 


— =—, and DR= = — — and BR = — 
.. And by the nature of the hyperbola, : 
2t: p:: (PR xDR) 5 — ” + F: 

| b . th 
. And the — and extreams multiplied, and 
en reduced, | | | 


2taayy——4braxy + 21bbxx —4tnaay + qatnbax-+ zan = * 
_ TZ -a 
| Iba 


Note, when xy is not in the equation, yy and 
xx have different ſigns. And if be there, the 
ſquare of half its coefficient is greater than the co- 
efficient of xx multiplied by the coefficient of yy. 


1 
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p R O B. CLXXXII. 


124. If the weight P break the beam DE, when ſupported 
looſe at A, B; to find what weight will break it, 
when the ends D, E, are fixed, that they cannot 


riſe. 


UPPOSE DA=AC, and BE=BC. Sup- 
the beam cut through at C, and let P 
be laid upon D, whilſt P remains at C; then the 
preſſure at A will be =P, therefore the beam will 
alſo break at A, having the ſame ſtreſs there as it 
had at C. For the ſame reaſon, if P be applied 
to E, CE will break at B. Conſequently, if 2P 
be applied to C, the beam being whole ; and the 
ends D, E fixed ; the beam will break at A, C, 
and B; and therefore it bears twice the weight or 
2P, at C, before it breaks. 


P ROB. CLXXXIII. 


125. The firength of a beam AB, being given; to find its 
firength when a hole (ac) is cut out of the middle, 
and alſo an equal one (rn) in the fide. 


By the principles of mechanics, the ſtrength of 
the beams whoſe thickneſſes are db, da, dc, will 
be as dh, da, and d. Now as the ſtrength of 
all the particles between & and d, is denoted by 


ale, and the ſtrength of all the particles ms" 


Soct. X. Mzcaanicat Paonlzus. 


and d, by ad* ; therefore the ſtrength of all the Fig. 


fixed) will be 45*%—4a*, add the ſtrength between 
c and d, which is cd*; and the ftrengtif of 3a 
and cd, that is, the ſtrength of the hollow beam 
is * But at che ſection r the ſtrengtli 
is 7. | | E. 

Whence if ur Sac, the ſtrength at 5 to the 
ſtrepgth at 1 is as d5*—gda*+rd* to c; that 
is, as db*—2dc X car. to 45.— 24 ca T cu. 
Therefore if di be the ſtrength of the whole 
beam, 2dc+c@ X re will be the defect of 
ſtrength of the hollow beam, when it breaks at 4; 
and aa c x cu, the defect of ſtrength when it 
breaks at x or f, which is greater than the former. 
And for the ſame reaſon the defect of ſtrength to- 


break at d, will be 24a-+ac X ca. 
r r ROB. LXW. 


To upport a long priſmatic body borizontally by #0 136, 
— A, B * it ſhall as ſoon break in A or B 


Let DA=ZAF=GB=BE=y, CF=CG=x, 
DC SCE gu, then a +x. 1 

The parts AF and BG lay no ſtreſs upon C. 
being balanced by the contrary weights DA, BE, 
— to them. Therefore the ſtreis at C, atiſes 
from the weight FG ; and muſt be equal to the 
ſtreſs at A, ariſing from the weights AD, AF. 
The ftreſs at A by the weight DF. is zDFxDF 
or 2yy, (Mechan. 70., and cor.) and the ſtreſs (by 
FG ſuſpended) at C is AB x FG, or 2y+2xX2x, 
But (ib. cor. 5.) 2AC{2y+2x) : AF+AC(2y+x) 
: ſtreſs at C, by FG ſuſpended at C (2y+2ax2%): 
to the ſtreſs at C, in the poſition FG = 2y+xx2x. 
4347 „ Therefore 


particles between 5 and a, (the point D being 125. 


ss MECHANICAL B. II. 


Fig. Therefore > 2yy= Yz X 2x. Or = 29x +xx= 


5 126. 3 and M + 215 I. aun. Whence y = 


# x 


And x= EY 5 | 


0 01 NED v4 


y no Bu CV. 
127. If tuo weights P, T heep one another i in , equilibria, 

t the two wheels zb radii are AB, CB; the 
ftrait tooth AB. of the one, adding on the crooked 

; tooth BD of the other, 10 of the e of 
the weights P, ＋. 


Draw EBF denden b to op. EH perpen- 
dicular to AB, gh FG perpendicular to BC. The 
point B of the end AB, is. ated upon. by three 
forces: 1. in direction AB; 2. in direction BE; 
in direction EH by the weight P; and theſe 
* rces are as BH, BE, EH. 

Again, the point B of the tooth BD is ated on 
by theſe three forces: 1. in direction BC; 2. in 
direction FB; 3. in direction FG by the weight T, 
and theſe forces are as BG, BF and FG. But the 
action and. reaction at the point, B, being equal; 
we have BE HBF, and in the righ led triangle 
BHE, rad. (1). : EB :: S. ABE: HE XEBxS. ABE. 
And in the triangle BGF, rad. (1): BF or EB:: 
S.FBG : GF „ S b. hence P: T:: 
HE: CF: EB XS. ABR: EB; x S:FBG ; that 

_> P: T:: co. ABD: coſ. . when the weights 


are in equilibrio. 7 J bas 
Whence if ABC. is RT and if 


CB ro, then Pp: *eol, nn 


A 


- EnO06up9 0's; a. 


©Q, ve oy oo 


— io. RS 


q ww Oo co w.;i” 


” © 
* 


. Fs R 


Sect⸗ X. ＋ ROB L EM SF 
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To proper numbers for tbe wheels and 
2 8 l 


great wheel, minutes by the ſecond wheel, ſewer 
the Balla wheel, and to heat ſec Pd. 


For the moving part. 


#67 


N 


Suppoſe four wheels in the moring part — — 128. 


C, D, and let the numbers for the wheels and 


nions be denoted as in the figure, and let El 2. 


Sheight the weight deſcends. time of going 
down in TING 


It is plain aber of revolutiqus B l= 
| for-one of A, and — = number « of revolutions C 
hes fe ane of By whence — =number e 


Jutions C has for one of A. And likewiſe = = 
number of revolutions D has for one of A. | 


Since the arbor of D carries an ode to ſhe 
ſeconds, therefore D=30, becauſe for every 
there are two beats, and 2D==60. 


| Becauſe the arbor of B — Es 


minutes, and of A to ſhew hours ; copſequently A 
goes about In 12 hours, and B in 1, whence 2 


12. And becauſe D goes 60 - Wa ; 


ace, therefore JE ebe 


BC 
7 =60, will reſolve the queſtion which being 


H h 2 un- 


Therefore the two equations 7 = 12, and 


48 MECHANICAL B. u. | 
Fig. unlimited, many of them may be taken at pleaſure, f 
128. e they be all whole numbers. 

I r=6, p=8, q=8 3 then A= 96, and il © 

* 8 „ 60, And if 2 then CS 4B; or 

- nay; and C240. It will be better if B and g, 
C and ir be prime to one another. 


To find the diameter of the wheel for the rope, - 
it will be Ft b; 9 = — u and 


P | th 
Te == Milian, | 
3 141 4 JA K v3 wht d 1 esd ; fot 


OS , the hunt part." arts 


Let 1. 4 83 7. K the warnii White, I the 
detent wheel H the pin- wheel, G e great whe, 
F the count-wheel, their teeth and pinions as in 
the figure ; number of ſtriking pins, and then 
are 78 ſtrokes in 12 hours: F goes round in 12 


hours, I goes round for overy ſtroke of the clock. 


78 
den 57 'F meet! H in 12 


nm e * e ot H 


ip; hos, 11 F © that LY in, 12 hots; che therefor p 
7 e bit uad 3 o 37d Nd dn e ar 

. Again, goes, round eber amis LL . 
2 Therefore from theſe two equation nil 
= 5 „ And He, all che requifites maj Pc 


be found; but being unlimited moſt of the oa arm, 
bers may be taken at pleaſure, ſo as they be al T. 
convenient whole numbers. the 

"Becauſe the pin in the warning-wheel muſt al i 
vays come to the ſame place when the clock ha 


ſtru 


Sect. X. P R O B L E NM * | 469 
and e may be any numbers, becauſe there is no 
phenomenon to be ſhewn by hem. 
The train, or beats in an hour is = = & —* 

das 530 03 Sails Fi BR 
— 5 Suppoſe ur 12, rs, 3=8, c=6;." 
then H=72, and FG = 22 =4 X78, there- 


I2 


fore F may be =13 and G=24. But — = 


may be put into one wheel or more as one pleaſes. © 
If the ſtring go about the axis of F, its diameter 
is found as in the other, But if it go round the 
axis of G, it muſt be made leſs in proportion as 
to F. If one weight carry both parts, their dia- 
meters muſt be but half the former quantities. 
8 5 C 4 0 - 


Pp R O B. CLAXAVIE - 


Suppoſing with BorELLr (part. I. prop. 22. de motu 

| animalium), that a ftrong man can but bear 26 lb. 
'H at arm's end, and that the weight of his whole arm 
n ts equivalent to 4 Ib. at arm's end; from the length 
of bis arm given; to find the dimenſions of that mam 
| arm, that can bear no more than its own weight. * 


and Suppoſe 4 74. at arm's end equivalent to 8, the 
jon eight of the arm. And re ee arms, ſi- 
N milar ſolids, and the arm = half the length of the 
body. Put a=length of a common man's arm, 
b=41b. w=26 1b, x=length of the great man's 
um Am. 1 +7 . — ernte " rat} A- "ms EO | 
al The weight of like bodies ate as the cubes of 
21 1 1 | " 
Al- the ſides, 4 f f nf 40 . S weight of the 


ene ©”y , 17 rr 9977 9 » * "x. i 
| 7 ""IL0'y great 


456 
- ig. 


etch out bis am. 


129. 


fore * lathe priangle "Dam, S. nd 


MECHANICAL B. i. 
28. great man's arm, and 2 _X ns weight- at arth's 


end. producing the fains kel | 
And the ſtreſs being as the edged and alt, 


we have rern of the common man's 
arm; and gg ſtreſs of the great man's arm, 


But {by inechanics) the ſtreſs in this caſe, is as the 
ſtrength, that is, as the cubes of the like ſides, 


Therefore 41: n x 4: = whence bx 
= SJbx ar. a= Ay — 20s — 7 14%. 


Now if 2 2 1 yard; then if thete be a man whoſe 


height is zbove 15 e wee not be able to 


P R O B. vid.” 

Goes the 1 4 gun, — Ibs deab, AD, leaning 
Suinſt the wail NE i% find. the poſition of tht 
Nane BE, on 225 it Bo, without moving. 
er c be the cle, of 18855 ar of we Ne to- 

ith any 1 wel * 1 gh G, 

Tn 115 ornzontal l. And fup pas DA 

e former. 


Nor into the poſtion da, dale n 

ſince the cb 50 to have no inclination of 
miu 5 mt NR Da, or di; the center 
of gravity. G. g — be in the. onzgntal Ju aps 18 
1 the principles, NE anics. And er 


8 6h, AD: ine And 2 ke 8571 5 


2 and cafine k I wg tang . DAE, 


TG DGA =, 2 AG=ag=rn, — 
00 


Sect. M. PROBLEMS. 

00 S ): :.mD: md =. x mD or 2 
* n. And in the triangle Gen, 8 205 HY: 
So Git g. G 4 xg By the 
ſimilar triangles Pd, Fou. Fd (v) : FG 
(ho) ‚⁹ md (xg) : a G 


> _ ＋ But (Tngon. I. 5.0 


Naneb, Therefore u = ., In the triangle, 


Aar, 1: ar or :: * A r way 3 


the ſimilar triangles FDm, Far, 74 (v) : 


(* e 22 FA Oe) :rA (xXx) . 
1&5 349 JOQA1 

therefore . * e, and vf ab Epe 

—pv, and v Lv G-, and ſubſtizuring the 


ralue of e, Fry e kee, uid Wie + 


2, bn be prpenial p 8. fs en 


h Fp. and F= — 3 — a: - 15 
„ f ieh condde , en 


2 . — IG 


6H. 82 . * »=, 7 
- * 17 


FY 


— © * rnb 


9 Fig. 
7 15 


B, M. 
28 


n ien mn pr 08358 (lO MA 


t ture, , b* © 
B, N ther- 
weight is Jas 


Aenne B. II. 
4&3. #:yif 


Hag ee dare D — K d e. 


Let A, B be the two tings, 15 N Aus mlx⸗ 
che ſppcific gravity of A, B, M; A, 
;rudes.- Thaw ſinee the abſolute 
magnitude and ſpecific gravity; 
therefore u 28 0 will bg therweight. of A, 
NN Nth oh ear AB. and tran» 
e "Mhihes: W : 


; £3 


ROB. cx . jo; 


a 295101 9 yd n * 70 e. 
NR gfven ale weights an velocities of two ſpbe- 


1 rom one an 


a xiębi moi to determuut ther: ve! 


one 2 — in 
eee re- 


rical bodies ſeth elaſtic, meeting 


Haran, E N Sn x 


> — * ty 


Let A, B, be the weights of the GR ch a, b, 
their velocities towards different parts, x and y their 
velocities the cdlitrary way, after reflexion, Then 
Aa, Bb are uantities of motion in their re- 
ſpective dit op before re flexion 3 and Ax, By 

ter. f ies are elaſtic, they vill recede 

on her, with the ſame relative velocity 
they "met." whenet\ o ya. And (by — 
nics) the difference of the motions, moving the 
ame way, will remain the ſame after as before che 
5 therefore AA LB BN x, but y=4a+6 

A therefore ABN B BU.-Hx.—-Ar; and 
C Ax+Bx =dB+ bÞB—Aa+8B,; ang « * 
. . 2 2. He b+2fAa_ 
and yu ATB 
| aon 


Q@a 


* 


$5.” 23 WH, ak 44. 


- f) J 7 
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PROB. cxct. 


ACDB it a thread 72 at A 1 B, at the EY 
C, D bin thread:ave 4 rea. thread: CE, 
DF, wind the » weight KF having given © the 

I F, and _ Pa/ition of the. points C C,D ; 10 
the weight E. 110 8 


Ed weight 2 weight . * 130. 
S S FDB , S:DOA -= SECA. 

The point D is kept in equilibrio by 3 forces 
in ditections DB, DC DF, which are to one anos 
ther, as the ſines of the angles they paſs through 
(Mechan. 8. cor. 895 therefore 8. . DEE 
* at F (20) :: S. FDB (2); 1 force in 


== force in CD, * aQion and action are 


* and contrary. 
Again, the point C is N. ben forces, in- 


een. CD, CA, CE; e S. ECA (9) : 
force "CD 2); . en eV? force E (x), 
therefore, 9x ED, « and * =o. ſhoe %n 


24430 Mt ot PER PR 


* \ _ 2 
8 2 Tri<vy - * A e 1 28110 N 66 


N | ; 
a b gg MO Dos Sate ee 


. with are red the-1breads 2477 BF CF whoſe 
| lengths ars given 1 10 theſe i nd 
with 8 weight; P 4 ad. the tenfion of all 


n e200170mMm 513 10 990915Rh ac 

d es 291 18 5 ms} oi gam 5 Ya 
due the triangle ABC. is. and the 
Miao s of the threads ; the point lt be given, 
where: DF produced cuts the cielings, roduce AO 
to E, and draw: EF, Which will bag⸗ { FO* +OE-. 


44+ 4 K has 5 7 All 


. g 


» 2 


* 


174 
Ng. All the ſides of the triangles CFE, EFB, are gi- 
131. ven, and conſequently the a 


the plane CFB. 


OF=5, S. CFB 


Tila „ on MA 0345/05ib: 


ba, e no win 36 Avon ab WOT: 


* 


* 


MECHANICAL, . B. II. 


es. Now inſtea 

of the threads F Fg. ſu the thread FE to 

faſtain the wel - od then the whole is ſuſtain- 

ed by the two threads AF, FE acting in the 

I i ce plane AOEF. Draw OL parallel to 
in the plain AEF, and LG paralle] d CF in 


Put AE ga, AP=3, EO AO=4, EF =. 
9, S CFE Dq&, S.EFB=s. 
Then (Mechan. ra the renfion of the threads 
DF,” AP, EF, will be defiored by OF, OL, LF; 
and takin away the thread FE, — of the 
threads CF, "BE, will be LG, GF. Then to find 
each. — dh Ins (a) AF (33 :: 
EO (c): OL 7 And EA (a) : AO (4) 2 
EF (: Lu- Lb And in dhe, Ps FL FLG, 
i220 UN wits * 

SL (2 8 LF, (5) :: 4s. LFG 00. — 
. d SIG 0 0 | 
Thereſote The tenſions of DE, 2 2 CF, BF, 
are ee as | b, — 
+ VIIK9- 4.0, 4.8 
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Ph dpi or phe ble 48 


0 
1 
— ? 
« - 4 
4. * 2 ae 
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, , ” ” 41 
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ROB. cle 


Required the bel of the towers from. the 1p + 
which a fone falling to-\the\ bottom, the found * 
reach the ear ut the top, in the time: 8 pe Jak 5: 


21 40 


JUT 3=16% feet the: height a body f; 1 2 
a ſecond. 
'C=1142 feet, the pace ſound nidves hrobgh, 
in a ſecond. 


a= time-of the body Talio. N 


Then 1: c:: 4: ca ſpace ſound es in the mes. 
And 1: 29 5 aden balf detect 


Therefore ger qu. ee 


And at g heiß beigbt⸗. 


a | TS indo 8 
p R OB. CXclv. 


There is a round tower, whoſe tircumference is 100 
yards, a ſpiral tube runs about, from bottom io top, |} 
at an elevation of 61%: . A ball put in at tbt 4 

top of this tube will run down to the bottom in 8 * | 
cond; ; io find the height. 


Let LABD be 61*: 5, AC * 132. 
BD, and BC perpendicular to AB. Then Whilſt SY 
A body falls through AC, another would deſcend 

through 


476 PHYSICAL. B. IT. 


Fig. through AB in the ſame time (Mechan, 34: Cor. 2. ) 
132. Put 516.1 feet, 8, S. ABD. Then by 
the laws of falling bodies, 1: 3: Ladd: bdd' = 
. fallen in 8 =AC. And rad. (1) : ' AC 
£$:C'(s}) : Aud AB. And rad. (1): 
43 090 28. _ Or —— Ub N 
* 759. 85 


PROB. cxcy. 


Go the Alber of the earib and tbe moon, and 
quantities of matter; to find the place where 
4 5 | will 'be eee to neither of them. 


Let usage of cher centets, ONE in 
the moon, = matter in the earth, = diſtance 
from the earth where the body is, chen d—x=its- 
diſtance from the moon. 

Then ſince the force of attraction is as the mat- 
ter directiy, and 0 of the diſtance inverſe- 


Jy 3 therefore we have 3 canth's aura. and 


— = moon's attradtion * bor ye quoſt.: theſe. 
off it 

are equal, therefote 3 ST z which 

reduced is Ain uc 257 


P ROB. CXCVI.... ON 


A clack that keeps true lime on the \ ſurface | of. the 
earth; being carried to the p of a certain moun- 


train, 10 2 minutes in 4 4 dh. _ What, Was the 
mountains height ? 


| Lety=earth's radivs=6 82000 d. =1440. 
9 


minutes, c= minutes, height of the mountain. 
But 


9 


Set. XI, PROBLEMS. 


But (Mechan, 40. cor. 6,)-the.Jength of a pen- Fig. 
dulum is as the force of gravity, and the ſquare 132. 


of the time of vibration; and the length being 
iven, the force of gravity is e as the 
uare of the time of vibration. 

But the force of gravity is alſo as the. 8 of _ 

the diſtance from the earth's center; therefore the 

time of vibration of the ſame pendulum, is as the 

diſtance from the earth's cente᷑: and the number 


of. vibrations in 4 ginn te: reciprocally as that 
diftance. Therefore 7: U 2 14 ee 


I 55 
Fre _ Neve 
Ir = — and 744 ei (! W 
ane re 0117 gi 1m I oe 


* = js 27 =9697 2120 W 1131s 111 9 
ot If 3 oft y7 1 AAN 
51:18 18 10 n 90614-4196 1 


RO B. e 11k 


A boll preßt from the 10p of & lower, Wt n dg. 133. 
vation of 31 deg. above the horizon, did in gi e- 
8 — feet, from its baſe" u a * 

C.. nan 


Let X=VB the towers height” BA 2 the 4. 
tance, 6 Stang. DVS AH 4595, che time, 
F=16.1 ; then 
In the time , the ball withou vity would 
arrive at D, and in the ſam titnè it would deſcend 
through DA. Whence 17: 005 Mr Der 
the 72 of falling bodies. 
And in the; 0 DYC, 1: :h.: 2 4% bc, 
and DC+CA=DA, or e ee 
e 


„er ene gn Dean G1 s Se 97 
C 
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PROS cxovi 
If a ball be dropped from the top of a tower a mile higb, 
on the fide facing the eaſt, in latitude 51% , where 
o 


134. Let the body fall at D, whilſt the tower by the 


rotation of the earth is carried to IC. Now by 
the laws of centripetal force, the area AJE, whi 
the body, moving in the circle AIF deſcribes; is 
equal to. the area AGDE, which the body moving 
in the curve AGD deſcribes in the ſame time, that 
is, in the time of falling through AB. Hence the 
area AGI=area EGD; and AGDF=EIF. But 
by reaſon of the ſmall diſtance BD, the curve 

GD (which otherwiſe would be an ellipſis) is 
nearly a parabola; and the area of AFD AF x 
AB=3zFI x AE, the area of the ſector EIF. Firſt, 
let A be a place in the equinoctial. 

Put BE =r=21000000 feet,  AB=m=5280, 
F=16.1, #=24 hours =86400", c=3.1416, a= 
DC, p=col. 51;. Then by the laws of falling 


bodies, Mi:: r: un of falling 
through AB. And 1 e:: H = 
= * =d, and BD=2+d; alſo by fimilar 


ſectors, r:7+#m: : a+d: wo Xa+d = AF, 
And 1 27 4 2 3 = Fl. Therefore 
Ef Xatixm =", n z therefore 
* . and 20m + 2dm gra 
24m 
3ma, and reduced 2 84.677 and pa = 


PROBLEM S. 
PR OR CXCIK. 7 


Sect. XI. 


There are 1 C Ci 
rad 7 log 0 727 25 
— ny, of naman At B for fires a 


gun, which rcebaes buck from-the caſtle to B. in 3 
| econgs;;, and the time of. ailing fo ee oe SI Was 
9 mingtet 4 to find the diftance AC 


159 111. 1e 907 0 20 780 


Let ben +16 A=, 1 In. he lng 
of a Cond pee ae Kerr 
ba of 


of found th a ſecond, AC229 e 
| . — A tea 


A Wave. 
Vr: * 72 Stime of vibration.of the pendulum, 


Then by the motion of | 
And of 5 * 11 een ſpace, But (by 
the pri 7 of 1 y) while the pendulum x 


vibrates once, the ſhip-or a wave runs through the 
breadth x; or in 1 e 


Vr. 
And 1” Ve 24K rack. 


135. 


Alſo by the motion of ſound 1”: 4: 2 


Sch. for che eccho returns with the ſame velo- 
city the ſound went. Therefore A=. and | 


ad Re E. 2 


fl 
W N W. 
|  & a bs. cir 


atelhite ts move iy 
eee} —— cured i jd whether 4 6's of a 
—— 


ee fa, when it is 
cen E de 


* 8 
r Fo 


Vx" Bis to B, 
1 5 U e and = 


45 © A the 
e ed 


art 
2 bat ime; moves ig Lan 


8 A e 1% # 
eee N 5 
8 A 222 3 ad Es in, 4+ 

put p=periodic ae e ; 


the prima 39633-1416 242.1 Then G. ets: 
Bo So. #; nd ume of de. 


ts 


, then — 
vide * former EI" ve r 


AL thaxp3Izn” fete: 


11 F ee Us is grefter/ cqual, or 
| tefſer 


hs 


"PROBLEMS. 


Sec. XI. 


Eier than I, n | 


cave, 
. ww 4 
conj - 
. 
1 . . 
1 * — — 

* 4 ws * — *. 
* Fi #/ 


„eee 
To find the divions e  monochord, 6 fond ol 1 * 


the ſun, in , o* 
_ "27 4+ 4 
5 = A # x62 

* 


F< 
' Lo F'y 
a we bs 5 fi * 


* N +. FT + 
- A %# 4 Md { 


0 2 


* - 
4 


bl] be gtr, 12 t Een. 
Fe As or 12 ſemitones. Let BA be the 


monochord_ or  vibracing ſtring, C the middle 
will be an oftave above BA. Let 
| &c. 2 hs of of 
ſtrings ſounding the half notes, grad 

lag, "hs ove AB by equal degrees of found, * 
will Ad, de, , Kc. all unequal in length; and 
h is of BA, the ſame park will Be 


be of Ba, and BF of Be and of &c. 
make the ſever ſands dead fte wr * Theres 
fore BA, Bd, F. BY, &c. metri 


NAFTA term 
e Auch r e. Alſo Ad, e, e 5 c. 4 


Alle AY K. prion i. Eve AS 
As, bf, Age At, ane ul a ft of geo 


Put BA =1; BC=}, 'Bd=x. Then” BA (1) 2 
R () :: Bd (&) : Be = x#1, likewiſe Bonn, 


S, &c. and NC = = + Aud 12 = 


9439. 8 
'Or, pot X *. ne N NA 


1. 9749142, conſequently 2X, 3X, 1X, . 
rehm, of , #3, #*, Kc. Therefore * 


Ii 9439. 


482 PHYSICAU B. II. 
Fig. 9439, „g for 2 mean tone, Cc. and the 
137. reſt are as in the follow ing table. 

The harmonic diviſions of the monochprd, to 
ſound the 148 concords will be, as follows; the 
leſſer third , greater third 3j, fourth 2, fifth 3, 
leſſer ſixth 4, greater — -- which ſee 
in the following table, | in Lag 


he. Ms. ths. M.A * 
— 


; 


cord. Let B:ztcord: by column ad. 


Fer column 3d, aA whole . _ 


* of frog n and By, 


ee Hare hen foam 
x. 8909. For 9909 bes. ber note for 


"he 


Sed XII. e 
e ge fe . 
friog . Therefore . e 12 


57 ewoliot 25 9d bl — dig Hi BGO 


171 Y 98 J att" 
F = bog Foy = F Are 379g es £12 1 
. 4953 e e 
8 2 8 1 oa 


<= 
ag * bears but 


45e S | 
ms : 3 


Ference of two 4djoining numbers in 


| difference bf to E de N 
ing one greater and the dther eis 


4 * f tl 3 hes aße Pe N 
W e ep N be pg 10 1 0m 


"Av wit fe ENT f hots) ; 


707 1i—6300| 771 
the. eder e : 
N rere, 200 1 ee x == 

1 The 


a 
3 
4 


\ 


Fi ig The errors for each concord being thus compu- 
138. ted, are ſet down in the fourth —— which 


Ss. 
. * 
** © 


PHYSICAL . 


- 
: 


ſhews the error of the third column, as it differs 
from the ſecond ; thoſe below denoted by (b), cheſe | 
above, by E- Je ; 12 
In tuning a harpſichord, Gnce the fifth muſt be 
12 times repeated to make 7 octaves, therefore. 
the variation, by tuning by true fifths, will be 
= or about of a note, which is an error that 
a good ear can diſcovers and being too ſharp, the 
fifths therefore ___ pe be waned as flat as the ear 
will bear. 11 
Hence the * divifion 3 
is the beſt ſyſtem, for the greateſt error is in the 
leſſer third and greater 1 which 8 ene 


e N EY I 
to — of a note. | 8 | 
2 ; may — 9 nad A id 
% 
reno cn. N 


Te nd the namber of beats made Fn 7 con- 
a <0, in male. 


2 = 
e918? ” 1.6 


I call Fry an | imperfe#? concord 7 varies 2 litle 
from the perfect one, which is made by a harmo- 
nical 23 25 of the monochord. Thus when the 
lengths of the ſtrings are 4 and 5, you have the 
peſt 2 (a Pester third), but vary one length 

aking it 3.99, and you will have an im. 
Pente en atten with beats. 1 . 

A beat is a jarring ſound. made by t at 
vibrations of I ſoundin ker, when 
the due period, or coincidence of their vibrations 
is interrupted. - Its noiſe is ſuch as this waw, aw, 


_ aww, aw, or yd, yd, hd, yd, yd. Our buſineſs is ta 


find in how many vibrations this perturbation hap- 


pens, or how many gau in a ſecond of _ 2. 


: a 
. — 


þ ex niaft 96 1 
(S164 1916915, 8) bn09 MN 
wy bans 00.8 zi gaifgm ,V 
id dw hoi bio +: 
i gainaps ag! 


158 | » oy W 
dnöh⁰ujfÿ,j 10 hoi 2112 +); 
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Sed. XI. PROBLEMS. 485 
Let the line AZ repreſent one ſecond of time; Fig. 
and ſuppoſe it divided on the under ſide, into the 139. 


number of vibrations of the lower note or baſe, at 
A, B, C, D, Cc. and the upper ſide into the 
number of vibrations of the upper note, at a, B, c, 
d, &c. Now if any number of diviſions on the 
under ſide coincide with any number of diviſions 
on the upper, conſtantly and regularly, as at C 
and d, E and g. &c. then the concord is pure, 
and there is no beat. But when the points 3, c, 
d, &c. are any of them diſlocated, and gets to the 
Other ſide of its correſponding one; then the ſuc- 
| Ceſſion of the ſhort harmonic periods of coincidence 
is diſturbed ; and this cauſes the noiſe called a bear, 
| ſuch as happens at X and Y. For c, f, i, &c. 
are continually approaching to B, D, F, Sc. till 
they fall in at X, Y, and change ſides: where Be 
or Bb, is ſuppoſed the leaſt diſtance, in the firſt 
harmonical period AC, ſuppoſing ad was to co» 
incide with. AC. Therefore at .the points X, I, 
the ſucceſſion of the harmonical periods are con- 
fuſed, (and that periodically,) which ſpoils the 
harmony. | | 
No to find the length of this period. Let AC 
be one harmonical period, that is, when d coin- 
cides with C, as in the pure concord. In this falſe 
cord we muſt find the time dC, which is gained or 
loft in the time Ac. And from thence compute 
in what time, Be (the neareſt diſtance), would be 
gained or loſt; in and that will be the time required. 


Let 1 number of part? AB, BC, Ee. or its 


number of vibrations. 4 
t=number of vibrations of the upper ſtring 
in the perfect cord. 1 


| length of its ſtring on the monochord. 
number of parts ab, bc, cd, &c. or its 
3 of vitrations, 


number 


© 4 810 Al. 


kent of irs ring on the monochord. 
3 YC 2117 ads) g i& hn 


die 

5 11 ec Anumot 5d [liv 2 od 9103 & 218: 

lo 5005 bed. Gun o- rue dl. b. 
2329 vilt 10 „0 


9 - 


Then AB===, and Ac E. allo ab, 


* e de e e K. 


er bn er aided in 


ia if ac (2 en er ated 


the ume Ac 5 0 . vill he loſt in the 
Lk | 


\ 1 


11119 
„% a A — — — — 


2b. 19571109 at} Fir, v0} e £3, 1820 * e Wos dg! ein Pi 

XAB-2 7s NB, and ne vill be loſt ſaoner, 
7908 Her *the 

N Ge Ah e in che we 


Be Which 
* £ 25150 9112 


be e tis of 
do 8 eie 
44 Foot = Ree 


ee the peru Bot 
cho Hal 50) gi broonos 
| hn 


ers, , 
CIOS 28 ih 1 * VS 


2 120 1 7% Fl 2 
5 TY i j, 2950 l t Th 8 
if AZ be ous by the periodic time., yo will 
9/2! {2 conn AD 1550 5113 1617 0. " 
bare, og marker 'of heats in Ache. 


28 HD 134A Bblutnod 510m ap — M 


Bur Be = Ah, 101736 537 


£31 2274 d V1, an 2th 91125 Y. 
"She. Whehcs 75 e e 


Länder of beats i | 
in 2 Hence, 


S Z £ 


Sect. XI. P R © BL ES- 497 
Hence, from the length of the ſtring er diviſion Fig, 
of the monochord, as —— in the rible 0 85 laſt 139. 
problem, and having alſo the f vibra - 
tions ; the beats will be found, as in this table, 
Where the ground or loweſt note is F the cliff- 
note of the baſe, 


' Cords, | Vibrations. 1 


Eight 600 | 

Amn 500 

T 
fifth 0 

r 
g. third 375 | 
4. third | g60 
Baſe F _ 300 | 


This table ſhews the beats for all the concords, | 
reckoning upwards from F; when the inſtrument | 
is tuned according to an equal aſcent of notes; 
where the flats and ſharps (5, ) ſhew whether 
the upper note is lower or higher, than the true 

concord in the laſt column. I the octave above, 
the beats will be twice as many; and in the 
octave below, but half as many; being always 
popatiopal to the number of vibrations of the 
baſe note. The is moſt ſexviceable in tuning, 
and the number of beats in- one ſecond, for the 

af 63g 2113. 209 5 Dq JN ä 

If it be ſuppoſed that the beat ix not made at the 
points X, Y, but at ſome intermediate place, where 
they fall thicker and more confuſed and that at 
the points X. T, there is the leaſt imperfection. 
Yet the periodic time will ſtill be the ſame, what- 
evet part of the cycle XY it falls in. When = 

| 5 cy 


AO & di ess d TO 2 
\ > 4 | 
4 19834 
bh "1737. 


« 
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795 ; cycle Xx is very yu, the ſingle beats are im- 


tible, nothing but a diſagreea- 

” Lie ride ail: the bow i bite, but ery. 2 ex- 
ceeding ack, they are not perceived fingly ; and 
— AA kmeughöse, 688, they exhibit an agreea- 

oo y. 


ken the 8 notes are not altered, 
the beats ſucceed one another in equal times, but 
altering either of them nearer to a perfect har- 
mony, the beats ſucceed in Ak times, and the 

che longer, till at they vaniſh, when 
the concord is All che Beits are heard 


in organs; de, bl of he are heard in 


SORT its. | I FO 1 — S * 
1 7 — 
| | = B 43. ? abt — 
— A Y # 
02 of i 
q 41? rfN — E * . 
# F r 
- — 
is 27 FEE Th 8 
22 * 1 1 
„ — p * 
Fm * 2 P - 
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8 4 2 \ A 3983 2 . - wh © * 
= | 
GN 7 L * hb * m 
3 — n e 
* — $4 * — — 4 \. . DAY cm C WJ 4 
SN UDO! dad 
4 
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n dan „ 


v 404 5 


65 : > 7 ' 5 | 

* r Fed K E O n S\Qt» 
yd di 360) 40 Mog Roo! ah yd obi 

x . 3 . 

182 ueber FWW = "6 + 8 E C T7" 1 
= mY $51 bug Oo 


nat Tt 


2 2 a 2 12 14 


, 576 25 | ob 27 * 2150 


dis 


© * LI» 12 150 
$ x" 8 K 0 1. 9! " Aion ils! 


J 100 


54 "Pros ling 7 , 2 ht | 


, 
f % £4 
{ WII 1 


[2006 9! » boat 


pP R O B. Cel. 1219 5.10 


100 N 72 21800 2 


Given 1 6 PRA 270 circle z, 


regular paligon, in 


„Dios 


l 


10 Had yoo ue — * 010 m 


be 140 


ET J Gameter, 2 2 
S fide of the figure, 8. f 


metry, * = arch DE a, by e 
2 Pr 1. e or EA 2 


PRO B. CCTV. 
Suppoſe x -N. hf =decx y, to find x. 


Divide by the leaſt power of, that is, by * , 


and e * + bf = den. Take r the near- 
eſt root, and pur Ce Th 


« 
* 


5 * 1 Fa 5 7 = 


te fue of any 


| 
| 
| 
| 
| 
| 


—— — —— — ꝗ— — 


* * 


PROBLEMS 4 
8 Dae _— l. W... 


15 17% wa i 587 ol NJ £4 * — 


ws = 
+ bx = Ro 
Eh ee > 7002 
dx = der FF 
| S dſo⸗ = 
Thar is, 25 fer Hun o, by been 
we I 


= 1 3 zl 4. „A 0 —y - 


40 2 7 1 F 
d f the denomi 
85 e mee s. boy rd the equation 


which will become Ac A bern. — dcn 
E Fut x z then the - equation es 
ee ee o, or e3%—dege* hes +1 
Sem and the root 2 & aud conle- 
ah had. « - gas gatgno ss. 5 
noten: HOO 10 A ox ed . b 


421 1 pn OR. W. 9 


141. Given Nel AC; en, of right ACK cn 
the” ratio of AB 15 the arch CE is g 50 


+ Sid AB. Roup + 4tT -N — 5 2 pL 


Let AC=r=14, CB=s = 22, AB, and 
AB: CE::10:4, whence arch ca Let 
Y coſ. CAB. T hep 


a. __ 
y= CEE col. A to the radius t, and ry = y 
LEI A to the radius r. But (Trig. 
0 | 
I. 12 ext 10 et A 2 +, e. = 
— — — — As 5252 CG ba 
a Tre = eee 
1 WW po * 
12 27 + 27 and poling, 
L 4 | 4* 45 | 
— 4 — — —v——— — 1 
2 2087 N 27505077 7660668 


S& XII. 8 E RAA 8. 492 
Then (Trig, caſe g.) r74+xx—2r9=55, Whence Fig. 


bee. = = or Ax* + Bx! + Cx* &c. , 


by denden, then ( Prob. Ixii. I.) «x = 
3 2, &c. 3 14 7 


A— A 
* 28.99. A; ag 


3 


ne e ne: be 


Fats [ 1 radi be. [ſr — 18 

Leg e n, es Fake an a 
3 neatly cut td CB, its coſine, 
rad. E THE. NN, er gizyns, then aps 
arch belonging to the angle p. Let true 
angle ACB; then pe or T2. correſpon · 
dent arch, (putting & And (Trig: I. 13.) 


the ſins of p l gg I 2 
© " 2 * Az 4% i N 4 Wenn 


rt «any 2 per queſt, that le, 


—08 tc at IE JA 15.1 
N $] 223 hg 8 5 nodes E 01 2 go. AR 
| AA. 


42 


wm 


2 
2 * 


* 


83 214915 


T- Ant Bare Con as 


Aﬀume P=55 „ then @ and 3 will be i 


and R===,0010292, and (Prob. li. I.) ⁊ or 


R B 2BB—AC | 
ur ZE LL R + * N Sc. 
«001084 , and x 2— 0621 degrees, \ which is, 


=3-065v3. | 
Fd bas P R o B. CC VII. 


143. Th ont AC, and curve BC are given z and the 


anal the curve is — Z =byp. log:— = —. 


— a+x VF where —_—— BC 
' #0 find ABZ. Fo 


Let y=36=b, x Eg, . taking r the 
neareſt value of 3. Then. h. log: 


* &c. Sul. HR. te. 
Ber Ulangn- g 1 ; og > 1 5 {ws 
8 77 — Ad 6 wing F e by evolu- 


rf don ln 
15 = number of the hyp. log: 


bien 12 WN = $34 
2 e * 


72 2 4.— 8280 
n SF e bb X A. Le 


WA 941 101 20. r E. (putt (putt ng." 7 
k. log: Dew brxxv. I) And 


22 8 


PROBLEMS of . n. 


437 N P+x=54* 356 467 = CATS; 


f 
: 
t 
3 
e 


1 S * > -- 


* 


Sea. Xl. 8% N 1 K $.5 497: 
And multiplying by * ** 1 ————=Figa 


2 Te 5 * JEWS * 
. + 4 e 


A 8 TOE Ns WR CAP 
IP od. lim | * 9 16 DÞ abe 10 * 20 


2 "1- 6 N XK 2 
— rt . bon #5007 
| 150 . ag 
. "IN * 288 Xe 8 


3 — 8 
— 8 82 
4 e ee 871 


12 for r in 


ee Sites 4 1. more 
EX * = 9 
: -*\ h 


2 rele I INN. 7 G5 EAT bu 
PRO B. cm 


Given the Jeny1b of A pendilim, and: ib -arch we 
be Ab Beſcriding* 4 x 4 


PLS d+ BE + UN — 


5 -+- 7 


of the pendulum, c cord of hi 
PI 72time 


f A 905 cr — 0 
Dl tame 
J .+ 7 e &c. — 

—_ 1 the cord c. Bur 


p * VERY) A * Yah! — 
. '{ wo 


——— — — — — — 


PROBLEMS f B. Ul. 


when e is o, P is the time of one vibration, which 
Fig does not ſenbbly differ from a vibration for the 


cord c. Therefore ſince 864008 the number of 


ſeconds in 24 hours, therefore IF x =" number 


of vibrations for the Cord c. n 24 hours. .. There- 
fre Ev x be. or 86 
ore oe x x or 86400 'x 
TE 

_ cee bed boli 


＋ Fr. 
\a\) nu *: G 


* N Wa 
3. that. nt &. . IG d 


*. x Tomes Ke. = ſeeonds 
13 r 21077 PET 
Ard e, in fey = the 
ſeconds loſtin _— * ab yd ed 
f Wings leconds, then r= 39. 2 and the time 
loſt in hours neadly-ah 4.50 IEDCmaces | 


jor al: . to. REL 4 
Sibntiog in the aighy of (© in the ſame 
time. Let. u. lum vibrating in the = 
ſmall arch, & pendulum vibrating in the 
of C. Then the lengths being as the ſquares of 
the times of vibration, we ſhall have in the firſt 


e 


od MAW. 357 ll b . 1 201 14 brd 28 
| . Vile * Vr. 85 5 being, * 


dual we fall: eee Px 
4044 a+ 


Seck XII. 8 E RES. 


'CC = Ars nadw 
I + 76. 02 or #242 . I +766 t 


N or 2 Di 


x1 + TE, and * 8 which re 


duced is TA CC; wheace 4. l 
And on the = x being giveti,- e 


Sad” => 9575 * . 


"w 


7 


——— — oo er I 3 * J 


PROB, c. E 


GL. 


———— _—_— 


fence , 3 


I — 12 
Let N 1=6if. a a= arch af 
latitude come to, z=its D a= che given 
lat. w=irs mer. parts. . 
Then by Mercater's Sailing; 2s diff. Wa (at) 
: mer. diff. fatitude W -Æ : d: i, when 
— and d2—/x =dm—a]. But Dt.* Hallys 
Series for the meridional parts ofů „ 


0 e | 61 b . 
wn ＋ > + 5040 © Ke. mene 
d 1 
1 e 4 * aa": ce. * 
FITS, And bycceufiondl 5 (Prod. i.) 
* a gn mi- 


00S. 5: 1 ni Saher molar - * een em 
29: sup fl 25 gaisd Agne 21 nod ws 2 Ya 
10 rs ni fl Or thus; :: 819iv to 29 12 

baosk 0 as bas \ 10} AN 5 


Seck another latitude; by the table of meridio- 
nal: parts, ſoch, chat cb ene diffetente of la“ 
titude divided by the mer. diff. 3 latjtude, will be 


equal is! dhe qudtient"F., ich! is eaſily Fa on 


nis Aid thay —— ow lgun 


11 PRO R. 


as 
Fig. 


Given the latitude ſeiled from, the departur 21. 7 


I 


PROBLEMS, Ge. | B. II. 
PROB; CCX: 


144. The curve BMD. is deſeribed with pair of compaſſes 


upon the ſur face of a cylinder, which is afterwards 
— 4 plane ; to find the ordinate PM. 4 
Let d=diameter of the cylinder, a=AB' che 
extent of the compaſſes, AP=x, _— = 
cord, whoſe arch A. Then (Geom. II. 21.) 
aa—xx=vv. But (Trig. I. 12. cor. 2.) v=y— 


» a <P Rn" 1 & 14 p y 
2.344 A == B — Oc. Whence Vaa— xx 1 


4 . 


V, 


10 
* 9 — K 
* * 
FY 
nd TOY *® 4 % £4 © % - * 98 


N 
_ 


" SECT. 


YL 7 A 2 4 2 4 - 
* + ©, oc ui nt V Az 
v 1 


. mY £607 


ed of þ hes i 
| ial been - 


as... Me. ts. tec. Att 6 


| * &.\ 1 
# AA MAR <4 . 4 at 


rough R OB: . — * 1 


Some _ driving a flock 0 ſheep. pes 
many thy 504 f bel Bo k 

_ the flock wat — — among them 

e earh would;be-twite as Many-as there 

+ the terms of } 1 double 1, 2, 2 

c. be cbunted, 2s often as Is yu 

hb erm let a af Heide re 44. if - 


I > 45 a ; 

. ET etef, Sit — 260 
and oh en term of the progreſſion 1 . 4, 8, Ge. 
O (Propor. 2 5), therefore 2  =8, Per 

is Whence 4=2ee, and 2 =24, and ex- 
punging a, 2 Sac, or 2 te. Therefore 
e—2 X log: 2 2 lag: e, or .30103e —. 60206 
zlog:e, and . 13031 30103. Then to 
find e (by Rule 5. P , aſſume e=6, then 
Ao re . 129, ſhould be . 301, ag 
the error is —.176; 


3 yh 


* 
Ain. aſſume e=7, then . 1 50 5e—log: e208, ; 


and the error is —. 092. Then 21. 13 


| 176,— 092 
therefore e=8.1 nearly. | | 
Suppoſe e=8.z ; then .1505e— log:e=.3106, 
and the error = + . og. And the correction 


nd -e=8.1—1 047. 996; and e=8s. 


 SLO4 ,2 
ae, Aa 42128. 
PR OB. 


2d, bow 
tba if 


” ye ! IR — 4 


| 
* 
| 


EXPONENTIAL B. u. 


PR O B. CCXIL. 


Two travellers at 150 miles diſtance ſet out to meet 
one another. In the ſeveral days, A goes at this 
rate, 5, 10, 20, 40, &c. B goes 6, 10, 14, 
18, Sc. miles; to find in what time they will 
aneel, 


Let x days, (by Geom. Prog.) A's laſt day, 
will be 5 2; and his journey 5x 2 — f. 
And (Arith. Prog.) B's laſt day is 6+4x—4 or 


4 * ＋2, and => x, or 2x*-+ 4x = B's | 
journey. Whence 2* x 5—5 +"4x+2x*=150, 


and 2* += x = —x = 31. And 2* = 31 


5 . And log: 2* or * Nc log: 2 = 


-— TI 10 


bg: 31 — 2 By trials will be 
found greater than 4; let #=4, and #+v=x, 


| 8 
EA. c=log:2. Then cn e 3162 — 


T 


; cim 
(Prob. Ixxxv.) whence cn ee ο t —— &c. 
= 31 — 538 16 16 15 . 


10 


| - 


„ „ 


Sekt. XIII. PROBLEMS. 499 


And reduced, commu + == vv 31 Fig. 
8 4 
F 
4 
Ti” Ws rg 


Which put into numbers, and reverting the ſeries, 
(Prob. Ixii.), v is had g. 32; then put new = for 
x+v or 4-32, and repeat the operation; and at 
laſt vg. 3256, and #=4-3256. 


PR O B. CCXIIL 
To find x in this equation, x* =123456789. 


Here & will be found between 8 and 9. Put 
n=8, vx, b=log:n, c=log:123456789 ; then 
xlog:x =log: 123456789 , or n+v pl” Lou ; 
But (Prob. hexxiv.) ACV = b + = — 
Mv Mv: <A IL | ; 
* 3 — &c. and 1 * og £6918 
2 Me AM“ + FN: 

= 


+ by +_ — — 


and tranſpoſing and reducing, 


cbs 40nd Roa 
MTI XV + 27 2737 aw 275. Go. 


= = And extracting the root (Prob. xciii.) 


v=,64002, and x or new #=8.64002 for ano- 
ther operation, which will give g. 6400268. 


EK K 2 ROB. 


EXPONENTIAL B. u. 


PRO B. ccxiv. 


To find the value of x in the auetins 
— 3 og: LO0O——=x = X, 


Put : þ=1000, rar, . P log: g; 
then z— x log:zg—v=a+v. And 1 ſubſtituting 
the logarithmic ſeries voy of logg (Prob. 

=: * 


Ixxxiv.), g—v X: R Tec. 
atv, which b. multiplied 2 reduced is, y —4 
| vs vs 
—p+2 w+= = +75: + 72517 4.594 + 6p 
&c. =0.  Aﬀame a=836, and extracting hey root 
(Prob. an.) vg. 05315 3 and X=836,05315- 


PROB. CCXV. 


To fad x in the equation 


3 x 1000 
: . log: 1000. — IC 0 =_— "I whip 


Put n=1000, #=4+0, f-, p=log: Z. 
Since x is nearly =860, aſſume a=860; then 


a+Vvy | 
— F 2 2 But 


log : g— = = = p— 7 — = &c. Whence 


_. 6+vxXxg—. *  8& 288 38 
Which aden reduced gies 


agp — gav + a r v &c. =0. 
— 4 — 1 


Sect. XIII. PROBLEMS. 501 
In numbers, Fig · 
4626.377138 LL 3. Sos — or08897=0 ; 

or 1+ 1.543v + . 00836 — , 0000023? =0 

whence, by extracting the root, v=—,64822, and 


x=859,35178. 
PROB. CCXVI. 


Having given the equations Fa * » and.” 
5D ; to find x and y. 


| x77 
From the firſt equation y=# * , and yes the 
— 2 


ſecond, 3 ; therefore K r 5 And 


2 5 
equating the indices —= = - + » and * 


Ts . 89 > 
V mn. Whence ; 3=x **= x | Therefees 
by the firſt equation, x* . =; 8 ers 88 


and again equating their indices, x+ TA | 
Then x. being had y is known from the equar.. 


To find x put xv, then x or x * 
uV, and v +oY ®® Sn. And the root 
may be extracted by logarithms. 


tion y= SE 


Kkg RON 


502 | 


Fig- 


EXPONENTIAL B. u. 
PR OB. ccxvi. 


To ind the value of x in this equation, X. Tx 
X being the hyperbolic log: of x. 


Here x is between 1 and 2, therefore put 


 *#$=1+v, then (Prob. Ixxxiv. cor. 1.) X = v — 


| 2 5 2 | G 2 77 ak 
Ms of at Whence v— mp i &c. ++ 

EU 5 N N 1 : ; 
7 T &c. = 777,» and multiplying and 


reducing 9 99 ů. vV) &c. =1, and by re- 


verſion (Prob. Ixii.) v=.56, and x=1.56, 
Hut becauſe this does not converge fait enough; 
ut #=1-56, and #+v=x, 1. 44468 58 = hyp. 
— log: #3 then (Prob. laxxiv. cor. 2.) 
3 


YU . 
par tif 7 3 = + TY rage lane ſhall dure 


A V VU — 
* — &c. ＋ 7 22 :X At =1, 


And when multiplled and reduced, 


22 1 be A ov &c. St. 


In numbers, 


1.002 1921 T 2,6318022 + 1.246593 · 11 or 
2.0319 +00 =—40019586, Whence (Prob. 88.) 


vr. ooo, and #+v or x=. 559 1339. 


Let I. 44468 58 the h. log: 1.56, or u, as be- 
fore, /+5=X ; then the number (x) belonging 
Wo 3 2 . 5 to 


And extracting the root (Prob. brill.) > == 


Set. XIII. PROBLEMS F599. 


to 1. or X=n X: urg Ke. *. Þ" 
(Prob hexxv.) 3 whence IT + I u. + 
— 13s &c. ; and by reduction, | 
I+1 * I +hbor+ a ee =T7 
In numbers, t 
1.0021921 +3-9496115+5. 00851555 &cc. _ 
or .788585 +55=—,0004 3768 ed 


,0005549, and /+5 or X g. 4441309. and 5 


19288 36 the com. log: X 3 or elſe — = 


0002410, and ſince com. log: 1. = 19 108 
therefore . 1931246. 0002410 1949936 the 
common log: x. Whence *I. fen 


PR OB. .. r 
To find x in the equation * = 12345673 
Put 52123436789, and by a few trials you wil 
find x near 2.8, pur #=2.8, Ang > I Ms. 
ml=hyp. log:. as 
Then (Prob. Ixxxv. * 60.5 


1 +mlo+v, Put r=, = XxX LIP 
We let this be an in- 


dex, den . . (by bs 
fame edt.) o” iT: 1 queſt. Then 


reſtoring the values of f and e, n* 2 1+ min 
| K k 4 | X 


ges EXPONENTIAL B. II. 
Fig · 


no 
x * a ==: b. Put been X rs. 


then ” * 46” "—v , and by reducing, 


als -n 
6 Ig =qﬀ z here» = 97620000 , 
2 K I | 
nl 2£1,02962, $237: .3368, „ =6. 5810 there- 
. __ 25830000 
ore. 9 72650 6954. xs | 
Qr let LA) Then v F = = 
S » a» S 1 


7 


2 0060543 then n+v or x=2. .806054 


nearly ; or put m. .806054 for another operation. 


This problem is eaſily reſoved by rule 5, pro- 
blem xcii. by making ſeveral ſuppoſitions for the 
value of x, and finding the correction every time; 
OP ſo you _ gan. e e to the, true. 
value. 2 


ul: nun 
De 


F * be the * x, it is required 10 fod's *5 in . 
„ e, x "+X*S100. | 


8 I=log:1 1, I log „v, Lrglogzl. 
Then (Prob. Ixxxv.) n+v=n+1ms &c. Fbenee 


iy mes FELT chad 206, But (Prob. Ixxxv.: 
cor. 6.) Iam =n N en, DN 
Ws = . =/ * 1 1 . 


* 
n — 


Therefore 


Sea. XIII. PROBLEMS. 


— 


Therefore a 2 * X 1 +m' Las + =100: 


Or „en +1 l 7 Ti .f I | 

p — 
anl. - E 
To approach' nearly to the yokio of X, we ſhall 


have X log:x or XX =log. x* „and x log: X = 


log: Xx. Therefore num. of XX + num. of 
x log:X =109. By a few trials X is found be- 
tween 1.25 and 1.26, but nearer 1.26 ; therefore 
ſuppoſe [/=1:257, then #=18. 072, L= -09933» 


# =38 oa, Fa. r 43. 2 = aa 
LI. S594. o, 9 = 897.4. - Whence. 
5 = — — 000251 „and X=1.256749; 
and x=18, 0613, 


Here we have ſought the Jogarichm X. for vari- 
ety; but the number x might have been found, 
after the manner of the laſt FO 


And 7 


5 R-O B. ccxx. 


WW 


# i 
"gs 
11 


| * f a — , 
CY * LEES — 21 Wu . n 
Given E ＋ — + x*;=200;3 to nd r. 


Take u very near the root, to be found by fre- 
quent trials, and * n+v=x, —_—_ 1 A , 


f=ml+1, pur" 3 1 f + 7 T. 12 2, — 


m/—1 


= 


% 
— * o 4 


595 
Fig. 


Big. Then * not 


ee ee Sc. B. II. 
DNT mov (Pools 


Ixxxv. cor. 2.) B 


_—— 


r = => —x » 
iv? r =a* 1 2 2 2 


(ib. cor. 6.) atv. 
Therefore writing for the ſeveral ow of x, their 
reſpective values, we have 


perv += + t-—tav= 


It eaſily appears that x is greater than 2, and 
trying 21, it will be found a little too ſmall ; 
therefore aſſume n=2.27, whence there will come 
out v=—.0009463, and therefore #=2:2690537» 
which may be put for 2 for another — | 


= 1 is 
« — 4 | T4 ICC 4 
* — p * % . - - £ a 


SECT. 


I. 


SECT. MV. 
Problems of Maxima and Minn. 


ä 


—_— 


£KOK r 


The line AE, and the two points B, C, being given 1452 


in poſition ; to find the point P, ſo that BP+PC 
may be the leaſt poſſible. 


AKE the point p extreamly near P, and 
draw Bp, Cp, and alſo pD + to BP, and 

+4 to CP. Then pD is the increment of BP; 

and PO the decrement of CP, therefore DOP. 
by the nature of the queſtion. And ſince the hy- 


pothenuſe Pp is common,  pD=pO. And £pPD - 


po, that is BPA=CPE ; whence the triangles 
AP, CEP, are ſimilar. Put AEZ, AB=Þ; 
25. AP gx, EP=4—x ; then AB (p): AP 
(*):: CE (9): EP (= — gx=pb—px, 


2 — 3 
and px-+qx=p8, and =; Ia and b—x= F 


P R O B. ccxxll. 


The lines ABC, and CE being given in poſition, and 146. 
the points A, B, being given; to find the Point 
D in the line CE, - where the 2 ADB is * 


Freciel poſſible. 


About AB deſcribe a circle to touch the line 
CE; then the point of contact D is the 3 85 
* 20 a | Mon 


408 MAXIMA and B. IT. 


Fig. For to any other point E, in the line CE, draw 
146. AE, BE, and draw BF. Then the angle AEB is 
leſs than AFB, or its equal ADB (Geom. IV. 13.) 
Let BCI, AC=d, CD=x. Then (Geom, 

IV. 21. cor. 2.) & 50. and Vd. 


b RO B. CCXXIL. 


16 2920 To draw the ſhorteſt line Poſſible, through a given 
i] | Point P, placed within the right angle ABC. 


Let CPA be the ſhorteſt line. Draw PD pa- 
rallel to AB, and PF parallel to CB, and let 
PD=3, PF=c, CD=x,, Cc=e an extreamly ſmall 


quantity, PC=z. 
By the ſimilar triangles CDP, PFA, x:Z: 


ce: = — AP, and by the ſimilar triangles CDP, | 


RNs, : 6: == He. Alfo z: 7 . be 


E 

HC. And q the ſimilar triangles PCH, Pa 
| be 2 E | 
IT SG. And by the ſimilar 


== x 

N triangles CDP, GA. . r r = A. 
| 3 

But Hc=AG, n oy and 


— xxx? * 
* Me whence N. 


P R O B. ccxxiv. 


148. Given the line EF, and two points A, B; to fo 
| the point D, fo that, axAD +bxBD, may be the 
Leal Poſſible ; 4, b being given WT; 


Take 4 infinitely near D, and draw Ad, Bd; 
on which let fall the perpendiculars Dr, Df. Then 


will 


Sect. XIV. MINI M A. 309 
will AD +bxBD =axAd+bxB4d and by ſub- Fig. 
traction axAD—Ad = b x BBB, or axdr = 148. 
bxaf. But in the 1 Dar, Daf, the hypo- 
thenuſe D4 is common; therefore ar: :: 
S Mr: S. Df: : coſ. ADF: coſ. BDE. Whence 
a : b: : cof. BDE: cof. ADF. 

Let AF, BE be perpendicular to EF ; and pur 
AF=c, BE= d, EF Du, DF * DE=». Then 


DA (Vcc): 1: DF (ﬆ): BY /-- —— = SDA Fe 
x 
=cof. ADF ; then 5: 4: 2 — 
ax 
a — BDE = S. DBE. 2 


X : (BD) vVaabwo ; therefore ov. =" 
22 | 


1 and buy cc ＋ X = ax dd vv · 


And ſquaring, bbccov+bbxxvy =aaddxx + aaxxvn, 
but v=#—vx, put p -a, then cc + pxxXvv 
. =aaddxx, or bbcc+PÞxx X nn—2nx r- add; 
reduced, pr —2 put, + PR IE 20. 


+ bbcc 
© —gadd 


PRO B. Ccxxv. 


Three points A,B, C being ng given; to find e fourth 149. 
Point D, ſo that ax AD TD e D, may 


Le the leaſt poſſible; where a, 5, . 
ers. 


** D be the point ie! with radius cb, 
| deſcribe the circle GDH. Take the point d in- 
finitely near D, and draw Ad, Bd; on AD, BD 

let fall the” perpendiculars ar, df. Then ſuppo- 


OP | 


519 MAXIMA ad B. II. 


Fig. ſing CD to be given, acAD ABD will be a 
149. minimum. But r is the increment of ax AD, 
and D is the decrement of bxcBD, therefore 
ar =bxDf. But in the right-angled triangles Dar. 
Daf, Dr: Df: : S. Dar: S. Ddf; : S. DC, or ADC 
: S. DF or BDC. Therefore 5: 4: : S. ADC: 
S. BDC. = 
After the ſame manner, ſuppoſing BD given, 
we ſhall have c: 4: : S. ADB: S. BDC. There- 
fore when @&xAD-+$xBD-+xCD = minimum; 
a, b, c, are reſpectively as the fines of BDC, ADC, 
ADB; or of BDm, AD, BDr, which makes 1809, 
Therefore if a triangle be made of the 2 lines a, l, c; 
the angles of this triangle will be equal to. the an- 
2 at D, viz. that oppoſite to aB, to 
=mDA, to c=BDr. Therefore all the angles 
about the point D being given; the diſtances AD, 
BD, CD will 1 Prob, cxxxii. #2 


A 


P RO B. CCXXVI. 


150. Given the triangle ABD, and the circle CFK whoſe 

: center is A; to find the paint F in the circumfe- 

2 rence CFK, that the angle BFD may be the great- 
oft poſſible. * | | 


Through the points B, D, deſcribe the circle 
BFD to touch the circle CFK in-F, the point 
required. For to any other point C, in the cir- 
cle CK, draw DC cutting BFD in S, and draw 
BS, BC. Then the BSD or BFD= £BCD+ 
CBS; therefore BFD is greater than BCD. 

On BD let fall the perpendiculars,. AH, FI, 
GE; G being the center of the cirele BFD. Then 
to find its radius GF; let BE EDI, HE c, 


„ A. A. 


| 


AH=p, AF=r, GE=x. Then AG S ce 


oY 2, ue wo = „ 


Sect. XV. MIN IMA. 871 
= rr, and GF = Fig. 
vV pp +cc+2px+xx—r, and BG = Vbbxx , 15% 
whence Vpp+cc+ 2px M —r =v/Tþ+xx , and 
V pp+cc+2px+xx =r+v 3b +-xx, which ſquared 
is cc+pp +2px +xx =rr +dbb+xx +27 X Vr. 
Put 5s=cc+ppmmrr—bb ; then ＋ i = 2r X 
rr, and Abr +4ppxx = 4rrbb I qrrgx; 
reduced, 4ppxx + Ar = 4770b. Rx 
— 


—r - , 
Then x being found, it will be EG (x) : ted. 
GER, BE (5) : tang. BGE, or its ſupplement 


1 


P ROB. CCXXVH. 


7 0 find the greateſt area contained under any number of 15 17 


right lines given, and another line unknown. 


Let ABCDE. be the figure; then fince ABE 
BCDE is a maximum ; it is evident, whatever the 
figure BCDE is, ABE muſt be a right-aogled tri- 


angle, right-angled. at B. 


Again, fince ABC+CDE+ACE is a maxi- 


mum; it is evident whatever ABC and CDE are, 


ACE muſt be a right-angled triangle, right-an- 
gled at C. : | * 
Alſo ſince ABCD ADE is a maximum; it is 
= whatever the figure ABCD is, ADE muſt 
a right-angled triangle, right-angled D. And 
ſo on if there were never ſo many lines. And 
therefore all the angles ABE, ACE, ADE, ſub- 
tended by AE, muſt be right angles; and conſe- 
quently the Whole figure is inſcribed in à ſemi- 
circle, whoſe diameter is AE, ſo that the whole 
may be a maximum. | Xo 
Therefore if ic be required to find the area, 
we mult find the diameter AE, and then _ 


B72 MAXIMA and B. 1. 
Fig. the area of the poli 3 inſeribed in a 
* = poligon i 


P R O B. CCXXVII. 


1 52. To find @ line, which with three given lines, will con- 
tain the greateſt area poſſible. 


It is plain the line ſought 3 is the diameter of hs 
ſemicircle in which the three given lines are in- 
ſcribed. 

Let ABCD, be the 2 draw the A 
gonals AC, BD, on w let fall 'the perpendi- 


Let ABB, BC, CDA. diameter AD=y. 
Then BD 1, and AC=Vvy—ad. But 


' (Geom. IV. 28.) CP 55 and BF = There- 


fore 4 5 v —bb Da area ABCD, and 
— | 


1 OY 
4d +—V35—al =2 area 2 ＋π > n, 


BH and D = <+6c 3 and 
=: fquaring and multiplying, Sy 2 +coddyy— 
_ : ee + bc -d 
9 And reducing | 


' by — 3, y + 2K So. 
1 — bbc — 2b 
| + ccdd 


8 + 4. 
„ And dividing by 4, 
- = 2bc>h, and y i e 


3 * 
area is known from the foregoing ſteps. 
BN e 


Set X. N I N I M. A. 
PRO B. CC XXIX. 


SN; and drawing NL, /e that abe angle LDM 
"nay be equal to. SCP; . „ 


ar NA bandes duc ld. 
and CA is a maximum: Put SN=6, SP a, 
SC=y, then CN =b=y, CP= 4. Then 


ſimilar tria A 3 42 
by ſimilar ngles, 5 IT 5 


very — e, N Ro 
mY we — e = »9-+25e, and by diviſion” 


—_— == 


yt = 


= + Ts * 


we EF rt 9 5 TS 
1 r or 
'=bdd, and , 


SP. is perpendicular 0 PM, and there it Ziven SP; 1531 f 


at: MixinNd ew i 


Fig. ; | | f 
P RO B. c Xxx. 


18 Given th finetion of the 9go place A, E, nd th 
river D; and ſuppoſe u traveller going from 
A C, can ireveh 6 milgs an hour on this fide 
the river from A to C; and 9 miles an bour on 
the other fide from C 1% E; it is. required to 
now where br ant croſs the river BD, ſo that 


be may go from A to 


3 E55 quem 2 A 
Let AB, ED 
AB, DEI BD: 


| — D E= Ee: 
Vie +? SAT ite AU + (> ANA” 


And per queſt. m:1:: V⏑ Was xx 


„ 4 NN OY IO Rune. I | 

- = time. in eee #8 : 1 dow Hitec 4 
| 1 „ — 

—— = time in CE. Fherefprs 


E : ” | : Mot . Eyre 
* Ane TUN 
81 


2 : 98 for 23 222 9 Be, 

W .- \ Therefore > we, have 
3 —̃ — 
b = V ＋ . e Bot” 
WE: — Fea 


S min. rite * 


+ 


in the leaft Time pati. | 


«pendiculkr © - BD. let 
LF. M=6, = ; [hen 


CERT g. = = "inikimum, Or 


Je Win 


9 — = 
| ; 4 7 9 3 4 2 
3 ol —nn 
E, . 1 . 
4 0 * 7 3393 ＋ 


Set, XIV, M A X I M A. 


IR Nec TY ln 


— 
+ mb dns om ee, 
* ro nd 5% vt Vi + 44 — URI 2 N 2A} 


. as e nA n dar 
+ , Therefore > 
Tt eee qt 


> pr \ Und 43 IT I 0\ & MN d. | 
— ; =0. And CS 
* JI 415 NIG? 5q «rt 


. 


1s, Fbb — 


—2mmdaax + n 


And being redured- e Ss. Ap WY Taff TA 


une. D + _ r 


n bas 
* - — 1412 6 
- 2 . — - 
8 
117 2 2 n — 
* 2 


t o B. -CCXXXL. JETS, 


Within the given angle ACB, io cut off a a given. ares, I 155, 


with tbe arte line AR. 


Las = We e er 
CB. e e gest b, und by Trigono- 


metry ABN N 5 


* bu H 7 ITE» 


— de 


| thereforeran += 


——_ www 


xx 


—— << 


Smin. kee, den r S Teer, 
5 x 


INTE 


* 


e 2 


. = MI 1 
ſquaring an + nHhE“ u- + uax* , 


—_ eis cr r . ger 


— oz == — 7 Whee 


M hey and B. II. 
363 1 — * 

FO WO» and. = whence * =. 

But y⁹α == Lag = 4 * = - 3 therefore 


N rt, and yur we * 


rn *comxm 
156. ol fad the rear Eael al in 4 


rallelogram ner bEinſeribed 1 in the 

. Put AB g, BC =, DB=», DE=7. 

Then by the fimilar triangles ABC, e 
a— bx 


2938 25 airs G ba- and = - 
N thee” N -A Seal 6 


Yar, or bx— —— = max. 


1 e ps event of x, then the in- 
crement of. bx is be, and the decrement of Xx is 


——— EEE — * && Derr ur 
& ＋ * . Xx ac, and the decrement of * 2 
_ il ni ba. a8 To. 10s 


25e TEAK. 
a whence e = 5h _— = 


MH T berefore vu. . 


lei R O CCX XII 


. 


3 within tht right angle ACB ; 10 


157. Given ie paint 


draw 1% Ane AP B, thas AFB way. be « 

minimum, Vo .1 iin % dont n; 28 „V. 
Draw DP, PF parallel to CB, CA; and pur 
CF, CD=c AD=s. Then by ſimilar wo 
| ng 


Sea. XV. MINI M A. 


angles x: 6 : 10 25 and 9=be, when 7 
Then ar U, and 3 Ve 


APxPB= vb Fax x. A. E min. and 


ſquaring, bbcc+ — + cc + Bec = min. and 


; bice ROO get 
xx + -— =min, re K e + 


— 5 =CCXY. 99 —— or cc x 2xe Ss lice 3 
1 1 fe hace 


SLE tee L e Wees ate 
2 
o, S a * a, and x hence y=c. 


And AC=+\+r=b+6,- "hn CBA EU. 
The -AC=CB; QABITY TALCTE 1 313 Wo | 73; 


— Wy 
3 +. 


nd if if l. e 1. bet K AP-+PBF A mini- 
mum, we ſhall have N Vu = 
— 10 ee 


bee 
cc 2 S min. But 


XA 1 7 a1 


* 2 1 AY ei * og 1155! * 
N 3 — A by — 

Vi 10 1nSno143* 5 N Ex. 2 - 
lnctiment of e, "And in like — 


—_— is "the ingrenient bf 5 SN or 
#3 N — „Lt Tr , Jak 2 * 
— Hits Xeczement.) K Therefo ore 
work A Wu 4, bbee. Ads FV IId d 
5 r * e 46d" ene, 25 
ble. as in Prob. ccxxiii. by m—_ method. 


q LAS & Plot.» Q: 11 erg eld] W! 


*17]. Alt tofl yo — LIF . a2 PR OB. 


518 MAXIMA ond B. II. 
Fig. 
PROB. CCXXXIV. 
Given the ſum of the legs of a right-angled triangle * 


"pt. the J N ſo as to contain the greateſt area 


Let «=fum of the legs, x= one of * * 
= = ae man: therefore ⁊ Te x, a—x—e 
Ax . that is, ax — XX - + ae—xe =ax— 
kx, and uz o, or 2x:=4, Whence x=1s, 
and a—x=x0. . Therefore the legs are equal. 
And therefore when the area x given; the ſum of 

the legs will be the leaſt, when they are equal. 


hurts => R 0. B. ccxxxv. 


Given the -angled triangle nd the 
Ades, . 8 


Let a=area, 2 of the le -v, Ohe two 


— — and the hypothenuſe 


SV = , therefore 1 

= perimetar r mim. te ae for x; then 

iN Eee te, = eee Wave 
3 N 60 e + 


" xxee, and 3 and r or So. And 


therefore ſinee the inetement of x is nothing ; 


earned x is a minimum, and when x or the 
| k ſum 


* 
4 


and y = B; beet AVE: < 


ect. XIV. INI MA. 519 
ſum is a minimum; then the legs are equal, by Fig. 
the laſt problem; therefore VIZ » 
TN or . 

| i bo, oe * 


N R 0 ccxxXVI. 8 


Given the ſalidiy of a gs pyramid DF; 0 fad I 38. 
 - 1 Abe fant fide AB, the leaf poſſe. 


12 VSſolidity, Aer ch. bogs ne 
the breadth, then AB Va 


. 


7% 21 8318587 nadw 37075" 4x K 


minimum, and L m. Fut xe for 5 


ap 
x, then REIN" 17 Fes © = 5 
e 
—555 erer er Hard 2 2—— n © 2 
N N ; 
3. | 
oy 225 — — =o © and 8 35, pat 
1 ” K 2 Jo cc * —— —ä0— ö 
ES NI Ew: ooo na 
| Hoch 9571? Ane ese 
— — © 


b 2 ES 7! 8208) db —KiNg = — * (Ho 


PR OB. C XXXVII. 


-—” 2 So =». ——_ 


8 ſelidity of the ſytixe 3 158. 
| that which has tbe bei jr fact, excluding "the boſe. 


Let 5=ſolidity, x=CB_ the height” y=2AC, NET 
or 2AD. the'breadrfi#* Ther AR Y 


and iy x, Lee =DBEg nd aaa by -= 5 
hooks Tape e "RN — the 


MAX I'M A D. I. 
_ * 


 12bx + i r x +e. * x, then = 
3163 er A 

S 122 Therefore 31 
12be + 2 — dee ge n ad 12be— 


185 
180 e inns * n ü: and 


te vi 


| a whence * = . 
; 5 £100 o n 
o. CX vn 
: 59. To find the ain onde, inſcribed i in given cone. 


Let axis "AB=a:, BC or BF=b. 5 
3.1416, DBR, DE or 'DG=y. Then by /the 
ſimilar triangles ABC, ADE, ax: y2:: 
4s: b, and ' jJ= n Or 3 


ö Tf ; 213 Bib 
ox © = tone _ = * 


128 8 
e for 


* — 
"I 3 5 x+ 
a " i 
3 A -—_— an * T7 
- - 7 * 7 x fee SIE — — — — 
ad. 4% 2 o *.- 114 14 141 ——ů 2 2 1 
1 * . : — — _ ... 
: - : wy 
' $ Ws ＋ . - LA 
3 - C4 — - — 
„** 2 Fa. 4 in. mn. 4 9 © www * Pg W 45 4 Þy — —— 
"Ts : AA | { 7 % o — —— KK —-—V 
4 - — 
j x 


p ROB. 


Sea. XV. M I N IM . gon | 
W Nn 24. nn S 
5 PR O B. CCXXXIX. 8 


Given the weights of two elaſtic bodies A, C; to 
find the weight of ' the intermediate body B; /o 
- that A ſtriking B at reſt, and B with the mo- 
tion acquired, ſtriking Cat reſt, may make Cs 
 mation''the greateſt paſſib le. 


Let weight of B. a= 2 rrlacitycof A. = 
y=velocity of B, acquired by the ſtroke, 
v velocity of C, by che ſtroke. 


Then Aa is the motion of both A and B, af- 
ter the ſtroke, as. well as before; and @ is the 
difference of their velocities ; therefore y—a is 
the velocity of A. after the ſtroke. And ſince 
the ſum of their motions remains the fame (Me- 
chan. 10.),therefore = xAZzAaz.or xy—Ag 
— 4 As, EN: rg and) 

——_— L UA 62 isis + 5 


he \d = 10 „N 2 Hirte 


| Jn 


0 * is thei meton of both B at and 
au difference of hens velocities, as well after 


n ions — is the 
velocity of of B after its {tr ing C. Whence 
Cy + rr ot. Cöche h 2 | 
8 ＋ maximutm per due- 

: e OE . 

Nimum 3 or 
LET —_ | 
— — minimum, that is, 

| AC+A+C.s z — 2 minimum „ or —— + 


* E 
| A+C 


* 


Pg: —— n 


aimum 3. pur ae Er #3. tea. 0 


A KN, AO A 
2 thee Ce 


＋ r 


AC 720 tat! {RTRYY H. 31975 or}: 4 * N 10 £ 


7 +a, and throving:out the ſuperfluous quan 


ti Gon T1 GNM 
tides,” „ er and RQ, — 


* _ N 1915 FI AL 28121 44 +: * 
nen. i eg 5 t 1. | 


23 34 411 . 


15. 21837 TEE 
„ 9. ür Nan 


1 — 111 
N 1 'p ' 
rer 
* 8 


To 1 bo gigs 4 1400 ub „nue. 
; $744 ie thas Ms 54G 
| 290 ns - 37 oY 


Write'x+e for „ then Wore eV ON 
and x47 1 K ; therefore e 


21 MI GÞ _ 
3 Te — 4 char 1 + me” tA 


— S „ Aid y fubiradtion', g 
: , n 1 91 $4 wy" ＋ 
ma?” —— d, ot m a or 
mx" = Sus , _ — being than: m, we 


3 thence. 95 
— 
* red tina ds 9 FE 7 N 05 
. _ | 2 SIE; 201 2. En OL: ME, 15q rf — 


* 


9 
ales > 44 
--_ a . 3% as 6 7 SE; | ? 
* — w : 7 JT 12 18.5 ; j4 7 — oat | +. 19 4 j » * J — 
- 4 % 
ws 2.4 5 105 $3315 1&7 7 wanna; ae 
* * + $4 2 2 FS 7 1 1 13 — i "$1323 » ieee 


| - 
A . : © k 
ꝓ— — —— 


14 * - -- * - ee wy - 2 
* = 72 
. ; 27 
%  % = 
Ee 0 
* N © * # 
. - 
- — pK. mo 22 2 
fp 2 $ % —_— I 
Re # 54443 
Y Þ # © 
4 7 k 8 * by R 0 B. 
AM 44 - — A » 
* , 
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PROB. CCXLL. 


To find the peat parallelogram fer in the gi- 
E car ue hs pong? | 
Let MPBF be the greateſt parallelogram. To 

the point M where it touches the — draw 
the tangent TMD. Then if the — PT 
be equal to the height of the parallelogram PB, 
then MPBF is the greateſt parallelogram. For 
it ĩs plain from Problem ccxxxii, that this 
logram is the greateſt that can be inſcribed in the 
triangle TDB; and as this is greater than any 
other that can be inſcribed in The triangle, fo, 
much more, is it greater than any other that can 
be inſcribed in the curve, ſince the angle M which 
is in the curve, will in all other caſes fall ſhort 
of the tangent. _ 

Therefore knowing the method of drawing a 
tangent to the curve; you muſt feek the point P, 
where the ordinate PM being erected, and the 
tangent TM drawn, FP" may be equal to PB. 
Thus if AM be la; 2 AP=x, 
then by the nature ature of the 3 AF x, whence 
TP =2x, PB x, der PETER 3 , 
Or x34) wenn ot 

And the pews 7 hold Ls if not in all, yer 

in moſt cutves which are convex to the axis. For 
ſince the parallelogram is the greateſt for the tri- 
angle, it will allo be greateſt for the curve, 
fince the curve at that place coincides with the 
tangent. 


Otherwiſe this, 


Suppoſe the nature of the curve be rx =5* 
where AP=x, PM=y, - alfo AB ga, BC . 
| Then 


524 MAXIMA and B. II. 
Fr PB ee, and 7 * = max. But 
Ons 2 2810 2112 2 
10 tr =; there 4—* » ee max. or 
* Ll ee 15 5000 9913 e 5' 015557 
3 maxim. put Ter; then 
1 207 Va tn inne . ö b — 


LA _ 
4. aFe =4x, 1 5 [3 yaa Fre ® 


ic max * = m+n X x*; and 2146 by 
= ” — 2 


32” ee SD. whence 

= 292. ""W hich, le endral for all parabolical 
— . e 'thie common 
Then via, and if , nr, then 
e 205 the ſame! with: i con- 
— towards the! atis. AIf iar, gi then 
$230, for the triangle, as was proved before, - 


R299 tab io ami 2dr 910t91SHl 9 gut: 


nn gala 12 Þ"R I JA dguo Fr k 
| 5 o ein 2.70 yas dguou: 
1565. Given the diftanc a fl the A from the perpen- 


dicular — i V of the plane 
Y «i rough whic ee ine 
£97 1 
< En e 45 wil er \ hanger 


et AB be . SN b ae 
to it, 5 ED CD pe B25, 
BGN then C Kot. 2205 24 


Ao! lu, ibn 1 HC das tl 6 v7 lud! 'body 
bis ö | | 


Sed. XIV. M LN. 4 M BE 5265 

body deſcen through the inclined plane AC, ano- Fig 

body will f: t perpendicularly;x b the 161+ 

AD. Therefore as the time = » muſt 2 

minimum, the time in mu a minim 

and AD itſelf maſt? [hd JONES 6 B the | 

milar triangles, BAC , CAN, it is BC (#) : 

CA ( Vib+xx).: : CA (A=): AD = 

bb xu s 

8 minirou. And 7 write r xe 
33 33 335. 


for æ, * F 4. = 2 — 1 ; therefore. 
| 12 | R 1 ** „ , T 
* +xFe = 54% and =D Den 105 


x KTW, 
- + bb 1 1 


BCS BA. 3 
. vathivib bas W Ter- — ** 
Otherwiſe thus, * | 
Deſeribe the citele AGC with che enter B. and 162. 
radius BA; draw AC. $08 any; gther me 
and O6V! pate t. 1 37. 
cor. 1.) uimes a body's d in through 
GC, AC, are equal. —— the times bf: deſcend- 
ing through the-equalilines,. of : equal; inclinations, 
2 FC ate pam But the rice bf deſcending 
through G i than: d game of deſcending 
through FC. Therefore the time of deſcending 


AC is e than ame of e 
Tas © 


e ay ot | 
an 5 Kwan A Nate | * LK ISL Y. W - + 


Y D 9 \* det P R * Ba, eli. * S. NT yo ; > 
. o 
| 4 X „ 


AB'is # borizonla 2 7 5 W 16y 
re L e 20 fl ee I of the plan AD, throagh 
body cendi arrive as the 
Slate BD, if tbe tans hes In 8 
2 AD: to be che plans; Perk AL; per- 


pendicular to AB, and DH 5 wm 
and 


\ 


MAXIMA and B. II. 


to AD. And put IAB, 
333 col. B, BD=s, AD=- =y. Then 


dy plain Trigonometry Nen REY 1 and 
ADO): SB () :: BD (4): 7 — S. BAD 
or ADH. And rad. (t) : AD 6) : : S. ADH 
6 =): AH. And by fimilar triangles, AH 


(i) : ADG)::ADG): AF S = 


5x 
2 ed But the time of falling through 


_ is equal to the time of deſcending through 
AD (Mech. 34. cor. 1.). And this time is a mi; 


wum, therefore AF is a minimum, that is, 
: | 2h e min 3 ä win. 


or HUGS min. whence 2 x= min. 


ä 5 the laſt problem. And therefore x=b, or 
W x 9 43 3 5 


Nn o- ths 


'On AF deſcribe, a emicircle ADF to touch the 
line AL in D; draw AD, which will be the line 
of ſhorteſt time. For the time of deſcending 

all the cords. in the ſemicircle will be 
l {Mechan. 37. Cor. 1.) to the time in AD, 
- Bur the time in any chord is ſhorter than the time 
.in the ſame chord when produced to the line BL, 
Which lies without the circle. And therefore the 


7 A 31 Gu in AD is alſo Hhorter than in any other line 


„ e 


p RO B. 


194 10 Dan gi 
oil = > A 88 
nile vd 
tr) AA 
AAA ꝛ0 
(B 
KN] 
2 ) 
N * 


; \ 
9 -1 12 
* \ (a. 
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> * E Aa 


| : | | Fige - 
PR OB. CCXLIV. 


To divide 4 given line AB, into three parts, x, y,%; 16. 
ſo that xyyꝝ may be the green freue pu. We 


Firſt, ſuppoſe x+y=b a given quantity, 0 to find 
Y =a maximum. Then xz =b—y, and +—y00. 
or - Smax. put qe for y, then b x3+e 
— max. that is, &yy+245e—gy'—gye=by, 


, and ah. — 3e o, and 3y=2b, or =. 
and x=. Therefore y=2x. . 5 
Again, let 1 ＋ d, to find xy2 = max. 
Then by what is before, whatever 2 be, 
y will be x. W e 1 


=d—2, or 3x g N, and u == — 


*. = max. and > x2 =max. or L erz 
max. or da — max. put z e for z, then 


dz 4d. Z Te = = dz —2z, or dz. 
22e=dz—22, or de—22zz=0; whence 2224 
x+y-+2, and z=x+35=2x. Therefore x+2x 
+3x or 6x=4, and x=id, and y= (2x=) 4. 
and z= (3x=) d. 
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